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ABSTRACT

We ponsider a statistical decision problem faced by a two player
organization whose members may not agree on outcome evaluations and prior
probabilities. One player is specialized in gathering information and
transmitting it to the other, who takes the decision. This process is
modeled as a game. Qualitative properties of the equilibria are analyzed;
The impact of improving the quality of available information on the
equilibrium welfares of the two individuals is studied. ‘Better infor-

mation generally may not improve welfare. We give conditions under which

it will.




I. Introduction

When a decision is made by a group rather than an individual, the twin
tasks of acquiring information on the one hand; and choosing a course of
action on the other, are often delegated to separate sets of individuals.
If all members of the group share common evaluations of the outcomes and
have identical prior beliefs, then there is no conflict between the informgtion—
gatherers and the action-takers. Information will be accurately transmitted

by the former and optimally utilized by the latter.

Here we study the situation that arises when interests do not coincide.
When &nterests diverge, complete transmission may result in actions that are
suboptimal from the information-gatherers' point of view. The situation is
one of partial conflict. We model it as a géme in which each of the two
functions is executed by a single rational individual, neglecting conflicts
among information-gatherers or among agents controlling different aspects of
the group's action. We examine the Nash equilibria of the resulting two-
person game. In particular, we look at the effect on the expected utilities

of the two players of improvements in the -available information.




The two individuals will be called the agent and the principal. Their
joint decision problem is to choose one of the actions, ak, from the set
A= {al,..., aK}. The von Neumann - Morgenstern utility levels of the two
participants depend upon the chosen action and the realization of the state

8..}. These utilities can be repre-

of nature, Gm, from the set © = {81,..., M

sented by K x M matrices U = (ukm) and U' (u'km) for the principal and the
agent respectively, where the elements are the utilities realized if ak is

‘chosen and em occurs.

The.agent receives an observation which is statistically related to
the t;ué state in ©, and transmits the observation to the principal. He
might not do so truthfully. There are N possible observations, Y, in the
set Y = {yl,..., yN}. Allowing randomizations, his strategies are there-
fore representablé by a Markoy N x N matrix R = (rnn')? where T is the
probability that yn, will be transmitted given that the actual observation

is yn.

The principal chooses the action akeA given that the observation Yo
has been transmitted to him. Again, allowing randomization, his strategy
is a N x K Markov matrix Z = (zn,k), where z_ 1 is the probability that a

*
will be chosen given that yn, was transmitted. ..

The statistical relationship between states and observations is called

the information structure. It is represented by an M X N Markov matrix

N .
Wherever possible we will try to follow the convention of labeling the

typical actions and states with the running indices k and m, and the true and
transmitted observations by n and n'.
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A = (Amn), where Amn is the probability that v, will be observed if the

true state is em. The interpretation of Y, depends on the prior

beliefs of the individual in question. We allow different beliefs, m = (nm)
and 7' = (ﬂ'm) for the principal and agent respectively. The posterior
probabilities of the states, given an observation, can be derived from 7

and A by Bayes rule. These posteriors are denoted (pl,..., pN),

where pneAM, the set of all M-dimensional probability vectors, is the posterior

given Yo The probability of receiving each yn is also implied by = and A.

Thus we have a distribution of the posterior which is simply the measure
over AM assigning the corresponding weight to each of the pn.
‘If the strategy choices are Z and R the expected utilities for the

principal and agent respectively are:

(1.1) tr UTARZ
and
(1.2) tr U'n'ARZ

where the over the vectors 7 and 7' denoctes tvhe square matrices with

als

these vectors on the diagonal and zeros eisewhere.

In more detail, we have -

Iw A z b o L z
m ' 11
m n mm o' nn k n'k ukm
and
' Tz, u
Lo L Amn L Toan' K n'k  km

m (]
m n n
‘The interpretation of these expressions is straightforward. We simply sum
up all the ways in which each action could be taken given each possible
state, by multiplying the conditional probabilities of observations given
states, transmissions given observations, and actions given transmissions,
and weighting by the prior probabilities.




