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Abstract

We evaluate the e�ect of costless preference signaling in two-sided matching markets between

�rms and workers. We consider a game of incomplete information with �rm segments. Workers

agree on the ranking of �rms across segments, but have idiosyncratic and uniformly distributed

preferences within segments. Firm preferences over workers are idiosyncratic and uniformly

distributed. Each worker can send a limited number of signals to �rms. Then, each �rm makes

an o�er to a worker. Finally, workers choose an o�er from those available to them. We show that,

on average, introducing a signaling mechanism increases both the expected number of matches

as well as the expected welfare of workers for this environment. The welfare of �rms, on the

other hand, changes ambiguously. In addition, the signaling mechanism adds the most value

for markets wherein the number of �rms and the number of workers are of roughly the same

magnitude. Furthermore, the optimal number of signals�the number of signals that maximizes

the expected increase in the number of matches�increases in the number of worker positions.

Finally, additional periods of interaction between �rms and workers decrease the impact of

signaling.
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1 Introduction

Labor markets often have the feature that job seekers apply for many positions, as the low cost

of application relative to the high value of being employed induces job seekers to perform broad

searches. Employers, consequently, face the task of evaluating numerous applications and deciding

which candidates to pursue. Much of the evaluation process entails gathering information about the

candidates' adequacy for any given position. However, pursuing candidates is a costly process, and

each employer must carefully assess whether the candidates�many of whom may be performing

broad job searches�would in fact be likely to accept its o�er.

At the same time, candidates who have preferences for a particular employer may have an

incentive to convey this information, a behavior we term preference signaling, since this may increase

the likelihood of ultimately receiving a job o�er. For preference signaling to be e�ective, employers

must take the information seriously. But preference signaling often bears almost no cost, and job

seekers have an incentive to indicate a particular interest to many employers, regardless of how strong

their preferences towards these employers actually are. Employers, therefore, must further discern

which preference information is sincere and which is simply cheap talk. So while employers may

value learning candidate preferences, and candidates may wish to signal their preferences, inability

to credibly convey information may prevent any gains from preference signaling from being realized.

In this paper, we investigate how a signaling mechanism that limits the number of signals a

job seeker sends can overcome the credibility problem and improve the welfare of labor market

participants. In our model, �rms make o�ers to workers, but they are uncertain about worker

preferences. Worker preferences are correlated in that the workers agree on a ranking of blocks

of �rms, but have idiosyncratic and uniformly distributed preferences within each block. Firm

preferences are idiosyncratic and uniformly distributed. Workers have the opportunity to send

identical signals to a limited number of �rms before the �rms make o�ers. Firms observe their

signals (but do not observe the signals to other �rms) and make o�ers to workers simultaneously.

Finally, workers choose o�ers from those available to them.

We show that, on average, introducing a signaling mechanism increases both the expected number

of matches as well as the expected welfare of workers. The welfare of �rms, on the other hand,

changes ambiguously. Intuitively, when �rms make o�ers to workers who send them signals, these

o�ers are less likely to overlap, which increases the expected number of matches. Furthermore, since

in equilibrium workers send signals to their most-preferred �rms within blocks and �rms respond to

signals, i.e., make o�ers to signaled workers, workers on average receive better o�ers than without

signals, so that expected worker welfare increases with the addition of a signaling mechanism. On

the other hand, when a �rm makes an o�er to a worker who has signaled it, this creates strong

competition for �rms who would like to make the same worker an o�er, but have not received a

signal. Hence, by responding to signals �rms can generate a negative spillover on other �rms. This

strong competition for workers who have not sent signals to a particular �rm induces that �rm to

shift o�ers to workers who have sent it signals. That is, �rms responding to signals is a case of

strategic complements. Multiple equilibria, with varying responsiveness to signals, can exist, and
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the balance between individual bene�t from responding to signals and the negative spillover from

other �rms responding to signals determines overall �rm welfare.

We also compare the value of a signaling mechanism�the expected increase in the number of

matches from the introduction of a signaling mechanism�across markets where agents care about

getting a match, but not the quality of the match. For such an environment, we show that the value

of the signaling mechanism is maximal for balanced markets; that is, markets wherein the number

of �rms and the number of workers are of roughly the same magnitude. Furthermore, additional

periods of interaction between �rms and workers decrease the impact of signaling. Lastly, we analyze

markets in which workers can send several signals and can "occupy" several positions (for example,

when positions correspond to interviews). We show that the optimal number of signals�the number

of signals that maximizes the value of a signaling mechanism�increases when workers have more

positions to �ll.

Preference signaling is manifested in numerous labor markets, and in some markets, variants of

the signaling mechanism we analyze here have recently emerged. Since 2006 the American Economic

Association (AEA) has operated a service to facilitate the job search for economics graduate students

nearing completion of their degrees. Through this service, students can send signals to up to two

employers to indicate their interest in receiving an interview at the Allied Social Science Associations

meeting, an annual conference at which departmental recruiting committees conduct interviews with

candidates for open faculty positions.1 Skydeck360, a student-operated company at Harvard, o�ers

a similar signaling service for MBA students in their search for internships and full-time jobs. Each

registered student can send up to ten signals to employers via their secure website. Unlike the

AEA's signaling mechanism, Skydeck360 o�ers tiers of signals: students designate three signals to

their "top choice" employers, di�erentiating these from the remaining signals.

Similarly, some online dating websites also employ signaling mechanisms, wherein agents send

signals to potential partners to indicate special interest. For example, in the dating service Cu-

pid.com members have a limited number of �virtual roses� they may attach to messages. Since

women using dating websites are often �ooded with messages from men, the scarce roses provide

men with a means of indicating their interest is genuine, and that they have not simply made contact

by thoughtlessly casting a wide net. Lee et al. (2009) run a �eld experiment with the major Korean

online dating website Couple.net to measure potential gains from introducing a signaling mechanism

similar to that of Cupid.com. They �nd that users of both genders are more likely to accept a dating

request when a �virtual rose� is attached, and that roses are most helpful in improving acceptance

rates for senders of �below average popularity.�

The signaling mechanism in our paper is closely related to the strategic information transmission

between a sender and a receiver in the seminal paper of Crawford and Sobel (1982). In our model,

however, we consider a multi-stage game with many senders (workers) and many receivers (�rms),

where the structure of allowable signals plays a distinctive role. Senders must choose the receivers

to whom they will send one of their limited identical signals, and the scarcity of signals induces

1For details, see �Signaling for Interviews in the Economics Job Market� on the American Economic Association
website: http://www.aeaweb.org/joe/signal.
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credibility. Each receiver knows only whether a sender has sent a signal to it or not, and receives

no additional information. Nevertheless, some features of Crawford and Sobel (1982) persist in our

model. Signals are "cheap" in the sense that they do not have a direct in�uence on agent payo�s.

Each agent has only a limited number of signals; so there is an opportunity cost associated with

sending a signal. Lastly, in our model there always exist babbling equilibria where agents ignore

signals; hence, the introduction of a signaling mechanism always enlarges the set of equilibria.

We want to point out also that signaling in our paper di�ers fundamentally from the "job market

signaling" �rst introduced in Spence (1973). Both in our model and in the examples discussed above,

signals have no direct cost, and do not they convey information about worker ability. Rather, signals

serve to credibly convey candidate preference information and to guide employer o�ers. Thus, they

reduce coordination failure in congested labor markets.

While in this paper we �nd that signaling mechanisms can improve agent welfare under a broad

class of preferences, for some agent preferences, signaling can serve to worsen outcomes. Kush-

nir (2009) analyzes the mechanism introduced in this paper when worker preferences are "almost

aligned;" that is, when each worker has "typical" preferences with probability close to one and id-

iosyncratic preferences with complementary probability close to zero. Firms have commonly known

preferences over workers. In the absence of signals, �rms make non-overlapping o�ers to workers,

resulting in the maximum number of possible matches. Signals disturb �rms' commonly held be-

liefs about workers preferences, and this asymmetry in turn disrupts the maximal matching. While

we have modeled a general, low-information setting of market congestion, Kushnir (2009) serves as

a reminder that signaling mechanisms are not appropriate for all settings. At the very least, in

high-information settings with minimal congestion, signals may do more harm than good.

Early college admission in the U.S. can be viewed as a form of preference signaling.2 There

are two predominant types of early admissions in the U.S.: early action programs, through which

students may apply early but without any commitment to enroll, and early decision programs,

through which students commit to enroll if accepted. Avery and Levin (2009) consider a setting

where an early application serves as a signal of enthusiasm about attending a particular college, and

colleges derive utility from enthusiastic students. They show that selective (or elite) schools bene�t

from adopting an early action policy. At the same time, a lower ranked school, by adopting an early

decision policy, can attract highly quali�ed but cautious students, drawing them away from more

highly ranked schools.

The paper proceeds as follows. Section 2 introduces the o�er game with and without signals.

Equilibrium analysis is presented in Section 3. Section 4 considers the impact of a signaling mecha-

nism on the welfare of agents. Additional welfare implications in a particular low-information setting

are discussed in Section 5. Section 6 analyzes the robustness of the welfare results across markets

with various sizes, numbers of signals, and periods of agents' interaction by considering a model in

which agents care primarily about obtaining a match. Section 7 presents the conclusion.

2More than a hundred colleges adopted some form of early admission program in the 1990s Avery et al. (2003),
and many schools �ll a signi�cant fraction of their entering class with early applicants.
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2 Model

In this paper, a market consists of a set of �rms, a set of workers, and a distribution over �rm

and worker preferences. We examine behavior in the market in two congested settings. In the �rst

setting, which we term the o�er game with no signals, each �rm makes an o�er to a worker based on

a limited knowledge of worker preferences. In the second setting, the o�er game with signals, before

o�ers are made, each worker has the opportunity to send a costless signal to a �rm, which in turn

may use this signal to infer worker preferences.

Let F = {f1, . . . , fF } be the set of �rms, and W = {w1, . . . , wW } be the set of workers, with

|F| = F and |W| = W . We consider markets with at least two �rms and two workers. Firms and

workers have preferences over each other as follows. Let Θf be the set of all possible �rm preference

lists (or rank order lists) over the workers, and let Θw be the set of all possible worker preference

lists over the �rms. Lists θf ∈ Θf and θw ∈ Θw are vectors of length W and F respectively. We

sometimes refer to an agent that has rank r in agent a's preference list as θra. De�ne ΘF = (Θf )F

and ΘW = (Θw)W , and let Θ ≡ (Θf )F × (Θw)W indicate the set of all agent preference pro�les. Let

t(·) be the distribution over preference list pro�les.

Each �rm has the capacity to hire at most one worker, and each worker can �ll at most one

position.3 Firm f with preferences θf values a match with worker w as u(θf , w), where u(θf , ·) is a
von-Neumann Morgenstern utility function. We assume that �rm utility for a match depends only

on a worker's rank. That is, for any permutation σ of worker indices, we have u(σ(θf ), σ(w)) =
u(θf , w).4 We will sometimes abuse notation and write u(θf , θ

j
f ) as u(j), which we call �rm utility

from matching with its jth-ranked worker. Worker w with preference θw values a match with �rm

f as v(θw, f), where match utility again depends only on rank. Though not essential for our results,

we will assume that workers and �rms derive zero utility from being unmatched, and that any match

is preferable to remaining unmatched for all participants.

De�nition 1. A market is given by the 5-tuple 〈F ,W, t, u, v〉.

We consider a special type of market: the block-correlated market.

De�nition 2. A block-correlated market is a market 〈F ,W, t, u, v〉 such that for a partition F1, . . . ,FB
of the �rms into blocks, ordinal preferences (as encompassed in t(·)) are such that

1. For any b < b′, where b, b′ ∈ {1, . . . , B}, each worker prefers every �rm in block Fb to any �rm

in block Fb′ ;

2. Each worker's preferences within each block Fb are uniform and uncorrelated; and

3. Each �rm's preferences over workers are uniform and uncorrelated.

3In Section 6 we also consider a setup in which each worker has more than one position to �ll and can send more
than one signal.

4Let σ : {1, . . . ,W} → {1, . . . ,W} be a permutation. Abusing notation, we apply σ to preference lists, workers,
and sets of workers, such that the permutation applies to the worker indices. For example, suppose W = 3, σ(1) = 2,
σ(2) = 3, and σ(3) = 1. Then we have θf = (w1, w2, w3)⇒ σ(θf ) = (w2, w3, w1) and σ(w1) = w2.
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We call distributions t(·) that satisfy the criteria in De�nition 2 block uniform. block-correlated

markets are meant to capture the notion that there are market segments in many two-sided markets,.

Agents largely agree on the ranking of agents on the other side across segments, but have idiosyncratic

preferences within segments of the market. For example, workers might agree on the set of �rms

that constitute the "top tier" of the market; however within that tier, preferences are in�uenced by

factors speci�c to each worker. We analyze only block-correlated markets.

2.1 The O�er Game with No Signals

We �rst examine behavior in a congested market in the absence of a signaling mechanism. Play

proceeds as follows. First, preferences are realized for �rms and workers. Next, each �rm makes an

o�er to at most one worker; o�ers are made simultaneously. Finally, workers choose at most one

o�er from those available to them. Sequential rationality ensures that workers will always select the

best o�er from those available to them. Hence, we assume this behavior for the workers and focus

on the reduced game with only �rms as strategic players.

To analyze behavior and outcomes, we model this setting as a Bayesian game. Firm f type is

simply its preferences θf , drawn from a block uniform distribution. Upon realization of its preference

list, a �rm must select a worker, if any, to whom to make an o�er. A mixed strategy for �rm f is a

map from the set of preferences lists to the set of distributions over the union of workers with the

no-o�er option, denoted by N , sf : Θf → ∆(W ∪N ).5 We denote a pro�le of all �rms' strategies

as sF = (sf1 , ...sfF
).

Let us denote function πf : (∆(W ∪N ))F ×Θ→ R as the payo� to �rm f as a function of �rms'

strategies and realized agents' types. We are now ready to de�ne the Bayesian Nash equilibrium of

the o�er game with no signals.