In this paper we examine the Nash equilibria of this game. A pair of

Markov matrices, (Z,R) is a Nash equilibrium if Z maximizes (1.1) and R

maximizes (1.2).

The main results of the paper can be viewed in the tradition 6f com-
parative statics. We are interested in the consequences of changes in the
information structure (Y,A) on the equilibria of the game. Specifically, it
is well-known that a partial ordering of . information structures according to

the criterion of more informativeness can be given a precise mathematical

characterization. This is an ordering based on single-person statistical

decision theory. An information structure (Y,A)Aisbsaid to be more informative

than (Y',A') if for any U and any w, the decision problem under the former
has at least as high a value as that under the latter. Using the notation

developed above, this can be restated as

max tr UTA Z> max tr UTAY 20
where the maximum in each case is taken over all Markov matrices Z (or Z')
‘of the appropriate dimensionality. Blackwell (1951) has shown that the

following condition is equivalent to more informativeness:

there exists a Markov matrix B

such that A' = AB.

We want to study the relation bet;een this condition and conditions
sufficient for the improvement of the welfare of one or both of the playefs
in our two-person organization. Because of the comﬁounding of game theoretic
aspects with the usual decision theoretic issues, the welfare of the two

Players may not be monotonic with respect to the quality of the information




structure. Several types of complication arise.

First, as in most games, there can be multiple equilibria. We have found
it hard to analyze all of them. However, a natural classification of

equilibria can be given, and one type, which we shall call partition equilibria

have a Yather regular behavior. Moreover we will give some arguments to the
effect that these equilibria have desirable properties, and are hence "more

likely" to be observed.

Second, as in the case of general equilibrium theory, the set of equil-
ibria behaves lower hemi continuously with respect to changes in the
parameters. Comparative static results therefore tend to be only "local."

"Small" improvements in the information structure, suitably defined, .are

thus the objects of our investigation.

Third, and finally, the comparative static results turn out to be
diéferent for the two players. For the agent, any small improvement in the
information structure will improve his equilibrium utility at a partition
equilibrium. For the principal this may not be the case. His welfare canbe
guaranteed to be monotonic only when a very special kind of improvement in

information is considered.

We define a success-enhancing improvement in information as one inwhich

the probability that the observation is uninformative decreases, with a corre—
sponding equiproportional increase in the pfobabilities of each of the other
observations. If in the original information structure there is no such ob-
serv;tion, that is if the posterior is unequal to the prior for every possible
observation, then no_success-enhancing iﬁprovements are possible. Ve éhow

that small success-enhancing improvenents in information necessarily improve

the welfare of the principal at any paftition equilibrium,




The remainder of the paper is organized as follows:

Section 2 covers the classification of types of equilibria and presents
some genericity and stability-like arguments to bolster the case for con-

sidering partition equilibria.
Section 3 contains the main comparative static results mentioned above.

Section 4 contains several examples, primarily designed to illustrate

directions in which our results cannot be extended.




II.- Types of Equilibria aﬁd their Properties

Basic Classification

We begin by examining some general features of the set of equilibria.
First we need the following definition.

We will call an information structure A' a partition of A if A' = APDP',
where P and P' are perﬁutation matrices and D is a block diagonal Markov matrix
in which each block has rank one. When A' has this form; it is as if there is
a partition of the signal space Y. Under A' if signal value ¥, occurs, the
partitidn:element containing Vi is reported. Thus P rearranges signal values
so th?k those in a common partition element are clustered together; each block
along the diagonal of D corresponds to the report for one partition element; and
P' rearranges the new signél values in any arbitrary way.

Of prime importance in our later analysis will be equilibria in which AR,
the information the agent transmits, is a partition of A, the information he
receives; these will be called partition equilibria. In addition thére are
two types of non-partition equilibria, distinguished by whether the principal

uses pure or mixed strategies. It is useful to begin with an example that

illustrates all three types.

Example 1

There are two states, two actions, and two observations: K =M =N = 2.

A=1
v =]
' 0 1/2
1 0
u' =

m=a' = (1/2, 1/2)



One equilibrium of this game is the pair of strategies Z = I, R = I.
Since the informatioﬁ transmitted by the agent is a partition (the complete
refinement partition) of the space of observations, this is an example of a
partitionvequilibrium.

Another equilibrium is one involving no transmission of information. This

equilibrium is represented by any pair (Z,R) with:

1 0
Z =
1 0
a l-a
R = . a e [0,1].
a l-o '
1
Note that for any value of a, RZ =
g 1 0
Clearly A' = AR is a partition of A (the partition consisting of one set,

equal to the whole'space), so that this is another example of a partition
equilibrium.
Another type of equilibrium for this game is given by:

Z=1

for 0 < e < 1/2 .
Sinpe A'" = AR is not a partition of A, this is not a partition equilibrium.
Because the principal uses two distinct, nonrandomized actions, we call this
a determinate action equilibrium. Note that in this case, randomization by
the agent occurs only because he is indifferent between the two actions a;

and a,, given his information. Clearly this situation is non-generic.




The last type of equilibrium is given by:

1 O
Z =
§ 1-§
1/2 1/2
R =
0 1
§ ¢ (0,1) .

As in the previous case, A' = AR is not a partition of A. However, in conérast
to the previous case, the principal is playing a mixed strategy; we call this
a random action equilibrium.

All equilibria of this form are non-robust to perturbations in U'.
Whenever the agent evaluates the two actions differently after both observations,
he will not be willing to transmit a randomized signal as long as Z has distinct
rows. In this sense, these equilibria are non-robust for the same reason that
applied to the previous type. However, in more general models the previous
type, with non-randomized actions by the principal in all cases, is always non-
robust, whereas this type, with both players randomizing, may behave continuously
in the parameters. These difference; are explored more fully below.

Returning to the equilibria with both players randomizing, we note that
they aré all unstable din tbe sense that the agent has many optimal responses

) o 1-a .
to Z, namely all R of the form R = » o € [0,1] and the principal
, 0 1

has many optimal responses to R, namely all Z of the form given above. But if
the principal misperceives R even slightly, his optimal response is a non-ran-
domized strategy (a Z matrix composed of zeros and omes), and_the<outcome would

depart markedly from the equilibrium outcome.
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Robustness of Partition Equilibria

. -In the rest of this section we will define partition, determinate action,
and random action equilibria precisely, and argue that partition equilibria
are robust in ways that the others are not. Specifically, we will show that
determinate action equilibria are non-generic, and that random action equilibria
are unstable against small perturbations in either player's strategy.

Formally we will say that an equilibrium pair (Z,R) is: a partition

eguilibrium if A' = AR is a partition of A; a determinate action equilibrium
if A' = AR is not a partition of A, and each row of Z receiving positive weight

under R has only a single positive element; a random action equilibrium if

A = pR is not a partition of A, and some row of Z receiving positive weight
" under R has two or more nonzero entries.

Roughly speaking, we are presenting a "structural stability" argument to
eliminate determinate action equilibria from consideration and a "dynamic
stability" argument to eliminate the random action equilibria. Of course,
as we do not present any real simultaneous adjustment process, we do not
actually have any dynamics. This objection to random action equilibria is
meant to be suggestive only, and not compelling. Nevertheless, partition

equilibria will generically pass both of these tests.

Theorem 2.1
The set of all (U',A) for which there is any determinate action equilibrium

is closed aqd null.
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Proof
Tﬁe existence of a determinate action equilibrium requires that for some

observation.the agent is indifferent among some of the actions in A.

It therefore suffices to show that the set of U',A for which this indifference

holds i§ closed and null. But this property is obvious because unless two

rows of U' are identical (i.e. two actions are really the same) the set of

all posterior probabilities under which there is more than one optimal

action is of lower dimensions than AM. Hence the set of all A matrices for which

these posteriors arise is null. Closedness is obvious.