De�nition 3. Strategy pro�le ŝF is a Bayesian Nash equilibrium in the o�er game with no signals,

if for all f ∈ F and θ̄f ∈ Θf we have

ŝf (θ̄f ) ∈ arg maxsf∈∆(W∪N ) Eθ−f
(πf (sf , ŝ−f , θ) | θf = θ̄f )

We focus on equilibria when �rm strategies depend only on workers' ranks within a �rm's pref-

erence list (ruling out strategies that rely on worker index):

De�nition 4. Firm f 's strategy sf is anonymous if for any permutation σ ∈ Σ, and for any

preference pro�le θf ∈ Θf , we have sf (σ(θf )) = σ(sf (θf )).

As an example, "always make an o�er to my second-ranked worker" is an anonymous strategy,

whereas "always make an o�er to w2" is not. Due to the uniform distribution of �rm preferences,

there is a unique equilibrium when �rms use anonymous strategies, where each �rm optimally makes

an o�er to the highest-ranked worker on its preference list.

5In other words, �rms select elements of a W -dimensional simplex; sf (θf ) ∈ ∆W , where ∆W = {x ∈ RW+1 :∑W+1
i=1 xi = 1, and xi ≥ 0 for each i}.
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Theorem 1. The unique equilibrium of the o�er game with no signals when �rms use anonymous

strategies is sf (θf ) = θ1
f for all f ∈ F and θf ∈ Θf .

Note that Theorem 1 requires that �rms' strategies be anonymous only on the equilibrium path.

Firm deviations that do not satisfy the anonymity assumption are still allowed.

2.2 The O�er Game with Signals

We now modify the game so that each worker may send a signal to exactly one �rm. The game now

proceeds in three stages:

1. Agents' preferences are realized. Each worker sends a signal to at most one �rm; signals are

sent simultaneously. Signals are observed only by �rms who have received them.

2. Each �rm makes an o�er to at most one worker; o�ers are made simultaneously.

3. Each worker may accept at most one o�er from the set of o�ers she receives.

Once again, sequential rationality ensures that workers will always select the best o�er from those

available to them. Hence, we assume this behavior for workers and focus on the reduced game

consisting of the �rst two stages.

In the �rst stage, a worker sends a signal to a �rm, or else chooses not to send a signal. A

mixed strategy for worker w is then a map from the set of all possible preference lists to the set of

distributions over the union of �rms and the no-signal option, denoted by N , sw : Θw → ∆(F ∪N ).
In the second stage, each �rm decides to which worker, if any, it will make an o�er based on

the �rm's preference pro�le and the set of signals it receives in the �rst stage. A mixed strategy of

�rm f is then a map from the set of all possible preference lists and the set of all possible pro�les

of signals to the set of distributions over the union of workers and the no-o�er option. That is,

sf : Θf × 2W → ∆(W ∪N ), where 2W is the set of all subsets of workers. We denote a pro�le of all

worker and �rm strategies as sW = (sw1 , ...swW
) and sF = (sf1 , ...sfF

) correspondingly.
The payo� to �rm f is now a function of �rms' and workers' strategies and realized agents'

types, which we again denote as πf : (∆(F ∪N ))W × (∆(W ∪N ))F × Θ → R. As the o�er game

with signals is a multi-stage game of incomplete information, we consider sequential equilibrium as

a solution concept.

De�nition 5. Strategy pro�le (ŝW , ŝF ) and posterior beliefs µ̂f (·|h̄) for each �rm f and each subset

of workers h̄ ⊂ W are a sequential equilibrium if

• for any w ∈ W, θ̄w ∈ ΘW : ŝw(θ̄w) ∈ arg maxsw∈∆(F∪N ) Eθ−w(πw(sw, ŝ−w, θ) | θw = θ̄w),

• for any f ∈ F , θ̄f ∈ Θf , h̄ ⊂ W :

ŝf (θ̄f , h̄) ∈ arg maxsf∈∆(W∪N ) Eθ−f
(πf (sf , ŝ−f , θ) | θf = θ̄f , hf = h̄, µf = µ̂f ),
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where ŝ−a denotes the strategies of all agents except a, and beliefs are de�ned using Bayes' rule.6

We again focus on equilibria wherein agents use anonymous strategies. Note that in the de�nition

below, for workers we only consider permutations ΣB that permute �rm ordering within blocks.

De�nition 6. Firm f 's strategy sf is anonymous if for any permutation σ ∈ Σ, preference pro�le
θf ∈ Θf , and subset of workers h ⊂ W, we have s(σ(θf ), σ(h)) = σ(s(θf , h)).Worker w's strategy sw

is anonymous if for any permutation σ ∈ ΣB and preference pro�le θw ∈ Θw, we have sw(σ(θw)) =
σ(sw(θw)).

3 Equilibrium Analysis

Theorem 1 established the unique equilibrium of the o�er game with no signals when �rms use

anonymous strategies, in which �rms straightforwardly make o�ers to their most preferred workers.

From this point on, we consider the o�er game with signals, wherein �rm and worker strategies are

more subtle. Each �rm that receives signals faces a fundamental tradeo�: it can make an o�er to a

higher-ranked worker who has not sent a signal to it, or else to a lower-ranked worker who has sent

a signal, and who is potentially more likely to accept the o�er.

We are interested in equilibria where �rms within each block play symmetric anonymous strate-

gies. That is, if �rm f and �rm f ′ belong to the same block Fb, b ∈ {1, ..., B}, they play the same

anonymous strategies and have the same beliefs. We call such �rm strategies and �rm beliefs block-

symmetric. We denote equilibria where �rm strategies and �rm beliefs are block-symmetric and

worker strategies are anonymous and symmetric as block-symmetric equilibria.

Let us consider any block-symmetric sequential equilibrium. Since �rms within each block Fb
use the same anonymous strategies, we can denote the ex-ante probability of a worker w receiving

an o�er from a �rm within block Fb, conditional on w sending a signal to it, as qb. Similarly, let

pb denote the probability of w receiving an o�er from a �rm within block Fb, conditional on w not

sending a signal to it. We also denote the probability that a worker sends her signal to a �rm within

block Fb as αb, where αb ∈ [0, 1] and
∑B

b=1 αb ≤ 1.
The following proposition characterizes all block-symmetric sequential equilibria that satisfy

criterion D1 of Cho and Kreps (1987).7

Proposition 1 (Worker Strategies). Consider a block-symmetric sequential equilibrium that satis�es

criterion D1. Then either

1. for any b ∈ {1, ..., B}, qb = pb, or

2. there exists b0 ∈ {1, ..., B} such that qb0 > pb0 , and

6As usual in a sequential equilibrium, permissible o�-equilibrium beliefs are de�ned by considering the limits of
completely mixed strategies.

7See proof of Proposition 1 in Appendix A for the de�nition of criterion D1 of Cho and Kreps (1987). Criterion
D1 could be also replaced by �never a weak best response� of Cho and Kreps (1987) and "universal divinity" of Banks
and Sobel (1987) without making a change to the statement of Proposition 1.
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(a) for any b ∈ {1, ..., B} such that αb > 0, we have qb > pb, and if a worker sends her signal

to block Fb, she sends her signal to her most preferred �rm within Fb, and

(b) for any b′ ∈ {1, ..., B} such that αb′ = 0, workers' strategies are optimal for any o�-

equilibrium beliefs of �rms from block Fb′.

Proposition 1 proves that there are two types of block-symmetric equilibria that satisfy criterion

D1. Equilibria of the �rst type are babbling, where �rms ignore signals. The outcomes of these

equilibria coincide with the outcome in the o�er games with no signals. Consequently, the signaling

mechanism adds no value in this case. In equilibria of the second type, workers send signals only to

their most preferred �rm in each block, possibly mixing across these top �rms. We call such worker

strategies top-block strategies. Moreover, if in equilibrium worker w is not prescribed to signal to

some block Fb′ , then worker w strategy, αb′ = 0, should be optimal even if signals are interpreted

by �rms from block Fb′ in the most favorable way for worker w (only such o�-equilibrium beliefs

survive criterion D1); i.e., upon receiving a signal from worker w each �rm f in Fb′ believes that it
is w's most preferred �rm within block Fb′ :

µf ({θw ∈ Θw : f = max
θw

(f ′ ∈ Fb′)}|w ⊂ hf ) = 1.

We call such o�-equilibrium beliefs top-block beliefs (note that �rms on-equilibrium beliefs are also

top-block).

We now examine �rm behavior, taking workers' strategies and �rms' beliefs as �xed. We will

assume that workers use symmetric top-block strategies and that �rms have top-block beliefs8.

Consider a �rm f that has received signals from the set of workers h ⊂ W. Call f 's most

preferred worker TRWf (top-ranked worker) and f 's most preferred worker among h that have

signaled it TSWf (top-signaled worker). Since these depend on f 's preferences and the workers who

have signaled to �rm f , we sometimes write TRWf (θf ) and TSWf (θf , h).
Proposition 2 shows that �rm f 's tradeo� is reduced to a binary decision between a worker whom

the �rm ranks highly (TRWf ) and a lower-ranked worker who has signaled to it (TSWf ), provided

�rms −f use anonymous strategies and workers use symmetric top-block strategies.

Proposition 2. Suppose �rms −f use anonymous strategies and workers use symmetric top-block

strategies. Consider a �rm f that receives signals from workers h ⊂ W . Then the expected payo�

to f from making an o�er to TSWf is strictly greater than the payo� from making an o�er to any

other worker in h. The expected payo� to �rm f from making an o�er to TRWf is strictly greater

than the payo� from making an o�er to any other worker from set W\h.

The symmetry of worker strategies and the anonymity of �rm strategies dictate that for any two

workers w,w′ ∈ h, f 's expectation that these workers will accept an o�er is identical. Hence, if f

makes an o�er to a worker in h, it should make that o�er to its most preferred worker. The same

8Firms on-equilibrium beliefs should be top-block in any block-symmetric equilibrium. In addition, a block-
symmetric equilibrium satis�es criterion D1, if and only if worker strategies are optimal when �rms' o�-equilibrium
beliefs are top-block beliefs. See the proof of Proposition 1 in Appendix A for details.
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logic holds for any two workers in W\h. In order to understand the behavior of �rms, we de�ne a

special type of strategy, the cuto� strategy.

De�nition 7 (Cuto� Strategies). Strategy sf is a cuto� strategy for �rm f if ∃j1, . . . , jW ∈
{1, . . . ,W}, such that for any θf ∈ Θf and any h ⊂W ,

s(θf , h) =

{
TSWf if rankθf

(TSWf ) ≤ j|h|
TRWf otherwise.

where |h| denotes the power of set h. We call (j1, . . . , jW ) f 's cuto� vector, which has as its

components cuto�s for each positive number of signals received.

Firm f, which employs a cuto� strategy, needs only look at the rank of the highest-ranked worker

who signaled to it, conditional on the number of signals it has received. If the rank of this worker

is above a certain cuto�, then the �rm makes an o�er to TSWf . Otherwise the �rm makes an

o�er to TRWf . However, cuto�s depend on the number of signals the �rm receives. This is because

worker signals provide information about the signals the other �rms receive, a�ecting the other �rms'

behavior, and hence the optimal decision for �rm f . Note that a cuto� strategy is an anonymous

strategy.

While we have de�ned cuto�s as integers, we can extend the de�nition to include all real numbers

in the range (1,W ) by letting cuto� j + λ, where λ ∈ (0, 1), correspond to mixing between cuto� j

and cuto� j+ 1 with probabilities 1−λ and λ respectively. Note that this is equivalent to f making

o�ers to TSWf with a rank higher than j, randomizing between TRWf and TSWf when TSWf

has the rank of exactly j, and making o�ers to TRWf otherwise.

The next proposition states that provided �rms −f use anonymous strategies and workers use

symmetric top-block strategies, it is optimal for a �rm to play cuto� strategies.

Proposition 3 (Optimality of Cuto� Strategies). Suppose workers use symmetric, top-block strate-

gies. Then for any strategy sf for �rm f , there exists a cuto� strategy that provides f with a weakly

higher expected payo� than sf for any anonymous strategies s−f of opponent �rms −f .

Under the assumptions of the proposition, the probability that �rm f 's o�er to TRWf will be

accepted depends only on the number of signals �rm f receives, and not on the identity of the

signaled workers. In addition, the probability that �rm f 's o�er to TSWf will be accepted has a

probability equal to one. Hence, if f considers that making an o�er to TSWf is optimal, it will

certainly make an o�er to TSWf with a higher rank, provided the number of signals it receives is

the same.

The last result of the section establishes the existence of equilibria in the o�er game with signals.

We �rst demonstrate equilibrium existence requiring �rms to use only cuto� strategies, and then

use Proposition 3 to show that this step is not restrictive.

Theorem 2. There exists a block-symmetric equilibrium where 1) workers play symmetric top-block

strategies, and 2) �rms play block-symmetric, cuto� strategies.
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4 Welfare

In this section we focus on theoretical results regarding the welfare of the agents. We re�ne the

analysis of this section to the domain of cuto� strategies. Since, cuto� strategies could be represented

by cuto� vectors, we can impose a natural partial order on them. Firm f 's cuto� strategy s′f is

greater than cuto� strategy sf if all cuto�s of s′f are weakly greater than all cuto�s of sf and at

least one of them is strictly greater. We also call �rm f responds more to signals than �rm f ′ does,

if sf is greater than sf ′ .

We now examine how a �rm should adjust its behavior in response to changes in the behavior

of opponents. We �nd that responding to signals is a case of strategic complements.

Proposition 4 (Optimality of Cuto� Strategies ). Suppose workers play symmetric top-block strate-

gies, and �rms −f use cuto� strategies. If �rm f ′ ∈ −f increases its cuto�s (responds more to

signals), �rm f will also optimally weakly increase its cuto�s.