Theorem 2;2

Let (Z,R) be a random action equilibrium. Then generically in
(U,U',A) there exists a sequence of Markov matrices (RU) converging to R,

such that
i) each RU is optimal against Z
ii) the set of optimal responses by the principal to each of the

RU is bounded away from Z.

Proof

Since (Z,R) is a random action equilibrium there exists yﬁ ¢ Y and 5,
n2 such that rnnl >0, rnnz > 0, n1 # n2; the row vectors zﬁl' and znz. are

distinct; and the row vectormgﬁ , has at least two positive entries. Since
1
R is an optimal response to Z, it is also an optimal response to increase L
1

to r + v and decrease r tor - V. Generically, in A this will alter
nhy nny oy

the principal's posterior beliefs given y, asa received transmission.
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Generica}ly in U, this will destroy the equivalence between the expected
utilities of the actions represented in fhe mixture in the nlSt row of Z.

Letting v + 0 establishes the theorem as stated.

Theorem 2.3

Generically in (U,U',A), if (Z,R) is a partition equilibrium, then,

i) every row of Z for which the corresponding column of R has

a positive entry is uniquely determined in the optimal response to R.

ii) R is the unique optimal response to'Z, and it is itself a

partition.

Proof-

Obvious.

The main comparative static results of this paper apply to the generic
instance of partition equilibria with the properties stated in Theorem 2.3.
To delineate this class of equilibria more sharply, we give the following

definition.

A partition equilibrium (Z,R) is called an essential equilibrium if
the following two conditions hold:
i) 4if Z' is an optimal response to R £hen RZ' = RZ;
ii) 4f R' is an optimal response to Z the R'Z = RZ.
The idea of essential equilibria is that the strategies of each piayer are
"essentially" unique, that is, choosing a different strategy from the optimal
set does not alter the statistical relationship between the observations and
the action taken. An essential equilibrium remains an equilibrium when either

player chooses a different element in his set of optimal responses. Essential
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equilibria also possess a kind of "stability" in that they are robust to

small deviations from optimal responses.
The distinction between partition equilibria in genéral and essential

equilibria can be seen in the following example, to which we will refer again

in Section 3.

Example 2
K=M=N= 2
U=0'=1
™= (.4, .6)
m'= (.6, .4)
_ 4.6 4
- A=C4 ¢

Consider Z = R = I. It is straightforward to verify that this is a par-
tition equilibrium. Posterior probabilistic beliefs are given as follows:

For the principal,
&3 l) = (prob (8 Iy ), prob (8 ly ))
2% 2 1717 & 271

4 9
Py = (33> 73) = (prob (6, ]y,), prob (8,]y,))

and for the agent, symmetfically,

A_ 9 4.
P = 03 13

A_ 1 1
p_z"' (2; 2)
Therefore the agent is indifferent between both actions when he receives the

observation Yos and the principal is indifferent when the agent transmits yy-

The choices of Z = R = I are mutually fortuitous; and neither of the require-
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ments in thg definiti6n of essential equilibrium holds, The non-genericity
of pértition equilibria similar to this is responsible for their peculiar

comparative static properties, as we will see below.




=15~

I1I. Improvements in the Information Structure

In this section we present the main comparative static results-of this
paper. We ask the question: When can one be sure, independent of a knowledge
of the preferences and beliefs of the two individuals, that one information
structure is better than another in the sense of providing a higher level of
expected utility in equilibrium? The answer depends on whose welfare is being
considered. Broadly speaking we find that the agent benefits from any imp?ove-
ment in the information structure. The principal, however, can well be hurt.
Only for one very special, though interesting, typé of improvement in the agent's

information can we be sure that the principal benefits.

. T AL e

One further qualification is important to emphasize. As in most models
of games or economic equilibria, and as we have seen in the examples of Section
2, we often will have multiple equilibria. Because these can be regarded as
fixed-points of a suitable mapping, they will be continuous in the parameters
of the problems for almost all parameter values. 'However, at some critical
.points the set of eduilibria changes radically. Non-essential partition

equilibria, for example, are likely to display this Behavior.

For this reason our results are "local" in nature. We define a concept of
"small" changes in the information structure. The comparative static results

desgribed above apply to chénges in information that are sufficiently small,

at an equilibrium that moves continuously in this change.

The concept of small changes, or mathematically, a topology on the space
of information structures; is given by the following definition of convergence.
It is natural to say that a sequence of information structures (AU) converges

to Ao if for any decision maker with utility matrix U and prior w, the values
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of these decision problems V(U,n,AU) = max tr UnAoD converge to V(U,n,Ao). It
DeM
is obvious that this is equivalent to the weak convergence of the distribution

of posteriors for any strictly positive prior. Information structures repre-

senting a small improvement in information from Ao are those in a neighborhood

of Ao which are also more informative in the sense of Blackwell,

It is important to point out that the dimensionality of the likelihood
matrices, that is to say the number of possible observations, is not held
constant. We are able to compare information structures in which the quali- -

tative nature of the signals are quite different.

We will now show that essential equilibria have an invariance property

that is responsible for the comparative static results that we will obtain.

Theorem 3.1

Let Ao be an information structure for which (ZO,RO) is an essential
eqﬁilibrium. Let (AU) be a sequence of information structures converging to
Ao. There exists a sequence ((ZU,RU)) of equilibria, corresponding to (Au)’

with the property that (AU R,) converges to AR

Proof:

The proof is by construction of the tail for a sequence (ZV, R ) having
-' \)

required properties.

" For each a € A, let Bk g;AM be the set of posterior beliefs for which
the principal strictly prefers a, to the other actions in A. Note that these
sets are disjoint. Since (ZO, Ro) is essential, the principal's posterior

given any signal from AORO lies in the interior of one of the sets Bk.

- Let Ao C A be the subset of actions receiving positive weight under Z ,
o)

and for each ak > Ao, let C Q:AM be the set of posterior beliefs for which

k
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the agent strictly prefers ay to the other actioné in Ao' Since (Zo’Ro) is
essential, the agent's posterior given any signal from Ao lies in the interior
of one of the sets Cp-

Let % be any matrix of appropriate dimension whose distinct rows are

L
precisely the distinct rows of Zo receiving positive weight under Ro' Select
a subset J of the rows of 2 containing all the distinct rows of 2 and no
duplicates. Let Rv be any response to 2 that is optimal for the agent, given
the information structure Av and subject to the constraint that only signals
in J are transmitted. By construction Rv is also an (unconstrained) optimal
respoqse for the agent, given Av and Zv = %.

Moréover, since (Av) converges to Ao, as v > »,with probability approaching
one the agent's posteriors given the signals in-Av lie in the interiors of the
same sets Ck as they do under Ao. Hence AvRv converges to AORO.

Finally, note that by construction the number of distinct signals trans-
mitted under AvRv is the same as the number transmitted under AORO. Hence
for v sufficiently large the principal's posterior under any signal from AvRv
lies in the interior of the set Bk corresponding to the action selected by

AvRvZ' Hence Zv = Z is an optimal response for the principal, and the sequence

(Z,5R ) has the required properties. -Q.E.D.

Theorem 3.2

Let Ao be an informa;ion structure for which (ZO,RO) is an essential
equilibrium. Let <Av) be a sequence of information structures, each element
of Which is msre informative than Ao (in .the sense of Blackwell), and\such
that (Av) converges to Ao' Let (Zv’Rv) be the sequence of equilibria whose

existence is established ip Theorem 3.1. Then, for v sufficiently large,
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the agent is better off under A, with the equilibrium (Zv’Rv) than under A

with the equilibrium (ZO,RO).

Proof:

As the rows of ZU are precisely the distinct rows of Zo’ by construction,
the agent is facing a fixed decision problem and hence his welfare cannot

diminish under any improvement in the sense of Blackwell.