When opponent �rms −f make o�ers to workers who have signaled to them, it is risky for �rm

f to make an o�er to a worker who has not signaled to it. Such worker has signaled to another �rm

(in �rm f 's block or in another block) that is very much inclined to make her an o�er. The greater

this inclination on the part of the �rm's opponents −f , the riskier it is for �rm f to make an o�er

to TRWf . Hence, the more inclined �rm f is to make an o�er to TSWf as well.

Denote functionm : (∆(F ∪N ))W×(∆(W ∪N ))F×Θ→ R that yields the expected total num-

ber of matches in the market as a function of agent strategies and types. The next two propositions

show the welfare impact of a single �rm adjusting its strategy to respond more to signals.

Proposition 5 (Number of Matches). Assume �rms use cuto� strategies and workers use top-block

strategies. Fix the strategies of �rms −f as s−f . Let �rm f 's strategy sf di�ers from s′f only

in that s′f has greater cuto�s (responds more to signals). Then, we have Eθ[ m(s′f , s−f , θ) ] ≥
Eθ[ m(sf , s−f , θ) ].

To summarize the intuition of the proof, observe that when a �rm f switches its o�er from TRWf

to TSWf , it is the other o�ers received by these workers that determine the impact on the total

number of matches. If both workers have other o�ers, or if neither has another o�er, the number of

matches is una�ected. When exactly one worker has another o�er, it is more likely to be TRWf ,

as this worker has signaled to another �rm, while TSWf has not. Hence, making an o�er to TSWf

leads to a greater expected total number of matches.

In addition to the increase in the expected number of matches, response to signals also unam-

biguously increases worker welfare.

Proposition 6 (Worker Welfare). Assume �rms use cuto� strategies and workers use top-block

strategies. Fix the strategies of �rms −f as s−f . Let �rm f 's strategy sf di�ers from s′f only in that

s′f has greater cuto�s (responds more to signals). Then for each worker w ∈W , Eθ[ πw(s′f , s−f , θ) ] ≥
Eθ[ πw(sf , s−f , θ) ].
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As a corollary of the above propositions, we can compare the welfare of workers and the expected

number of matches in the unique equilibrium of the o�er game with no signals and any non-babbling

block-symmetric equilibrium of the o�er game with signals. However, in order to have a strict

comparison there should exist a block with at least two �rms where workers send their signals with

positive probability in the equilibrium of the o�er game with signals. By contrast, �rm welfare

across these equilibria cannot be compared. As Example A1 in Appendix A illustrates, �rm welfare

may be higher with or without a signaling mechanism.

Theorem 3. Let us consider a non-babbling block-symmetric equilibrium of the o�er game with

signals so that there is a block Fb with at least two �rms, such that αb > 0. Then, the expected

number of matches and the expected welfare of workers in this equilibrium are strictly greater than

the corresponding parameters in the unique equilibrium of the o�er game with no signals. The welfare

of �rms in these equilibria is incomparable, i.e. the welfare of �rms in a block-symmetric equilibrium

of the o�er game with signals could be greater or smaller than in the unique equilibrium of the o�er

game with no signals.

The next section provides additional welfare results for markets with a single block of �rms.

5 Equilibrium Ranking in a Single Block

In this section, we analyze the properties of markets in which there is a single block of �rms; that

is, worker and �rm preferences over each other are uniform and uncorrelated. This simpli�cation is

useful because as a corollary of Proposition 1, in any non-babbling symmetric equilibrium, workers

always send signals to their most preferred �rms (as opposed to the multi-block case in which workers

may adjust their weights over top �rms). This allows us to compare equilibria in terms of �rm and

worker welfare.

By Proposition 3, if workers signal to their most preferred �rms and the strategies of �rms −f are

anonymous, then f will optimally employ a cuto� strategy. Furthermore, the strategic complements

result of Proposition 4 continues to hold. Therefore, the existence of symmetric equilibria in pure

strategies with the smallest and largest cuto�s follows from Theorem 5 of Milgrom and Roberts

(1990) (see Appendix A for details).

Theorem 4. There exists a symmetric equilibrium in pure cuto� strategies where 1) workers signal

to their most preferred �rms and 2) �rms use symmetric cuto� strategies. There exist pure symmetric

equilibria with smallest and largest cuto�s.

Note that the above theorem states the existence of a symmetric equilibrium in pure strategies,

compared to Theorem 2 that established the existence of mixed strategy equilibria.

In a single-block case, we have additional results regarding the welfare of �rms. Firm f responding

more to signals has a negative e�ect on the welfare of other �rms.

Proposition 7 (Negative Spillover). Assume �rms use cuto� strategies and workers signal their

most preferred �rms. Fix the strategies of �rms −f as s−f . Let �rm f 's strategy sf di�er from s̃f
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only in that s̃f has weakly greater cuto�s (responds more to signals). Then for all f ′ ∈ −f , we have

Eθ[πf ′(sf , s−f , θ)] ≤ Eθ[πf ′(s̃f , s−f , θ)].

The intuition of this result is that when �rm f makes an o�er to its top signaled worker, this

worker accepts its o�ers with a probability equal one. However, when �rm f makes an o�er to

its top-ranked worker, this creates less competition to other �rms, since its top-ranked worker may

prefer other �rms to �rm f . Note that this intuition does not hold in the multi-block case, because

there is no guarantee that o�ers to workers who have signaled to the �rm will be accepted.

Consider any two cuto� equilibria in which one equilibrium has greater cuto�s. As a corollary

of Proposition 5, Proposition 6, and Proposition 7, both the expected number of matches and the

welfare of workers will be weakly greater in the equilibrium with greater cuto�s, whereas the welfare

of �rms is weakly smaller.

Theorem 5. Consider any two symmetric cuto� strategy equilibria where one equilibrium has greater

cuto�s. Compared to the equilibrium with lower cuto�s, in the equilibrium with greater cuto�s,

• the expected number of matches is weakly greater,

• workers have weakly higher expected payo�s, and

• �rms have weakly lower expected payo�s.

The result states that in markets with a single block, �rms and workers are opposed in their

preferences over equilibria. When multiple equilibria exist, workers prefer the equilibrium that

involves the greatest cuto�s (�rms respond most to signals) while �rms prefer the equilibrium with

the lowest cuto�s. This result may seem unusual, in that it appears to indicate that �rms prefer less

signaling to more. However, note that this comparison only holds across equilibria in the presence

of a signaling mechanism. Firms may or may not prefer any of these equilibria to the equilibrium

of the o�er game with no signals.

6 Market Structure and The Value of a Signaling Mechanism

In this section, we analyze how the expected increase in the number of matches from the introduction

of a signaling mechanism, a measure we term the value of the signaling mechanism, di�ers across

market structures. For the purpose of exposition clarity, we postpone the precise formulation of

assumptions and most of the propositions to Appendix C.

To isolate the impact of a signaling mechanism on the number of matches in the market, we

consider the pure coordination model, wherein �rms and workers want to match, but are almost

indi�erent over the identity of the match. Speci�cally, we consider the cardinal utility from being

matched to a partner as being almost the same across partners. If agent a has a preference pro�le θa,

it prefers to be matched with partner θka , rather than with partner θk
′
a , k

′ > k, though the di�erence

between utility intensities is very small (see Appendix C for details).
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Figure 1: Balanced Markets

In addition, there is only one block of �rms, i.e., worker preferences are uniformly distributed.

Under these assumptions, there is the unique non-babbling symmetric equilibrium that satis�es

criterion D1 of Cho and Kreps in the o�er game with signals. Each worker sends a signal to her

top-preferred �rm. Each �rm makes an o�er to its top-signaled worker if it receives at least one

signal; otherwise, it makes an o�er to its top-ranked worker (see Proposition 10). As a consequence

of Theorem 1, there is also the unique equilibrium of the o�er game with no signals.

We de�ne the expected number of matches in the unique equilibrium in the pure coordination

model with signals (with no signals) and with F �rms andW workers as S(F,W ) (U(F,W )). De�ne
the expected increase in matches from the introduction of the signaling mechanism as D(F,W ) ≡
S(F,W )− U(F,W ). We call D(F,W ) the value of the signaling mechanism.

6.1 Balanced Markets

In this subsection, we analyze how the value of the signaling mechanism changes for markets of

various sizes. Fixing the equilibrium behavior in the o�er games with and with no signals, described

above, we calculate D(F,W ) for these markets. Figure 1 graphs D(F,W ) as a function of F for

�xed W = 10 and W = 100, and D(F,W ) as a function of W for �xed F = 10 and F = 100.
The single-peakedness of the graphs suggests that the value of the signaling mechanism is greatest

for balanced markets�markets wherein the number of �rms and the number of workers are of the

same magnitude. To understand why signaling is most useful in balanced markets, it is helpful to

think about the endpoints. With many workers and very few �rms, �rms will almost certainly match

with or without the signaling mechanism. With many �rms and few workers, the reverse holds: most

workers will get o�ers with or without the signaling mechanism. Hence, the signaling mechanism

o�ers little bene�t at the extremes.

Furthermore, the graphs suggest that the percentage increase in the expected number of matches

remains steady as market size increases, holding constant the ratio of workers to �rms. Proposition
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8 shows these observations precisely.

Proposition 8 (Balanced Markets). For �xed W , D(F,W ) attains its maximum value at F =
x0W + OW (1), where x0 ≈ 1.01211 is a constant and OW (1) is a function that is smaller than a

constant for large W . For �xed F , D(F,W ) attains its maximum value at W = y0F +OF (1), where
y0 ≈ 1.8442 is a constant and OF (1) is a function that is smaller than a constant for large F .

The proof of Proposition 8 proceeds by the calculation of an explicit formula for D(F,W ). The
proof shows that the expected increase in the number of matches can be represented as

D(F,W ) = Fα(
W

F
) +OF (1)

or as

D(F,W ) = Wβ(
F

W
) +OW (1)

where α(·) and β(·) are some functions. Hence, D(F,W ) is "almost" homogeneous of degree one for

large markets. Therefore, we can evaluate the introduction of the signaling mechanism for a sample

market, and its properties will be preserved for markets of other sides, but with the same ratio of

�rms to workers.

For example, we can use Figure 1 to investigate maximal quantitative gains from the introduction

of the signaling mechanism in large markets. For a �xed number of workers, the maximum increase

is 11% of the total number of �rms, whereas for a �xed number of workers the maximum increase

is 15% of the total number of workers. Furthermore, the returns to the signaling mechanism are

substantial over a wide range of market conditions. For example, only when the number of �rms

outweighs the number of workers by more than �vefold do the gains to the signaling mechanism

drop to below 2%.

6.2 The optimal number of signals and the number of interviews

In this subsection we analyze the markets in which workers can send several identical signals and

have several positions, which we call interviews, to �ll. Each worker can send up to K signals and

has I interview positions. We assume F > K ≥ 1 and F > I ≥ 1, and each worker utility function

is additive with respect to the number of interviews. In addition, we maintain the assumptions of

the pure coordination model and that �rms can only make up to one o�er. The timing is the same

as in our base model in Section 2.

Similar to previous analysis, there is the unique equilibrium in the o�er game with no signals:

each �rm f makes an o�er to TRWf , and each worker accepts the best I o�ers among those she

receives. There is also the unique symmetric non-babbling equilibrium that satis�es criterion D1 of

Cho and Kreps in the o�er game with signals: each worker signals to her most preferred K �rms;

each �rm f makes an o�er to TSWf , if it receives at least one signal, and to TRWf if it receives no

signals. Again, each worker accepts the best I o�ers among those available (see Proposition C1).

Denote as DI,K(F,W ) the expected increase in the number of matches from the introduction of

the signaling mechanism when each worker has I interview positions and can send up to K signals.
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Fixing the equilibrium behavior of agents, described above, we use simulations to analyze

DI,K(F,W ). Since the value of the signaling mechanism is the greatest for balanced markets,

we analyze markets in which the number of �rms equals the number of available positions. Figure

2 shows the results of simulations for markets with W = 50 workers, I = 1, I = 2, and I = 3 in-

terviews, and F = 50, F = 100, and F = 150 �rms correspondingly (solid, dashed, and dot-dashed

lines).

The simulations demonstrate that if each worker has only one interview, then D1,K(F,W ) is

a decreasing function of K. However, the optimal number of signals may be greater than one if

workers can have many interviews. The simulations also suggest that the value of the signaling

mechanism is single-peaked in the number of signals as well as that the optimal number of signals

is an increasing function of I.

6.3 Markets with many periods of interactions

We now consider markets wherein agents can interact in multiple periods. Each worker can send

only one signal and has only one interview position to �ll. There are L+ 1 periods in the o�er game

with signals. Workers send signals to �rms in period 0. The other L periods, period 1 through

period L+ 1, agent can interact to be matched.

Period 0. Workers send signals.

1. Agent preferences are realized. Each worker sends a signal to at most one �rm; signals are

sent simultaneously. Signals are observed only by �rms who have received them.

Periods 1− L: Agents Interact. Each period consists of two stages:

1. Each �rm makes an o�er to at most one worker; o�ers are made simultaneously.

2. Each worker may accept at most one o�er from the set of o�ers she receives.
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O�ers are binding, and workers can hold o�ers from period to period. When a worker accepts an

o�er, the �rm-worker pair leaves the market, and this is observed by all agents. The other agents

participate in the remaining periods. As a point of comparison, we will also be interested in the

L-period o�er game with no signals, which is identical to the game described above except that

period 0 is excluded. We also presume that there is a discount factor δ ∈ (0, 1) for being matched

in the latter periods.

Under the assumptions of the pure coordination model and a small discount factor, there is no

incentive to delay o�ers or o�er acceptance as agents care only about being matched. There is a

unique symmetric sequential equilibrium in the o�er game with no signals, where each �rm makes

an o�er to its most preferred worker and each worker accepts its best o�er in each period. Similarly,

there is the unique symmetric sequential non-babbling equilibrium that satis�es criterion D1 of Cho

and Kreps in the o�er game with signals. Each worker sends her signal to her top �rm at period

0. Each worker accepts the best available o�er at each period. Each �rm makes an o�er to its top

signaled worker among the workers in the market; otherwise the �rm makes an o�er to its top-ranked

worker among the workers in the market (see Proposition C2).