To see the role of the hypothesis that the equilibrium is essential, it
is useful to consider a sequence of - information structures converging to that

given in example 2.v

Example 3
As in example 2, K = M = 2, However for all v there will be three possible

observations, with the likelihood matrices

.6--sU ZeU .4—eu
A= ( )

where (eU) converges to zero.

Clearly (Au) converges to the information structure of example 2,

Moreover each AUis an improvement of Ao in the sense of Blackwell.

It is demonstrated in the appendix that the only equilibrium for AU with
the utilities and priors of example 2 is the equilibrium of no communication.

The principal always chooses a, and the resulting expected utilities are .6

"2
for the principal and .4 for the agent.
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In the limit, however, as example 2 shows, there is an inessential partition
equilibrium of complete communication. This gives rise to thé payoff T%— for each
player, whicﬁ is above the .4 achievable by the agent when he has superior
information.

We ﬁow consider the principal's welfare. Further conditions are required
to guarantee that better information raises the principal’s equilibrium expected
utility. Again, a modification of Example 3 will be useful in gaining insights

to the results.

Example 4 )

We modify Example 3 so that the priors are slightly less definitive, i.e.
= (.45, .55), 7' = (.55,.45). The other data of the example are unchanged

and are repeated here simply for the readers' convenience.

=
o

L1}

L] 1]
E S B e
o
\../

=

[
c
(=
c

As above, we call the signals under Ao’ Yy and yz, and those under Au’

;i, ;é, ;5 to avoid confusion.

Under Aé-it is straightforward to verify that Z = R = I is an essential

partition equilibrium. It results in an expected utility of .6 to each player.
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For €, sufficiently small, the géme with information structure Av has an
essentially unique partition equilibrium (other than the no-transmission equili-
brium). The agent transmits the partition {yl,yz}, {y3}, and in response the

principal chooses a, and a, respectively. Thus action a, is taken when yz

1
occurs, as the agent prefers. The expected utilities at this equilibrium are

.6 - €, and .6 + € for the principal and agent respectively. Although the
principal would rather have the agent transmit the partition {yl}, {yz,y3}, there
is nothing he can do to enforce this. Complete communication is not an equiiib—
brium because the principal would choose a, after Yos making complete communi-
cation irrational for the agent. In this example the better information
structure entails a positive probability of a signal that causes the two players
to disagree. The principal loses because at equilibrium the information is

used by the agent in a way opposite to what the priﬁcipal would like.

Our positive comparative static results rely on a condition that we call

success—enhancing.

The motivation for examining success enhancing improvements is that there
are many situations where one hopes to receive an informative observation
but in fact nothing happens. Either the experiment has "failed", or, within
the relevant time interval the outcome is not yet known. Since many improvements
in information reduce the failure rate or cut the average delay time without
affecting the quality of the experimental procedure itself, these results
are of considerable interest.

g L s e 2T

The formal definition of a success-enhancing change is as follows:

We will say that A is in standard form if

R

(1-a) T

Q eee
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>
where a= 0 and T 15 an M x (N-1) Markov matrix, and where T has no two of its

columns proportional.

The first signal of an information structure in standard form represents
the totally uninformative observation: '"dropping the last tube." A success-
enhancing improvement'lowers the probability of this observation and raises

all others proportionately.

We will say that A is a success—enhancing improvement of A' if

o
A=} . 1@-a)T .
o
0.'
A'=1] ¢ |Q-a")rP
(1'
> ' > . . .
1= o >a = 0 s and‘P is a permutation matrix.

Note that for success—enhancing improvements the garbling matrix takes

the form

‘Oo-. O

1-a';
(1—a'>P

Qee s |

Finally, a small success-enhancing improvement is a change in information
structures having both properties —; that is an improvement as described above
for whigh_a'zgnd a are close.