Now we are able to compare the o�er game with and without the signaling mechanism for many

di�erent periods of interaction. Additional periods of interaction provide an opportunity for a greater

number �rms and workers to be matched. Therefore, the value of the signaling mechanism decreases

as the number of periods of interaction increases. The next proposition shows this relationship

formally. Since its proof is intuitive, we also provide it here.

Proposition 9. The expected increase in the number of matches from the introduction of the sig-

naling mechanism, DL
1,1(F,W ), is a decreasing function of the number of periods of interactions,

L.

Proof. For clarity of the argument, we compare markets with one and two periods of interaction.

When there is a single period, signals increase the expected number of matches. In markets with

two periods, all pairs matched in the �rst period leave the market. Therefore, the expected number

of remaining market participants in the second period is greater in the o�er game with no signals

than it is in the o�er game with signals.

Observe that when workers can send only one signal, all �rms that receive at least one signal leave

the market in period 1 (since in this case, signals indicate that o�ers will be accepted). Therefore,

no �rms, remaining in period 2, have received signals, so the second period of the o�er game with

signals is identical to a single period o�er game with no signals. As Proposition 8 shows, the number

of matches in a market with one period is proportional to the size of the market. Therefore, the

expected number of matches in the second period in the market with no signals is greater than in

the market with signals. Hence, the di�erence between the expected number of matches in the o�er

game with signals and the o�er game with no signals decreases upon adding a second period of

interaction. This logic extends to L periods of interaction.

Using simulations, we investigate how the value of the signaling mechanism declines with the

introduction of additional periods of interaction for balanced markets. Figure 3 graphs the results
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periods of interaction.

for markets with F = 100 �rms, W = 100 workers and L = 1, . . . , 5 periods of interaction.

Note that for markets with the same number of �rms and workers the increase in the expected

number of matches due to the introduction of the signaling mechanism decreases by 55% when a

second period is added, and decreases by 85% when second and third periods are added. Moreover,

the value of the signaling mechanism is less than 0.5% of the total number of agents in markets with

four periods of interaction.

7 Conclusion

Many real markets are overcrowded with applications. At the same time, employers need to incur

costs in order to evaluate potential candidates. This leads to congestion. In many cases, this

congestion is accompanied by informal preference signaling. In a smaller and perhaps newer set of

markets, formal signaling mechanisms have emerged.

We have examined a natural signaling mechanism; allowing workers to send costless signals to

a �nite set of �rms. While participation is voluntary, this mechanism nevertheless provides workers

with a means of expressing preferences that is both credible and equitable. In a setting where

workers agree on the ranking of blocks of �rms but vary in their preferences within each block,

workers will signal to their most preferred �rm within each block. Firms use this information as

guidance, optimally using cuto� strategies to make o�ers. We �nd that on average, introducing a

signaling technology increases both the expected number of matches as well as the expected welfare

of workers. The welfare of �rms, on the other hand, changes ambiguously, because �rms responding

more to signals imposes a negative externality on other �rms.

In addition, we �nd that the signaling mechanism adds the most value for markets in which

the number of �rms and the number of workers are of roughly the same magnitude. The optimal

number of signals�the number of signals that maximizes the expected increase in the number of

matches�may be greater than one for markets wherein each worker could have many positions to

�ll. We also show, by way of simulations, that the optimal number of signals increases when workers

have more interviews. Finally, the expected increase in the number of matches from the introduction
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of the signaling mechanism decreases as the number of periods of interaction increases.

We emphasize that signaling mechanisms have the potential to improve outcomes in congested

markets in a reasonably non-invasive manner. As opposed to a central clearinghouse (as in the

National Resident Matching Program(Roth and Peranson, 1999)), a centralized signaling mechanism

is signi�cantly less drastic. As a consequence, market designers may �nd it easier to get consensus

from participants to introduce such a mechanism, which nevertheless may provide substantial bene�t.

Our aim was to examine the value that a signaling mechanism might o�er congested markets,

and how that value varies across market structures and signal designs. We hope that this paper will

inform policy for a broad set of imperfectly functioning markets that may need a nudge, but are not

in need of electro-shock therapy. Our hope is that the approach in this paper will serve as a tool

and as a benchmark; a framework for examining settings with alternative market assumptions, and

a point of comparison for alternative signaling mechanisms.

A Appendix: Block-correlated preferences � proofs and exten-

sions.

Proof of Theorem 1.

Let us �x some anonymous strategies of �rms −f and �nd an optimal strategy of �rm f . Since,

�rms use anonymous strategies and their preferences are uniformly distributed, symmetry ensures

that the probability that a worker accepts �rm f 's o�er is the same across workers. Hence, �rm f 's

optimal strategy is to make an o�er to its top-ranked worker.

Let us show this more formally. We consider some realization of agent preference pro�le θ ∈ Θ.

We denote mf (sf , s−f , θ) be the probability of �rm f being matched when it uses strategy sf and

the other agents use strategies s−f (possibly mixed) and the realized agents preference pro�le is

θ ∈ Θ. We compare two strategies of �rm f : making an o�er to its top worker sf = θ1
f = w and

making an o�er to its nth top worker s′f = θnf = wn, n > 1.
We denote a permutation that changes the ranks of w and wn in a �rm preference pro�le as

σ : (..., w, ..., wn, ...) −→ (..., wn, ..., w, ...)

Let us consider a pro�le of preferences θ′ ∈ Θ such that θ′f = θf , the ranks of workers w and wn are

exchanged in the preference lists of �rms −f

for any �rm f ′ ∈ −f, θ′f = σ(θf ),

worker w and worker wn preference pro�les are exchanged

θ′w = θwn , θ′wn = θw,

and θw′ = θ
′
w′ for any other w′ ∈W\ {w,wn}.
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Since, �rm −f strategies are anonymous we have that

s−f (θ′−f ) = s−f (σ(θ−f )) = σ (s−f (θ−f ))

This means that the probability of �rm f ′, f ′ ∈ −f, making an o�er to worker w for pro�le θ equals

the probability of making an o�er to worker wn for pro�le θ′. Moreover, since we exchange worker

w and wn preference lists for pro�le θ′, whenever it is optimal for worker w to accept �rm f o�er

for pro�le θ, it is optimal for worker wn to accept �rm f ′s o�er for pro�le θ′. Therefore,

mf (sf , s−f , θ) = mf (s′f , s−f , θ
′)

Therefore, for each θ−f there exists θ′−f such that the probability of getting an o�er from the

top worker equals the probability of getting an o�er from nth top worker. Moreover θ′−f is di�erent

for di�erent θ−f by the construction. Since, θ−f and θ′−f are equally possible9

Eθ−f
mf (sf , s−f , θ|θf ) = Eθ−f

mf (s′f , s−f , θ|θf )

and

Eθmf (sf , s−f , θ) = Eθmf (s′f , s−f , θ)

Therefore, the expected probability of getting a match from �rm f 's top choice equals the expected

probability of getting a match from �rm f 's nth top choice. Since, the utility from obtaining a

former match is greater, the strategy of �rm f of making an o�er to its top worker is optimal. �

Proof of Proposition 1.

We �rst de�ne criterion D1 of Cho and Kreps in our setting10. Let us consider some block-

symmetric sequential equilibrium. We �x strategies of agents except worker w and �rm f, which

we denote as s−f,w. We also �xed the beliefs of �rms other than �rm f , which we denote as µ−f .

Then, we analyze strategies of worker w and strategies and beliefs for �rm f . Worker w sends

some o�-equilibrium message to �rm f whenever she sends a signal when the equilibrium strategy

prescribes zero probability of sending a signal to �rm f or she does not send a signal when the

equilibrium strategy prescribes sending a signal to �rm f with probability equal 1. According to the

de�nition of anonymous strategies, the latter one can happen in block-symmetric equilibrium only

if �rm f is the only one �rm in its block. However, the symmetry of workers strategies ensures that

all workers send their signals to �rm f with probability 1 in this case. Since, signals do not transmit

information about workers type, this equilibrium is outcome equivalent to babbling equilibrium. We

further concentrate on the �rst type of o�-equilibrium messages.

Consider worker w that sends some o�-equilibrium signal to �rm f . We denote the expected

equilibrium payo� of �rm f as u∗f and the expected equilibrium payo� of worker w as u∗w. For each

9Note that we analyze only anonymous strategies of �rms. Therefore, the change of �rm f 's strategy for only one
realization of preference is not legitimate. A legitimate change is a change for the realization of any strategy pro�le.

10See Cho and Kreps (1987) for the original de�nition.
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�rm f 's type θ̄ ∈ Θf and each set of signals that �rm f could receive, h̄ ⊂W, we denote the mixed

best response of �rm f that has beliefs µ̄ as

MBRf (θ̄, h̄ ∪ w, µ̄) = arg maxsf∈∆W Eθ−w(πf (sf , s−f , θ) |θf = θ̄, hf = h̄ ∪ w, µf = µ̄).

Then, we denote the mixed best response of �rm f for its types and any possible pro�les of signals

it may receive, conditional on receiving worker w's signal as

MBRf (w, µ̄) = {MBRf (θ̄, h̄ ∪ w, µ̄) for all θ̄ ∈ Θf , h̄ ⊂W}

We denote the set of best responses by �rm f to probability assessments concentrated on set Ω ⊂ Θw

as

MBRf (w,Ω) =
⋃

{µf :µf (Ω)=1}

MBRf (w, µf )

We also denote for any worker's type t ∈ Θw

Dt = {φ ∈MBRf (w,Θw), u∗w(t) < Eθ−w(πw(sw, φ, s−w,f , θ) | θw = t)}

D0
t = {φ ∈MBRf (w,Θw), u∗w(t) = Eθ−w(πw(sw, φ, s−w,f , θ) | θw = t)}

Intuitively, set Dt (D
0
t ) is the set of �rm f strategies such that worker w of type t, receives an

expected payo� that is greater than (equal to) the equilibrium one. We say that the type t may be

pruned from �rm f 's beliefs if �rm f 's o�-equilibrium beliefs should put zero probability on worker

w's type t upon receiving a signal from her. Using the above notations criterion D1 in our setting

can be stated as follows.

Criterion D1. Fix strategies of workers −w and strategies and beliefs of �rms −f . If for some

worker w's type t ∈ Θw there exists a second worker w's type t′ ∈ Θw with Dt ∪ D0
t ⊆ Dt′ ,

then t may be pruned from the domain of �rm f 's beliefs.

The intuition behind this criterion is that whenever type t of worker w either wishes to defect and

send an o�-equilibrium signal to �rm f or indi�erent, some other type t′ of worker w strictly wishes

to defect. When we prune t of worker w from �rm f 's beliefs, we believe that �rm f puts in�nitely

more likely probability that o�-equilibrium signal has come from type t′ than from type t.

We �rst show that there cannot be a block-symmetric sequential equilibrium that satis�es crite-

rion D1 such that the ex-ante probability of receiving an o�er by some worker from a �rm within

block Fb, b ∈ {1, ..., B}, is smaller when the worker sends her signal to this �rm compare to the case

when she does not send her signal to this �rm, i.e. qb < pb.

Let us assume that such block-symmetric sequential equilibrium exists. If there are at least

two workers, agents use anonymous block-symmetric strategies, and agents' types are uncorrelated,

each worker is unmatched with positive probability. Then, it is optimal for each worker to avoid

sending her signal to any �rm within block Fb on the equilibrium path (she want to increase the

probability of being matched to each �rm). Therefore, some �rm f ∈ Fb can receive a signal from
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some worker w only on o�-equilibrium path. If it is bene�cial for some type θw ∈ Θw to deviate

from the equilibrium path and send her signal to �rm f (in this case �rm f makes an o�er to worker

w), then it is bene�cial for any type of worker w, θ′w ∈ Θw, such that �rm f is the top �rm within

block Fb, to deviate. Therefore, the only types (preference pro�les) of worker w that are not pruned

in �rms believes according to criterion D1 are such that �rm f is the top �rm within block Fb for
worker w. Therefore, if it is optimal for �rm f to make an o�er to worker w when it does not receive

her signal, it is optimal for �rm f to make an o�er to worker w when it receives her signal. This

means that qb < pb cannot be part of block-symmetric sequential equilibrium that satis�es D1.
As a consequence of the above argument, we have that for any b = 1, ..., B qb ≥ pb. It is easy to

observe, that there is exist a block-symmetric sequential equilibrium that satis�es criterion D1, when
for any b = 1, ..., B, qb = pb. For example, each worker uses the strategy that prescribes sending

her signal to �rms with equal probability independently on their preferences and �rms play the

equilibrium strategies of the o�er game with no signals. The equilibrium beliefs are block-uniform,

i.e. if �rm receives a signal from worker w its beliefs coincide with the priors. As one could see there

are no o�-equilibrium paths need to be speci�ed. Therefore, this sequential equilibrium satis�es

criterion D1.
Let us now consider the case when there exists b0 ∈ {1, ..., B}, such that qb0 > pb0 in some

block-symmetric sequential equilibrium. Recall that the probability that a worker sends her signal

to �rms within block Fb is denoted as αb, and we have that αb ∈ [0, 1] and
∑B

b=1 αb ≤ 1. Let us

consider some block Fb, such that αb > 0. As we mentioned above, if there are at least two workers,

agents use anonymous block-symmetric strategies, and agents' types are uncorrelated, each worker is

unmatched with positive probability in equilibrium. Therefore, αb > 0 and qb = pb are incompatible

in an equilibrium (worker w can bene�t by signaling to block Fb0 rather than block Fb). Then, if
qb > pb worker w should send her signal to her top �rm within block Fb, as it delivers the greatest
expected payo� to her.