Whenever A is a sﬁccess—enhancing improvement of A' we can reorder the

columns of A' so that the permutation matrix P referred to in the above defini-

tion is the identity. For the rest of this section we will suppose that this
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is the case, as this in no way changes\the structure of the game. Moreover,
not only is A' = AB, but also, with this normalization, we can write
A' = AD

where D is.the diagonal matrix whose entries are given by

o

43 =
o
(.1 ) d = i=a for n > 2
. nn 1= -

We will make use of this representatién in the proof of the main theorem, which
follows: )
Theorem 3.3

Let (Z,R) be an essential equilibrium for Ao and let A be a small success-
enhancing improvement of Ao. Then (Z,R) remains an equilibrium for A and the
principal's expected utility cannot decrease.

Proof:

.That (Z,R) remains an equilibrium follows from an argument parallel to
that used in the proof of Theorem 3.1. The assertion that the principal's ex-
pectéd utility cannot decrease will be proven using the special structure of
success~enhancing improvements. We will express Ao and A in standard form and
note that Ao = AD where the elements of D are given by (3.1). The principal's
expected utility under A is tr RZU%A and under Ao it is tr RZU;AD. Thus the
gain in going from Ao to A is
(3.2) tr RZUTA(I-D)

This quantity will be proven to be necessarily non—-negative.

Using (3.1) we see that

(I-D) = | (1-d )

29) T = (dy3-dy,




P
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1 0 . 0
a'-a a'-a 0 .
( 1o 21~ ¢ a(l-a)) . 0
' 0
Substituting into (3.2) we have
,
0 . 0

L ~ ~

(3.3) (%=2) {tr RZUTA - % tr RZUTA 0 }

1 0...0 o

0 .
(3.4) A 0 = . 0
\ 0 a

Substituting (3.4) into (3.3) we obtain

—

"_ ~ A~ .
( “l %y {tr RZUTA - tr RZUT| : O |}.
— :

Using the commutativity of matrix multiplication under the trace, this becomes,

a' 0

To){tr UnARZ - tr Um RZ}.

(3.5) (
1

The two terms in the brackets in (3.5) have straightforward interpretationms.
The first is the value of the principal's problem in the equilibrium with the
better information structure. The second is the expected utility he would ob-

tain if he used the action matrix Z in a decision problem with information

1

structure . 0 R. But this information structure is totally uninformative,
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as it is just the first row of R repéated. Therefore the value of the second
term in brackets is at most.that of the optimal value for this problem, where
Z is a matrix of identical rows‘énd the action for which Um has its maximal
component is always chosen. Moreover, the value of this problem is at most
the value of the problem with the information structure AR, the first term
in braciets, as anything is more informative than no information. Thus the
entire bracketed expression is non-negative and, as o'-a is also non-negative,
so is (3.5).

ﬁe note that (3.5) will be strictly positive whenever the principal is

not indifferent, in equilibrium, between the choice of Z and a rank one

matrix composed of a repeated row. Q.E.D.
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Iv. Comments and further examples

In this section we gather a few comments showing why the results above
cannot be strengthened, and addressing some conjectures about the qualitative
nature of the Nash equilibria.

1. Success-enhancing improvements in information have the property that
the set'of posterior beliefs that can arise after seeing the observation remains
fixed. One might imagine that this property alone is responsible for the beneficial

nature of the change.

An improvement in information from A' to A can be called posterior-preserving

improvement if A "= AD, where D is a diagonal matfix, and A' = AB, where B is a
Markov ?ﬁtrix. Note that a non-informative signal may not exist. If (Z,R) is

an equilibrium for the information structure A : then we know that R is among the
agent's best responses to Z under A. The followipé example shows, however, that
the principal's welfare may decrease if he plays 2, and moreover that there may

be no possibility for him to achieve the former level of utility:

{8 0 0 .2
A=(10.9 0 .1
0 0.8 .2
6 0 0 .4
A =10.8 0 .2
o
0 0.6 .4,

It is easy to see that A is a posterior-preserving improvement of Ao.

_ The first three signals in‘either case are perfect predictors of the state,
while the fourth carries some information but does not limit the set of states
that are pogsisie.