Let us now consider some block Fb′ , b′ ∈ {1, ..., B}, such that αb′ = 0, and some �rm f ∈ Fb′
that receives a signal on o�-equilibrium path from some worker w. Therefore, either there exists type

t ∈ Θw of worker w such that Dt 6= ∅ or for any type t ∈ Θw we have that Dt = ∅. For the former

case, if worker w sends a signal to �rm f , �rm f o�er delivers expected payo� to worker w of type

t greater than the equilibrium one. However, whenever �rm f o�er delivers greater expected payo�

than equilibrium one to worker w of type t, it delivers greater expected payo� than equilibrium one

to worker w of type t′, which prefers �rm f to any other �rm in block Fb′ . Therefore, the only �rm

f o�-equilibrium beliefs that survive criterion D1 are such that

µf ({θw ∈ Θw : f = arg maxf ′∈Fb′
v(θw, f ′)}|w ⊂ hf ) = 1 (A.0.1)

Since, Dt′ andD
0
t′ consist of �rm f 's best responses, it is optimal for �rm f to make an o�er to worker

w upon receiving her signal if one restricts her beliefs to (A.0.1). This means that the equilibrium

strategy of worker w of type t′ is not optimal if �rm f has beliefs (A.0.1). Therefore, there cannot

exist type t ∈ Θw of worker w such that Dt 6= ∅ in block-symmetric sequential equilibrium that
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satis�es criterion D1.
Let us now consider the case when for any type t ∈ Θw we have that Dt = ∅. Therefore, it

is not bene�cial for any type of worker to send an o�-equilibrium signal. Therefore, αb′ = 0 is

an equilibrium strategy of worker w independently on o�-equilibrium beliefs of �rm f . Worker w

strategy is optimal for any o�-equilibrium beliefs of �rms from block Fb′ , even if each �rm f has

most favorable for worker w beliefs, such as in (A.0.1).

Note that if there are at least two workers, the interaction between worker w and some �rm f

(�xing the strategies and beliefs of other agents) is a monotonic signaling game of Cho and Sobel

(1990). The assumption of monotonicity is satis�ed in our environment because each type of worker

w prefers the same action of �rm f , i.e. �rm f making an o�er to worker w. As a consequence,

criterion D1 is equivalent to �never a weak best response� of Cho and Kreps (1987) and �universal

divinity� of Banks and Sobel (1987) in our setting. More detailed discussion of monotonic signaling

games can be found in Cho and Sobel (1990). �

Proof of Proposition 2.

Let us consider �rm f from some block Fb, b ∈ {1, ..., B} that has the realized preference pro�le

θ∗ ∈ Θf and that receives signals from the set of workers h ⊂ W. We denote worker TSWf as w

and some other worker from h as w′. We �rst prove that the expected payo� to f from making an

o�er to worker w is strictly greater than the expected payo� from making an o�er to worker w′. We

denote the corresponding strategies of �rm f as sf (θ∗, h) = w and s′f (θ∗, h) = w′.

According to Proposition 1, �rm f believes that it is the top �rm within block Fb in workers

w and w′ preference lists. Let us denote the set of possible agents pro�les consistent with �rm f

beliefs as

Θ̄ ≡ {θ ∈ Θ|θf = θ∗ and f = arg max
f ′∈Fb

v(θw, f) for each w ∈ h}

Similar to the proof of Theorem 1, we denote a permutation that changes the ranks of w and w′

in a �rm preference pro�le as

σ : (..., w, ...w′, ...) −→ (..., w′, ...w, ...)

Let us consider a pro�le of agents preferences θ′ ∈ Θ such that θ′f = θ∗, the ranks of workers w and

w′ are exchanged in the preference lists of �rms −f

for any �rm f ′ ∈ −f, θ′f = σ(θf ),

worker w and worker w′ preference pro�les are exchanged

θ′w = θw′ , θ
′
w′ = θw,

and for any other w0 ∈W\ {w,w′}, θw0 = θ
′

w0 . Since, �rm f preference list is unchanged, θ′f = θ∗,

and �rm f has symmetric beliefs about workers w and w′ types, pro�le θ′ belongs to Θ̄. Since, �rm
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−f strategies are anonymous, for any f ′ ∈ −f for any h0 ⊂W

sf ′(σ(θf ′), σ(h0)) = σ
(
sf ′(θf ′ , h0)

)
Worker w and w′ send their signals to �rm f for both pro�les θ and θ′. Therefore, they do not send

their signals to �rms −f, σ(h0) = h0. Since θ′f = σ(θf ) we have that

sf ′(θ′f ′ , h
0) = σ

(
sf ′(θf ′ , h0)

)
This means that the probability of �rm f ′ making an o�er to worker w for pro�le θ equals the

probability of making an o�er to worker w′ for pro�le θ′. Moreover, since we exchange worker w and

w′ preference lists for pro�le θ′, whenever it is optimal for worker w to accept �rm f o�er for pro�le

θ, it is optimal for worker w′ to accept �rm f ′s o�er for pro�le θ′. Since �rms types are independent,

the probability of �rm f being matched when it uses strategy sf for pro�le θ equals the probability

of �rm f being matched when it uses strategy s′f for pro�le θ′

mf (sf , s−f , θ) = mf (s′f , s−f , θ
′).

Therefore, for each θ ∈ Θ̄ there exists θ′ ∈ Θ̄ such that the probability that �rm f gets an o�er

from worker w equals the probability that �rm f gets an o�er from worker w′. Moreover, pro�le θ′

is di�erent for di�erent θ by the construction. Since, θ and θ′ are equally possible

Eθmf (sf , s−f , θ|θ ∈ Θ̄) = Eθmf (s′f , s−f , θ|θ ∈ Θ̄)

Therefore, the expected probability that �rm f gets a match if it makes an o�er to some worker in

h is the same across all workers in h. Since, the utility from obtaining a match from TSWf is the

largest, the expected payo� to f from making an o�er to TSWf is strictly greater than the payo�

from making an o�er to any other worker in h.

A similar construction is valid for the workers in set W\h. Therefore, the probability that �rm

f 's o�er is accepted is the same across any worker in W\h. Hence, �rm f prefers making an o�er

to its most valuable worker - TRWf - than to any other worker in W\h11. �

Proof of Proposition 3.

Let us �rst note that Proposition 1 and Proposition 2 established that the optimal choice of �rm

f for each set of received signals is either TSWf , TRWf , or some lottery between them, when the

payo� from making an o�er to TSWf and TRWf is the same. We break the proof into two parts.

First we show that the identities of workers that have sent a signal to �rm f in�uence neither the

expected payo� of TSWf nor TRWf provided that the total number of signals �rm f receives is

constant and TSWf does not change. Second we prove that if it is optimal for �rm f to choose

11Note that it can happen that TRWf = TSWf . In this case the statement of the proposition is still valid since
�rm f believes that it is the TRWf 's top �rm within block Fb. Therefore, �rm f prefers making an o�er to TRWf

rather to any other worker in set W .
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TSWf when it receives signals from some set of workers, then it still optimal for �rm f to choose

TSWf if the number of received signals does not change and TSWf has a smaller rank (TSWf is

more valuable).

Let us consider some �rm f from block Fb, b ∈ {1, ..., B} and some realization of its preferences,

θf = θ∗. Assume that it is optimal for �rm f to make an o�er to TSWf if it receives set of signals

h ⊂ W . We want to show that if �rm f receives the set of signals h′, which has the same TSWf

and the same power, |h′| = |h|, it is still optimal for �rm f to make an o�er to TSWf . We consider

the case when h and h′ di�er only in one signal. There exist worker w and worker w′, such that the

former one belongs to set h, but it does not belong to set h′; while the latter one belongs to h′, but

it does not belong to h. General case directly follows. We consider two �rm f strategies

sf (θ∗, ·) = TSWf (θ∗, ·)
s′f (θ∗, ·) = TRWf (θ∗, ·)

According to Proposition 1, �rm f believes that it is the top �rm within block Fb for workers that
send signals to it. We denote the set of possible agents' pro�les consistent with these beliefs when

�rm f receives signals from h and h′ as

Θ̄h ≡ {θ ∈ Θ|θf = θ∗ and f = arg maxf ′∈Fb v(θw, f ′) for each w ∈ h}

Θ̄h′ ≡ {θ ∈ Θ|θf = θ∗ and f = arg maxf ′∈Fb v(θw, f ′) for each w ∈ h′}

correspondingly.

We now construct a bijection between Θ̄h and Θ̄h′ . We denote a permutation that changes the

ranks of w and w′ in a �rm preference pro�le as

σ : (..., w, ...w′, ...) −→ (..., w′, ...w, ...)

For any pro�le θ ∈ Θ̄h we construct pro�le θ′ ∈ Θ such that θ′f = θ∗, the ranks of workers w and w′

are exchanged in the preference lists of �rms −f

for any �rm f ′ ∈ −f, θ′f = σ(θf ),

worker w and worker w′ preference pro�les are exchanged

θ′w = θw′ , θ
′
w′ = θw,

and for any other w0 ∈W\ {w,w′}, θw0 = θ
′

w0 .

Since, �rm f preference list is unchanged, θ′f = θ∗, and �rm f has symmetric beliefs about

workers w for pro�le θ and about worker w′ for pro�le θ′, pro�le θ′ belongs to Θ̄h′12. By construction,

pro�le θ′ is di�erent for di�erent θ. Since, the powers of sets Θ̄h and Θ̄h′ are the same, the above

12Note that we do not consider signaling strategy of workers. Since, workers can send signals to di�erent �rms for
the same preference pro�le. We just want to establish one-to-one correspondence between Θ̄h and Θ̄h′

.
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correspondence is a bijection.

Since, �rm −f strategies are anonymous, for any f ′ ∈ −f and h0 ⊂W

sf ′(σ(θf ′), σ(h0)) = σ
(
sf ′(θf ′ , h0)

)
This means that the probability of �rm f ′making an o�er to worker w for pro�le θ equals the

probability of �rm f ′ making an o�er to worker w′ for pro�le θ′. Moreover, since we exchange

worker w and w′ preference lists for pro�le θ′, whenever it is optimal for worker w to accept �rm f

o�er for pro�le θ, it is optimal for worker w′ to accept �rm f ′s o�er for pro�le θ′. Since �rms types

are independent, the probability of �rm f being matched when it uses strategy sf (θ∗, ·) for pro�le

θ equals the probability of �rm f being matched when it uses strategy sf (θ∗, ·) for pro�le θ′

mf (sf , s−f , θ) = mf (sf , s−f , θ′)

Similar for strategy s′f (θ∗, ·)
mf (s′f , s−f , θ) = mf (s′f , s−f , θ

′)

Since, we constructed a bijection between Θ̄h and Θ̄h′ and θ and θ′ are equally likely

Eθmf (sf , s−f , θ|θ ∈ Θ̄h) = Eθmf (sf , s−f , θ′|θ′ ∈ Θ̄h′)

Eθmf (s′f , s−f , θ|θ ∈ Θ̄h) = Eθmf (s′f , s−f , θ
′|θ′ ∈ Θ̄h′)

Therefore, if �rm f optimally makes an o�er to TSWf (TRWf ) for the set of signal h, it also

should optimally make an o�er to TSWf (TRWf ), which is the same worker, for the set of signals

h′.

Now we prove that if �rm f optimally chooses TSWf for set of signals h, then it should still

optimally choose TSWf for set of signals h
′, if the number of received signals is the same, |h′| = |h| ,

and TSWf of set h′ has a smaller rank (TSWf is more valuable). We consider set h′ that di�ers

from h only in the best (for �rm f) worker and the di�erence between the ranks of top signaled

workers equals one. General case directly follows.

for any w ∈ h/TSWf (θ∗, h)⇔ w ∈ h′/TSWf (θ∗, h′)
rankf (TSWf (θ∗, h′)) = rankf (TSWf (θ∗, h))− 1

Note that sets h̄ and h̄′ di�ers only in one signal. The construction of the �rst part of the proof

also works in this case. We consider sets of pro�les and correspondence similar to the one above.

Similar, we can show that the probabilities of �rm f being matched with TSWf (TRWf ) are the

same for h and h′. However, now if �rm f o�er to TRWf is accepted, �rm f gets the same payo�

(u(1)) for two di�erent pro�les. Whereas if �rm f o�er to TSWf is accepted, �rm f gets strictly

greater payo� for set h′ compare to set h, because TSWf has smaller rank for the former case.

Hence, if it is optimal for �rm f to make an o�er to TSWf when it receives set of signals h, it is

optimal for �rm f to make an o�er to TSWf when �rm f receives set of signals h′.

26



The two statements we have just proved allows us to conclude that if �rm −f use anonymous

strategies, �rm f 's optimal strategy could be represented as some cuto� strategy. Note that there

can be other optimal strategies. If �rm f is indi�erent between making an o�er to TSWf and making

an o�er to TRWf for some h, �rm f could change its behavior (make o�er to TSWf or TRWf )

when it receives the sets of signals h′, which has the same TSWf and the same power, |h′| = |h|.
However, the strategy of keeping the same behavior for sets h and h′ gives the same payo� to �rm

f . �

Proof of Theorem 2.

We consider the set of cuto� strategies of �rms and top-block strategies of workers that we

denote as S. We denote its typical element as s, i.e. s = (sF , sW ) ∈ S, that consists of �rms cuto�

strategies, sF = (sf1 , ..., sfF
), and workers top-block strategies strategies, sW = (sw1 , ..., swW ).

A strategy of �rm f, sf , is a vector of real numbers of size W that speci�es cuto� points for

each positive number of signals �rm f could receive, sf = (j1
f , ..., j

W
f ), where jlf is a real number

from interval [1,W ] for each l = 1, ...,W . We denote the set of possible �rm cuto� strategies as

Tf = [1,W ]W .

A top-block strategy of worker w, sw, is a vector of size B that speci�es the probability that she

sends her signal to her top �rm of speci�c block sw = (α1
w, ..., α

B
w), where αbw ≥ 0 for each b = 1, ..., B

and
∑B

b=1 α
b
w ≤ 1. We denote the set of possible worker top-block strategies as Tw = {(α1, ..., αB) :

αb ≥ 0 and
∑B

b=1 α
b ≤ 1}.

Let us also denote the expected payo� of worker w when she uses top-block strategy sw and the

other agents use strategy s−w as13

Uw(sw, s−w) = Eθ(πw(sw, s−w, θ))

and the expected payo� of �rm f when it uses strategy sf and the other agents use strategy s−f as

Uf (sf , s−f ) = Eθ(πf (sf , s−f , θ)).

We introduce function g : S → 2S such that

ga(s) = arg maxβ∈Ta Ua(β, s−a)

for each a ∈W ∪ F .
The immediate consequence of the above de�nitions is that Tf and Tw are non-empty, convex,

and compact. Also, Uw(sw, s−w) is a linear function of its �rst argument. Namely, if we denote the

expected payo� of worker w from sending a signal to some block b ∈ {1, ..., B}, given the strategies

of agents s−w, as Πb(−sw) and worker w employs strategy sw = (α1
w, ..., α

B
w), worker w payo� equals

Uw(sw, s−w) =
∑B

b=1
αbΠb(−sw)

13Note that the strategy of agents are anonymous. Therefore, they do not depend on particular realization of
preferences.
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Therefore, gw(s) is a continuous correspondence with closed graph.

Let us now consider function Uf (sf , s−f ). Similar, let us consider some realization of preference

pro�le θ when �rm f receives |h| signals. Given the strategies of other agents s−f , we denote the

expected payo� of �rm f from making an o�er to TRWf as ΠTRW , and the expected payo� of �rm

f from making an o�er to TSWf as ΠTSW . Then, the payo� of �rm f from using cuto� strategy

j|h|, sf = (..., j|h|, ...), equals

πf (sf , s−f , θ) =


ΠTRW if j|h| ≤ rank(TSW )− 1

(dj|h|e − j|h|)ΠTSW + (j|h| − bj|h|c )ΠTRW if rank(TSW ) > j|h| > rank(TSW )− 1
ΠTSW if j|h| ≥ rank(TSW )

where dj|h|e and bj|h|c denote the closest integer larger and smaller than j|h| correspondingly.

Function πf (sf , s−f , θ) is quasi-concave function of cuto� j|h|. Therefore, the expected payo�

from using cuto� j|h|, Eθ[πf (sf , s−f , θ)|hf = |h|], is also a quasi-concave function of cuto� j|h| as it is

a linear combination of quasi-concave functions. Therefore, Uf (sf , s−f ) is a quasi-concave function

of its �rst argument. Therefore, gf (s) is a continuous correspondence with closed graph. Overall,

we get that g(s) is a continuous correspondence with closed graph. Hence, g(s) has a �xed point by

Kakutani theorem (see Kakutani, 1941).

We have considered above only the set of cuto� strategies. However, Proposition 1 and Proposi-

tion 3 allow us to conclude that the above equilibrium is an equilibrium when we allow any deviations,

not only in cuto� strategies. Overall, we have established the existence of equilibrium when workers

use symmetric top-block strategies and �rms use symmetric cuto� strategies and have top-block

beliefs. �

Proof of Proposition 4.

We consider �rm f from some block Fb, b ∈ {1, ..., B}. We consider two sets of other �rms

strategies, s−f and s′−f , that vary only in �rm f ′ strategies. For simplicity, we assume that sf

di�ers from sf ′ only for pro�le θ̄f ′ and set of received signals h̄f ′

sf ′(θ̄f ′ , h̄f ′) = αTSWf ′ + (1− α)TRWf ′

s′f ′(θ̄f ′ , h̄f ′) = α′TSWf ′ + (1− α′)TRWf ′

such that α′ > α. Formally, this means either s′f or sf is not a cuto� strategy, because cuto�

strategy should be the same for any pro�le of preferences (anonymity) and when �rms receives the

same number of signals. The extension to the change in �rm f ′ cuto� strategy, i.e. for any pro�le

of preferences and any set of signals of the same size, is immediate.

Let us consider some realization of �rm f preference pro�le θf = θ∗ and some set of signals

h ⊂W . We denote �rm f strategies of making an o�er to TRWf and TSWf as

sf (θ∗, h) = TRWf

s′f (θ∗, h) = TSWf
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correspondingly. We want to show that �rm f 's payo� from making an o�er to TRWf decreases

whereas �rm f 's payo� from making an o�er to TSWf increases when �rm f ′ responds more to

signals, i.e. plays strategy sf ′
′ instead of sf ′ .

I) Eθ(πf (sf , s−f , θ)|θf = θ∗, hf = h) ≥ Eθ(πf (sf , s′−f , θ)|θf = θ∗, hf = h)

II) Eθ(πf (s′f , s−f , θ)|θf = θ∗, hf = h) ≤ Eθ(πf (s′f , s
′
−f , θ)|θf = θ∗, hf = h)

Since, �rm f 's o�er can only be either accepted or declined, the above statements are equivalent to

I) Eθ(mf (sf , s−f , θ)|θf = θ∗, hf = h) ≥ Eθ(mf (sf , s′−f , θ)|θf = θ∗, hf = h)

II) Eθ(mf (s′f , s−f , θ)|θf = θ∗, hf = h) ≤ Eθ(mf (s′f , s
′
−f , θ)|θf = θ∗, hf = h)

Namely, the probability of being matched to TRWf decreases, and the probability of being matched

to TSWf increases.

I. We �rst prove the �rst statement. We de�ne the sets of agents pro�les that lead to the increase

and decrease in the probability of getting a match given the change in �rm f ′ strategy as

Θ̄+ ≡ {θ ∈ Θ|θf = θ∗, hf = h and mf (sf , s−f , θ) < mf (sf , s′−f , θ)}
Θ̄− ≡ {θ ∈ Θ|θf = θ∗, hf = h and mf (sf , s−f , θ) > mf (sf , s′−f , θ)}

correspondingly. If set Θ̄+ is empty, the statement has been proved. Otherwise, we take some

θ ∈ Θ̄+ and denote sf (θ∗, h) = TRWf = w. Then, we should have{
TRWf ′(θ̄f ′ , h̄f ′) = w

TSWf ′(θ̄f ′ , h̄f ′) = w′ 6= w
.

and

sf ′(θ̄f ′ , h̄f ′) = αw′ + (1− α)w

s′f ′(θ̄f ′ , h̄f ′) = α′w′ + (1− α′)w

Note that the situation when �rm f is from a better group than �rm f ′ cannot happen, i.e. f ′ ∈
Fb′where b′ > b. In this case the o�er of �rm f ′ is always worse than the o�er of �rm f and cannot

in�uence the probability that �rm f obtains a match. Therefore, �rm f is from a group that is

weakly worse than Fb′ , i.e. b′ ≤ b.
Note that worker w has sent a signal neither to �rm f nor to �rm f ′. This allows us to construct

θ′ ∈ Θ̄−. Similar to the proofs of the previous propositions we consider a permutation that changes

the ranks of w and w′ in a �rm preference pro�le

σ : (..., w, ...w′, ...) −→ (..., w′, ...w, ...)

For any pro�le θ ∈ Θ̄+ we construct pro�le θ′ ∈ Θ such that θ′f = θ∗, the ranks of workers w and w′
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are exchanged in the preference lists of �rms −f

for any �rm f ′ ∈ −f, θ′f = σ(θf ),

worker w and worker w′ preference pro�les are exchanged

θ′w = θw′ , θ
′
w′ = θw,

and for any other w0 ∈W\ {w,w′}, θw0 = θ
′

w0 .

Preference pro�le θ′ is such that θf = θ∗ and hf = h. In addition, anonymity of �rms strategies

implies

sf ′(θ′f ′ , h
′
f ′) = sf ′(σ(θf ′), σ(hf ′))

= ασ(w′) + (1− α)σ(w)

= αw + (1− α)w′

and

s′f ′(θ
′
f ′ , h

′
f ′) = α′w + (1− α′)w′

We assumed that �rm f ′ prevents �rm f from being matched with worker w for pro�le θ. Since,

�rm f ′ makes an o�er to worker w, when it uses strategy s′f ′ rather than sf , more frequently for

pro�le θ′, the probability that �rm f o�er is accepted decreases. If �rm f is from the group Fb,
b > b′, worker w always prefers �rm f ′ to �rm f . If �rm f and �rm f ′ are form the same group,

b = b′, worker w has sent a signal to �rm f ′ for pro�le of preferences θ′. This means that worker w

prefers �rm f ′ to �rm f for pro�le θ′.

We should also investigate the behavior of a �rm that receives worker w's signal for pro�le θ,

say �rm fy. If �rm fy makes an o�er to worker w for pro�le θ, since the change of �rm f ′ strategy

changes �rm f payo�, �rm fy should be worse than both �rms f and f ′ in worker w preferences.

Hence, �rm fy's o�er cannot change the incentives of worker w. If worker w
′ sends her signal to �rm

fy then �rm fy either makes an o�er to worker w′ or to worker TRWy not to worker w. Hence, �rm

fy does not also change the incentives of the other agents. Overall, we conclude that θ′ ∈ Θ̄−.
Note that the above construction gives for di�erent pro�les of Θ̄+ di�erent pro�les of Θ̄−. There-

fore, we have constructed an injective function Θ̄+ to Θ̄− and
∣∣Θ̄−∣∣ > ∣∣Θ̄+

∣∣14. Since, pro�les θ and
θ′ are equally likely

Eθ(mf (sf , s−f , θ)|θf = θ∗, hf = h) ≥ Eθ(mf (sf , s′−f , θ)|θf = θ∗, hf = h)

II. Let us now show that if �rm f ′ responds more to signals, the probability of �rm f being

matched to TSWf increases. If �rm f, f ∈ Fb, receives a signal from worker w it believes that it is

the best �rm in group Fb according to worker w preferences. Therefore, worker w prefers the o�er

14One may show that generally it is impossible to have a correspondence in the other direction.
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of �rm f to an o�er from any other �rm f ′ from group Fb′ , b′ ≥ b. Therefore, the change of the

behavior of any �rm f ′ from group Fb′ , b′ ≥ b, does not in�uence �rm f 's payo�.

If we consider any �rm f ′ from group Fb′ , b′ < b, it can draw away worker w's o�er from �rm

f only if it makes an o�er to worker w. However, �rm f ′ makes an o�er to worker w, conditionally

on �rm f receiving worker w signals, only when worker w is TRWf ′ . However, if �rm f ′ responds

more to signals, it makes an o�er to its TRWf more rarely. This means it is less often draw worker

w away from �rm f . Therefore, the probability that �rm f o�er is accepted by TSWf increases.

Eθ(mf (sf , s−f , θ)|θf = θ∗, hf = h) ≤ Eθ(mf (sf , s′−f , θ)|θf = θ∗, hf = h)

As a corollary of I) and II), if �rm f ′ increases its cuto� point for some set of signals, �rm f will

also optimally (weakly) increase its cuto� points. Since, the above logic is valid for the change of

cuto� points for any set of signals of the same size and any pro�le of preferences, the statement of

the proposition immediately follows. �

Proof of Proposition 5.

Let us consider �rm f cuto� strategies sf and s′f such that s′f has weakly greater cuto�s. Let

us consider two sets
Θ̄+ ≡ {θ ∈ Θ| m(sf , s−f , θ) < m(s′f , s−f , θ)}
Θ̄− ≡ {θ ∈ Θ| m(sf , s−f , θ) > m(s′f , s−f , θ)}

If pro�le θ is from set Θ+, it must be the case that without �rm f o�er, TRWf has an o�er from

another �rm, and worker TSWf does not

m(s′f , s−f , θ)−m(sf , s−f , θ) = 1. (A.0.2)

Similarly, if pro�le θ is from set Θ−, it must be the case that without �rm f o�er, TSWf has an

o�er from another �rm, and TRWf does not

m(s′f , s−f , θ)−m(sf , s−f , θ) = −1. (A.0.3)

We will now show that |Θ̄+| ≥ |Θ̄−|. Equations (A.0.2) and (A.0.3) along with the fact that

each θ ∈ Θ+ ∪Θ− happens equally likely will then be enough to prove the result.

Let us denote TRWf = w′ and TSWf = w. We construct function ψ : Θ → Θ as follows. Let

ψ(θ) be the pro�le in which workers have preferences as in θ, but �rms −f all swap the positions of

workers w′ and w in their preference lists. If pro�le θ belongs to Θ̄−, without �rm f 's o�er, worker

w has an o�er from another �rm, and worker w′ does not. Therefore, when preferences are ψ(θ),
without �rm f 's o�er two following statements should be true i) worker w′ must have another o�er

and ii) worker w cannot have another o�er.

To see i), note that under θ, worker w sends a signal to �rm f , so his outside o�er must come

from some �rm f ′ who has ranked him �rst. Under pro�le ψ(θ), �rm f ′ ranks worker w′ �rst. If
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worker w′ has not sent a signal to �rm f ′, then by anonymity, w′ gets the o�er of �rm f ′. If worker

w′ has signaled to �rm f ′, worker w′ again gets �rm f ′ o�er.

To see ii), suppose to the contrary that under ψ(θ), worker w does in fact receive an o�er from

some �rm f ′ 6= f . Since worker w sends a signal to �rm f , worker w must be TRWf ′ under ψ(θ),
so that worker w′ is TRWf ′ under θ. But then by anonymity w′ receives the o�er of �rm f ′ under

θ, a contradiction.

From i) and ii), we have

θ ∈ Θ̄− ⇒ ψ(θ) ∈ Θ̄+.

Since function ψ is injective, we have |Θ̄+| ≥ |Θ̄−|. �

Proof of Proposition 6.

Let us consider �rm f cuto� strategies sf and s′f such that s′f has weakly greater cuto�s.

According to Proposition 5, the expected total number of matches increases when �rm f responds

more to signals (use strategy s′f instead of sf ). Since, workers play symmetric strategies, the expected

number of matches of worker w also increases. Using the construction of Proposition 5, one could

show whenever worker w looses a match with �rm f for pro�le θ when it responds more to signals

(worker w is TRWf ) it is possible to construct pro�le θ′ when worker w obtains the match (worker

w is TSWf ). The function that matches these pro�les is again injective. Moreover, worker w values

more match when she is TSWf rather when she is TRWf . Therefore, ex-ante utility of worker w

increases when �rm f responds more to signals. �

Proof of Theorem 3.

Let us denote �rm strategies in the unique equilibrium of the o�er game with no signals as s0
F .

Now, consider a block-symmetric equilibrium of the o�er game with signals when agent use strategies

(sF , sW ). If agents employ strategies (s0
F , sW ), the expected number of matches and the welfare of

workers equal the corresponding parameters in the o�er game with no signals. Therefore, the result

that the expected number of matches and the expected welfare of workers in a block-symmetric

equilibrium in the o�er game with signals are weakly greater than the corresponding parameters in

the unique equilibrium of the o�er game with no signals is a consequence of sequential application

of Propositions 5 and 6.

Let us now consider some non-babbling block-symmetric equilibrium (sF , sW ) of the o�er game

with signals such that there exists block Fb with at least two �rms such that αb > 0. Proposition

1 shows that �rms from block Fb should respond to signals in the equilibrium, qb > pb, i.e. make

o�ers to top signaled workers with positive probability.

Let us take some �rm f from block Fb. Using a construction similar to the one in the proof of

Proposition 5 we consider two sets

Θ̄+ ≡ {θ ∈ Θ| m(s0
f , s−f , θ) < m(sf , s−f , θ)}

Θ̄− ≡ {θ ∈ Θ| m(s0
f , s−f , θ) > m(sf , s−f , θ)}

Let us consider some realized pro�le of preferences, θ ∈ Θ, and denote TRWf = w′ and TSWf = w.
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We also consider ψ : Θ → Θ, such that ψ(θ) is the pro�le in which workers have preferences as

in θ, but �rms −f all swap the positions of workers w′ and w in their preference lists. Note that

ψ(ψ(θ)) = θ and ψ is a bijection on Θ. Proposition 5 shows that |Θ̄+| ≥ |Θ̄−|. Let us now show

there exist θ ∈ Θ̄+ such that ψ(θ) /∈ Θ̄−.
There are at least two �rms in block Fb that responds to signals, which we denote as f and f ′.

Let us consider some pro�le θ from Θ̄+. We again denote TRWf = w′ and TSWf = w. Therefore,

worker w does not have an o�er from any other �rm for pro�le θ from Θ̄+, but worker w
′ has at least

two o�ers. Since worker w′ sends her signal to �rm f ′ with positive probability and �rm f ′ responds

to signals, i.e. makes o�ers to its top signaled workers, there exist θ∗ ∈ Θ̄+ such that worker w′ is

top signaled worker of �rm f ′, and �rm f ′ makes an o�er to worker w′.

However, worker w for pro�le ψ(θ∗) does not have any other o�er, because she is neither TRWf

nor TSWf for pro�le ψ(θ∗). Therefore, ψ(θ∗) cannot belong to Θ̄−. Therefore, we have found a

pro�le from Θ̄+ such that it does not belong to Θ̄−. As a result, |Θ̄+| > |Θ̄−| and we have that

Eθ[m(s0
f , s−f , θ)] < Eθ[m(sf , s−f , θ)]

In addition, we know that

Eθ[m(s0
f , s

0
−f , θ)] ≤ Eθ[m(s0

f , s−f , θ)],

which gives us

Eθ[m(s0
f , s

0
−f , θ)] < Eθ[m(sf , s−f , θ)].

Overall, the expected number of matches in the o�er game with signals when agents use strategies

(sF , sW ) is strictly greater than the expected number of matches in the o�er game with no signals.

Using to the above construction and the logic of the proof of Proposition 6 one could get the

result for worker welfare.

Now, we show that signals can ambiguously in�uence the welfare of �rms. We accomplish this

goal by way of a simple example. Though the example presented below considers only the case of

the uniform distribution of preferences (one block of �rms) its result could be easily generalized for

the block-uniform case.

Example A1. Let us consider the market with two �rms {f1, f2} and two workers {w1, w2}. We

compare the welfare of �rms in the equilibria of two games: the o�er game with no signals and the

o�er game with signals.

i) Each �rms makes its o�er to its top worker in the unique equilibrium of the o�er game with

no signals. Hence, the expected welfare of each �rm equals Uf = 3
4u(1).

ii) Let us consider a symmetric equilibrium of the o�er game with signals. It can be characterized

by a single cuto� point, when a �rm receives one signal. If the �rm receives zero or two signals it

is optimal to make an o�er to its top ranked worker (in a symmetric equilibrium). Similarly, if the

�rm receives an o�er from top ranked worker, it is optimal to make an o�er to her.

The only �rm strategic decision is when it receives a signal from second top worker. We call �rm

strategy �respond� if it makes an o�er to its second top worker in this case and �ignore� if it makes
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an o�er to top ranked worker. Then, there could be two symmetric equilibria when both �rms either

�ignore� or �respond�. We have the following characterization of equilibria existence and welfare for

di�erent assumptions on �rm utilities in the o�er game with signals.

u(2) ≤ 1
2u(1) u(2) > 1

2u(1)

(ignore, ignore) 3
4u(1),eqilibrium -, notequilibrium

(respond,respond) 5
8u(1) + 1

4u(2),equililibrium 5
8u(1) + 1

4u(2),equilibrium

If �rm utilities satisfy u(2) ≤ 1
2u(1) there exist two equilibria in the o�er game with signals. One of

them coincides with the equilibrium in the game with no signals. The �rm welfare is weakly smaller

in the o�er game with signals compare to the o�er game with no signals15. However, if �rm utilities

satisfy u(2) > 1
2u(1), there exists only one equilibrium in the o�er game with signals when �rms

always respond to signals. In this case, �rm welfare in the unique equilibrium in the o�er game with

signals is greater than in the unique equilibrium in the game with no signals. �

B Appendix: Equilibrium ranking in a single block � proofs.

Proof of Theorem 4.

We show below that the subgame when �rms choose their cuto� vectors is a game with strategic

complementarities of Milgrom and Roberts (1990). In order to show it, we �rst de�ne a partial

order of cuto� strategies. The strategy of �rm f is a vector of cuto�s, sf = (j1
f , ..., j

W
f ). Each cuto�

jkf ∈ {1, ...,W} corresponds to a positive number of signals �rm f could receive. Using notation of

the proof of Theorem 2, we denote the set of �rms cuto� strategies as S with s = (s1, ..., sF ) being

its typical element. We impose the following partial order on S, s ≥S s′ ⇔ sf ≥ s′f ⇔ jkf ≥
(
jkf

)′
for

any f ∈ {1, ..., F} and k ∈ {1, ...,W}. This partial order is re�exive, antisymmetric, and transitive.

Now in order to show that the subgame is a game with strategic complementarities, we need

to check whether Eθ(πf (sf , s−f , θ)) is supermodular in sf and whether Eθ(πf (sf , s−f , θ)) has in-

creasing di�erences in sf and s−f . The former one follows from the fact that a change of one

cuto� does not in�uence the payo� from the change of the other cuto�. Namely, if we consider

s1
f = (..., jl, ..., jk, ...), s2

f = (..., j′l, ..., jk, ...), s
3
f = (..., jl, ..., j′k, ...) and s

4
f = (..., j′l, ..., j

′
k, ...) for some

l, k ∈ {1, ...,W} , then

Eθ(πf (s1
f , s−f , θ))− Eθ(πf (s2

f , s−f , θ)) = Eθ(πf (s3
f , s−f , θ))− Eθ(πf (s4

f , s−f , θ))

The fact that Eθ(πf (sf , s−f , θ)) has increasing di�erences in sf and s−f follows from Proposition

4. Namely, for any sf , s−f , s
′
f , and s

′
−f such that s′f ≥ sf and s′−f ≥ s−f we have that

Eθ(πf (s′f , s
′
−f , θ))− Eθ(πf (sf , s′−f , θ)) ≥ Eθ(πf (s′f , s−f , θ))− Eθ(πf (sf , s−f , θ))

As a consequence, we have that the subgame when �rms choose their cuto� vectors is a game with

15See Section 5 for welfare results in markets with one block of �rms.
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strategic complementarities. Therefore, we can apply Theorem 5 of Milgrom and Roberts (1990)

that establishes the existence of largest and smallest pure strategy equilibrium.�

Proof of Proposition 7.

Firm f strategy sf di�er from s′f only in that s′f has weakly greater cuto�s (responds more to

signals). Let us consider some �rm f ′ ∈ −f . For each pro�le of preferences θf ′ and a set of signals

h, �rm f ′ either makes an o�er to TSWf ′(θf ′ , h) or TRWf ′(θf ′ , h). Since, workers send their signals

to their best �rms (there is only one block), the change in �rm f strategy does not in�uence the

probability TSWf ′ accepts �rm f ′ o�er. However, as we have showed in the proof of Proposition

4, the probability that TRWf ′ accepts �rm f ′ o�er decreases. Overall, we get a negative spillover

e�ect that if �rm f responds more to signals, the expected payo� of �rm f ′ ∈ −f decreases.

Eθ(πf ′(sf , s−f , θ)) ≥ Eθ(πf ′(s′f , s−f , θ)).

�

Proof of Theorem 5.

The result that the expected number of matches and the expected welfare of workers is higher in

the equilibrium with higher cuto�s is an immediate consequence of Proposition 5 and Proposition

6. In order to show that �rms have lower expected payo�s in such equilibrium we use result of

Proposition 7. Let us consider two symmetric equilibria where �rms play s and s′ cuto�s, such that

s, s′ ∈ {1, ...W}W and s′ ≥ s. From the de�nition of an equilibrium strategy we have:

Eθ[πf (sf , s−f , θ)] ≥ Eθ[πf (s′f , s−f , θ)]

Using the result of Proposition 7 we may proceed with

Eθ[πf (s′f , s−f , θ)] ≥ Eθ[πf (s′f , s
′
−f , θ)]

Therefore

Eθ[πf (sf , s−f , θ)] ≥ Eθ[πf (s′f , s
′
−f , θ)]

�
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C Appendix: Market structure and the value of a signaling mech-

anism � proofs.

Proposition 10. Under the assumption that

u(W ) > W
F

(
1−

(
1− 1

W

)F)
u(1) (C.0.4)

there is the unique equilibrium that satis�es criterion D1 of Cho and Kreps in the o�er game with

signals. Each worker sends a signal to top preferred �rms. Each �rm f makes an o�er to TSWf if

it receives at least one signal; otherwise, it makes an o�er to TRWf .

Proof .

Let us show that under condition C.0.4 even if TSWf is the last worker in �rm f preference list,

�rm f still optimally makes her an o�er.

Proposition 4 shows that if �rms −f respond more to signals, i.e. increase their cuto�s, it is

also optimal for �rm f to respond more to signals. Therefore, if �rm f responds to signals when no

other �rm does, it will optimally responds to signals when other �rm respond. Hence, it is enough

to consider the incentives of �rm f when �rms −f do not respond to signals and always make an

o�er their top ranked workers.

Let us consider some realized pro�le of preferences of �rm f and denote TRWf as w. If �rms −f
does not respond to signals, then some �rm among −f makes an o�er to worker w with probability

p = 1
W . Therefore, the probability that the o�er of �rm f to worker w is accepted equals:

(1− p)F−1 + ...CjF−1p
j (1− p)F−1−j 1

j+1 + ...+ pF−1 1
F (C.0.5)

Intuitively, j �rms among other F−1 �rms simultaneously make an o�er to worker w with probability

CjF−1p
j(1−p)F−1−j . Therefore, �rm f is matched with worker w only with probability 1

j+1 because

worker w preferences are uniformly distributed. The sum over all possible j from 0 to F − 1 gives

us the overall probability of �rm f o�er being accepted. We can simplify this expression as

∑F−1

j=0
CjF−1p

j (1− p)F−1−j 1
j+1 (C.0.6)

=
∑F−1

j=0

(F−1)!
j!(F−1−j)!p

j (1− p)F−1−j 1
j+1 (C.0.7)

=
∑F−1

j=0

1
Fp

F !
(j+1)!(F−(1+j))!p

j+1 (1− p)F−(1+j) (C.0.8)

= 1
Fp

∑F−1

j=0

F !
t!(F−t)!p

t (1− p) (C.0.9)

= 1
Fp

(∑F−1

j=0

F !
t!(F−t)!p

t (1− p)F−t − (1− p)F
)

(C.0.10)

= 1
Fp

(
1− (1− p)F

)
= W

F

(
1−

(
1− 1

W

)F)
(C.0.11)

Alternatively, if �rm f makes an o�er to its top signaled worker, its o�er is accepted with
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probability equal one. Therefore, it is optimal for �rm to make an o�er to its last ranked if and only

if u(W ) > W
F

(
1−

(
1− 1

W

)F)
u(1). Using the discussion above, we conclude that under assumption

C.0.4 there is no other non-babbling symmetric equilibrium in the o�er game with signals. �

Proof of Proposition 8.

We �rst calculate an explicit formula for the increase in the expected number of matches from

the introduction of the signaling mechanism with one signal.

Lemma C1. Let us consider a market with W workers and F �rms. The expected number of

matches in the o�er game with no signals equals

U(F,W ) = W
(

1−
(
1− 1

W

)F)
(C.0.12)

The expected number of matches in the o�er game with signals when each worker can send up to one

signal equals

S(F,W ) = F

 1− (F−1
F )W + W (F−1)2W−2

FW (F−2)W−1

(
1− F−1

W

(
1− (F−2

F−1)W
))
∗

∗
(

1−
(

1− 1
W (F−2

F−1)W−1
)F−1

)  (C.0.13)

Proof of Lemma C1.

Let us �rst calculate the expected number of matches in the o�er game with no signals. The

unique symmetric non-babbling equilibrium when agents use anonymous strategies is the following.

Each �rm makes an o�er to its top ranked worker and each worker accepts the best o�er among

available ones. Proposition 10 calculates the probability of �rm f being matched to its top ranked

worker, which equals

W
F

(
1−

(
1− 1

W

)F)
Therefore, the expected total number of matches in the game with no signals equals

U(F,W ) = W
(

1−
(
1− 1

W

)F)
(C.0.14)

Let us now calculate the expected number of matches in the o�er game with signals, when each

worker can send only one signal. There is the unique symmetric non-babbling equilibrium in the

o�er game with signals. Each worker sends her signal to her top �rm and each �rm makes its o�er

to top signaled worker (TSW ) if it receives at least one signal, otherwise it makes an o�er to its

TRW .

We �rst calculate ex-ante probability of being matched by some �rm f. We denote the set of

workers that send signal to �rm f as hf ⊂ W . If �rm f receives at least one signal, |hf | > 0, it
guarantees itself a match, because each worker send her signal to her top �rm. If �rm f receives no
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signals, it makes an o�er to its top ranked worker. This worker accepts �rm f o�er only if �rm f is

the best �rm in the worker's preferences among the �rms she receives an o�er from. Let us denote

the probability that TRWf accepts �rm f ′s o�er under the condition that �rm f receives no signals

as

PTRWf ,|hf |=0 = P (TRWf accepts �rm f ′s o�er| |hf | = 0)

Then ex-ante probability that �rm f is matched equals

Sf (F,W ) = P (|hf | > 0) ∗ 1 + P (|hf | = 0) ∗ PTRWf ,|hf |=0 (C.0.15)

If �rm f receives no signals, P (|hf | = 0), it makes an o�er to TRWf that we denote as worker

w = TRWf . Worker w receives an o�er from its top ranked �rm, say �rm f0, conditional on �rm f

receiving no signals, |hf | = 0, with probability equal

G = P (|hf0 | = 1| |hf | = 0) ∗ 1 + ...+ P (|hf0 | = W | |hf | = 0) ∗ 1
W (C.0.16)

=
∑W−1

j=0
CjW−1

(
1

F−1

)j
(1− 1

F−1)W−j−1 1
j+1

Intuitively, �rm f0 receives a signal from a particular worker with probability 1
F−1 (note that �rm

f receives no signals). Then, if �rm f0 receives signals from j other workers, worker w receives an

o�er from �rm f0 with probability 1
j+1 . Similarly to equation (C.0.6) the expression for G simpli�es

to

G = F−1
W

(
1− (1− 1

F−1)W
)

Firm f can be matched with worker w only if worker w does not receive an o�er from its top �rm,

which happens with probability 1−G. If worker w does not receive an o�er from her top �rm − �rm

f0 − �rm f competes with other �rms that have received no signals from workers. The probability

that some �rm f ′ among �rms F\{f, f0} receives no signals conditional on the fact that worker w

sends her signal to �rm f0 and �rm f receives no signals |hf | = 0 equals r = (1 − 1
F−1)W−1. Note

that the probability that �rm f ′ does not receive a signal from a worker equals 1 − 1
F−1 , because

�rm f receives no signals. There are also only W − 1 workers that can send a signal to �rm f ′,

because worker w sends her signal to �rm f0.

Therefore, the probability that some �rm f ′ among �rms F\{f, f0} receives no signals and makes

an o�er to worker w, conditional on the fact that worker w sends her signal to �rm f0, equals
r
W .

Therefore, the probability that worker w prefers o�er of �rm f to other o�ers (conditional on the

fact that �rm f receives no signals and worker w sends her signal to �rm f0) equals16∑F−2

j=0
CjF−2

(
r
W

)j (1− r
W )F−2−j 1

j+1 = W
(F−1)r

(
1−

(
1− r

W

)F−1
)

(C.0.17)

16Note, that the maximum number of o�ers worker w could get equals to M − 1 as it does not receive an o�er from
its top �rm f0.
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Then the probability that worker w accepts �rm f ′s o�er equals

PTRWf ,|hf |=0 = (1−G)
(

W
(F−1)r

(
1−

(
1− r

W

)F−1
))

Taking into account that �rm f receives no signals with probability equal

P (|hf | = 0) = (1− 1
F )W

the probability of �rm f being matched in the o�er game with signals equals

Sf (F,W ) = 1− (1− 1
F )W + (1− 1

F )W ∗ PTRWf ,|hf |=0 (C.0.18)

= 1− (1− 1
F )W + (1− 1

F )W W
(F−1)r

(
1− F−1

W

(
1− (1− 1

F−1)W
))
∗

∗
(

1−
(
1− r

W

)F−1
)

where r = (1 − 1
F−1)W−1. The expected total number of matches in the o�er game with signals

equals S(F,W ) = FSf (F,W ). �

Lemma C1 establishes the expected total number of matches in the o�er game with and with no

signals. Let us �rst �x W and calculate where the increase in the expected number of matches from

the introduction of the signaling mechanism, D(F,W ) = S(F,W )−U(F,W ), attains its maximum.

In order to obtain the result of the proposition we consider large markets, where the number of �rms

and the number of workers are large, and we use Taylor's expansion formula

(1− a)b = exp(−ab+O(a2b)) (C.0.19)

where O(a2b) is a function that is smaller than a constant for large values of a2b. If we denote x = F
W

the expected number of matches in the o�er game with no signals can be approximates as

U(F,W ) = W
(

1−
(
1− 1

W

)F) = W (1− e−x+O(x/W ))

Let us now consider the expected number of matches in the o�er game with signals. Using the

result of lemma C1 we get

S(F,W ) = Wx
(

1− e−1/x+O(1/(x2W )) +A ∗B
)

where

A =
(

1− F−1
W

(
1− (F−2

F−1)W
))

B = W (F−1)2W−2

FW (F−2)W−1

(
1−

(
1− 1

w (F−2
F−1)W−1

)F−1
)
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We �rst calculate an approximation of A for large markets. Using (C.0.19) we get that

1− (1− 1
F−1)W = 1− e−x+O(1/(x2W ))

and

A = 1− x
(

1− e−1/x+O(1/(x2W ))
)

+O(1/ (xW ))

We now calculate an approximation of B for large markets.

W (F−1)2W−2

FW (F−2)W−1 = W
F

(
F−1
F

)W−1
(
F−1
F−2

)W−1

= 1
xe
−(W−1)/F+O(1/(x2W ))e(W−1)/(F−1)+O(1/(x2W ))

= 1
xe
O(1/(x2W ))

Also, we have that (
1−

(
1− Z

W

)F−1
)

= 1− e−Z(F−1)/W+O(x/W )

= 1− e−Zx+O(x/W )

where Z = (F−2
F−1)W−1 = e−1/x+O(1/(x2W )). Then, we have that

B = W (F−1)2W−2

FW (F−2)W−1 ∗
(

1−
(

1− 1
W (F−2

F−1)W−1
)F−1

)
= 1

xe
O(1/(x2W ))(1− e−xe−1/x+O(x/W ))

Overall, we have

D(F,W ) = Wx

(
1− e−1/x+O(1/(x2W )) +

(
1− x

(
1− e−1/x+O(1/(x2W ))

)
+O(1/(xW ))

)
∗

∗ 1
xe
O(1/(x2W ))(1− e−xe−1/x+O(x/W ))

)
−

−W (1− e−x+O(x/W ))

= W
(
x− xe−1/x +

(
1− x

(
1− e−1/x

))
(1− e−xe−1/x

)− 1 + e−x
)

+O(1)

= Wα(x) +O(1)

where α(x) is a positive quasi-concave function that attains maximum at x0 ' 1.012113. Therefore,
for �xed W , D(F,W ) attains its maximum value at F = x0W +O(1).

Similar to the previous derivation, we �x F and calculate the value of W where D(F,W ) attains
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its maximum.

D(F,W ) = F

(
1− e−1/x+O(1/(x2W )) +

(
1− x

(
1− e−1/x+O(1/(x2W ))

)
+O(1/(xW ))

)
∗ 1
xe
O(1/(x2W ))(1− e−xe−1/x+O(x/W ))

)
−F
x (1− e−x+O(x2/F ))

= F
(

1− e−1/x +
(

1− x
(

1− e−1/x
))

1
x(1− e−xe−1/x

)− 1
x

(
1− e−x

))
+O(1)

= Fβ(x) +O(1)

where β(x) is a positive quasi-concave function that attains maximum at x00 ' 0.53074. Therefore,
for �xed F , D(F,W ) attains its maximum value at W = y0F + O(1), where y0 = 1/x00 = 1. 884 2.
�

Proposition C1. [K signals and I interviews] 1) Consider a market when each worker has I

interview positions to �ll. There is the unique equilibrium of the pure coordination model with no

signals. Each �rm f makes an o�er to TRWf and each worker accepts the best I o�ers from those

it receives.

2) In addition, assume that if each worker can send up to K signals and

H(K,W, I)u(W ) > H(F,W, I)u(1),

where

H(F,W, I) =
∑I−1

j=0
CjF−1( 1

W )j
(
1− 1

W

)F−1−j +
∑F−1

j=I
CjF−1( 1

W )j
(
1− 1

W

)F−1−j I
j+1

Then, there is also the unique symmetric non-babbling equilibrium that satis�es criterion D1 of

Cho and Kreps in the o�er game with signals. Each worker send K signals to her most preferred K

�rms and accepts the best I o�ers among those available. Each �rm f makes an o�er to TSWf if

it receives at least one signal; otherwise it makes an o�er to TRWf .

Proof.

Since workers make decision only on the last stage the �rst statement about the o�er game with

no signals follows directly from Theorem 1.

Let us now consider the pure coordination game with signals. If �rms employ symmetric strate-

gies, then the probability of a worker w receiving an o�er from a �rm conditional on w sending a

signal to it is the same across all �rms. Similarly, the probability of w receiving an o�er from a �rm

conditional on w not sending a signal to it is the same across all �rms. We denote the former one

as q and the latter one as p. The argument similar to the one in Proposition 1 show that q ≥ p.

Therefore, it is optimal for each worker to send K signals to her top �rms in any non-babbling

symmetric equilibrium, i.e. q > p.

Since, workers send identical signals, a �rm f prefers to make an o�er to TSWf rather to any

other worker who sends a signal to it. Similar, a �rm f prefers to make an o�er to TRWf rather
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than to any other worker who do not send a signal to it (similar to Proposition 2). As one could

see the statements of Proposition 2 and Proposition 3 also hold. The proofs of these propositions

for the case of K signals and I interviews repeat the argument of the case of one signal and one

interview.

We now use logic of Proposition 10 to establish conditions on utility function such that it is

optimal for a �rm to make an o�er to TSWf even if she is the last ranked worker.

Let us consider some realized pro�le of preferences of �rm f and denote TRWf as w. If �rms

−f does not respond to signals, then some �rm makes its o�er to worker w with probability p = 1
W .

Therefore, the probability that �rm f o�er to worker w is accepted equals:

H(F,W, I) =
∑I−1

j=0
CjF−1( 1

W )j
(
1− 1

W

)F−1−j +
∑F−1

j=I
CjF−1( 1

W )j
(
1− 1

W

)F−1−j I
j+1

If there are fewer than I−1 �rms among−f make an o�er to worker w, �rm f is matched with unit

probability. Otherwise �rm f is matched with worker w only with probability I
j+1 . Unfortunately,

this expression cannot be simpli�ed as in Proposition 10. However, if �rm f makes an o�er to

TSWf , it only know that it is among K top �rms. Therefore, the probability that worker TSWf

accepts �rm f o�er equals H(K,W, I). Therefore, if H(K,W, I)u(W ) > H(F,W, I)u(1), it is always
optimal for �rm f to make an o�er to TSWf . �

Proposition C2. Under the assumptions

u(W ) > W
F

(
1−

(
1− 1

W

)F)
u(1)

u(W ) > δu(1), v(W ) > δv(1)

1. There is the unique symmetric sequential equilibrium in the o�er game with no signals and L

periods of interaction: each �rm makes an o�er to its most preferred worker and each worker

accepts its best o�er in each period.

2. There is the unique symmetric sequential non-babbling equilibrium in the o�er game with signals

and L periods of interaction that satis�es criterion D1 of Cho and Kreps: each worker sends

her signal to her top �rm at period 0. Each worker accepts the best available o�er at each

period. Each �rm makes an o�er at period l = 1, ..., L to its TSW among workers who are

in the market; otherwise the �rm makes an o�er to its TRW among workers who are in the

market.

Proof.

Let us �rst consider the o�er game with no signals and L periods of interaction. Using backward

induction we consider the last stage of the game. Since, the last stage of the game is one period

o�er game with no signals. The only symmetric equilibrium in this subgame: each �rm makes an

o�er to its top ranked worker and each worker accepts best available o�er.
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Assumptions u(W ) > δu(1) and v(W ) > δv(1) guarantee that there is no incentives to hold

o�ers or make dynamically strategic o�ers. Since �rms −f use symmetric anonymous strategies at

stage L− 1 and stage L, the only optimal strategy of �rm f at stage L− 1 is to make its o�er to its

top ranked o�er. Each worker, who receives at least one o�er at stage L− 1, optimally accepts the

best available o�er immediately. Similar logic applies to the other stages.

Let us now consider the o�er game with signals and L periods of interaction. The symmetry of

workers −w strategies and anonymous of �rms strategies guarantee that the probability that each

�rm makes an o�er to worker w (considering all L periods), conditionally on receiving her signal/not

receiving her signal is the same across �rms. Therefore, workers should still optimally send their

signals to top �rms in the o�er game with signals and L periods of interaction.

In addition, there is only �rst stage of the game when signals play role. Since, u(W ) > δu(1) and
u(W ) > W

F

(
1−

(
1− 1

W

)F)
u(1) each �rm makes an o�er to its top signaled worker if it receives

at least one signals at stage 1. Since v(W ) > δv(1) workers accepts best available o�ers at stage 1.
Now if you consider stage 2, there are only �rms that receive no signal at stage 1 and whose o�er is

not accepted at stage 1. Therefore, the logic of backward induction of statement 1 applies to period

2 through period L in the o�er game with signals. �
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