Let the utilities and priors be such that




26~

- -1 1 -I
Un =
0 0 O
- 1 1 -2
g'n' =
0 0O 0

The finest partition equilibria convey {yl,yz}, {y3,y4}. For example

the strategies

1 0
’ - 1 0
0 1
0 1
1 0 0 O
1 0 0 O
R =
' \ 0 0 1 0
\0 0 1 0/

constitute an equilibrium.

This results in an expected utility for the principal of .1 under A but
.2 under Ao. More information has therefore been harmful.
Notice that even though A is strictly more informative than Ao’ AR is

non-comparable to AOR. For this particular utility function it is worse.

2. Evén if the improvement in information is success enhancing, a discrete
qhange from A' to A may be such that (Z,R) is no longer an equiliﬁrium. R
remains a best response to Z, but Z may not be best against R.

An example, available from the authors on request, shows that all the
equilibria under A may be inferior for the principal to a given partition
equilibrium for A'. Theorem 3.3 relies on the changes being small enough that

(Z,R) persists as an equilibrium.
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3. We investigated the conjecture that the common refinement of the par-
titions implicit in two partition equilibria always corresponds to another par-
tition equilibrium. A countefexample to this conjecture is also avail-

able on request.

4., Recent work by Crawford and Sobel (1981) shows that some further
4

generality can be attained in our results if a smaller set of decision problems

is considered. Specifically, they show that improved information always benefits

the principal if utilities are concave in actions and states and if both the
space of states and the signal space are one dimensional. Moreover, in that

situation there are no equilibria other than partition equilibria.

5. Finally, it should be emphasized that the main results of ﬁhis paper
are crucially dependent on the finiteness of the set of possible actions.
These results are local in nature, as noted in 3..above. The structure of

our model is such that within a neighborhood of a given information structure,
partition equilibria are locally constant with respect to success-enhancing
orvposterior—preserving improvements. This enables us to evaluate welfare
changes by examining the effect of the improved information in a fixed equili-
brium.

If there were a continuum of actions the neighborhood of local
constancy might vanish, Ch;hging information wou}d induce locally continuous
shifts in the equilibria. Welfare effects would then depend upon the nature
of these shifts, as well as on the difference in the quality of information.

Andrew Postlewaitg (1980) has provided us with an example of a game
with-a unique partition equilibrium in which the principal's welfare responds
negatively to a success-enhancing improvement in the agent's information for

this reason.
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V. Conclusion

We have examined a simple two-person game designed to represent the
separation of functions in an organization. It has been argued that, al-
though this game may havé multiple equilibria, there is one type of equilibrium
of particular note. 1In analyzing the comparative statics of individual
welfare with respect to improvements in information, we have concentrated

on this form of equilibrium. -

In general, improvements in information may be harmful for ome or
even both of the players. We therefore tried to find restrictions on the
nature of the improvement in information that imply that it is surely bene-

ficial.

For large shifts in the information structure, nothing can be said,
in general. Locally, an arbitrary improvement in the information structure
will generically benefit the agent, but the principal may be hurt. To
guarantee that neither player can be hurt by a small improvement in informatidn,
we needed to assume that the shift is "success enhancing” -~ that is, that it
represents a decrease in the probability of receiving an uninformative
observation, and, correspondingly, proportional increases in the probabilities

of receiving all other observations.

There are many possible extensions of this model. We can mention only

two of them here.

Our analysis concentrated on restricting the information structure.

An alternative would be to look for restrictions on utilities and priors.

In this regard the paper by Crawford and Sobel (1981) cited above is relevant.
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Our model is rglated to, but distinct from, the "principal-agent"
problem that has been widely discussed in the literature. There, the "agent"
plays the role of information gatherer and decision-maker. The "principal”
is present only to help offset risks by making contingent payments of a
transférable resource. We have no such resource, the essential feature
of our model resting in the separation of the informational and decision-
making functions within the organization. .The possibility of effecting suéh
conditional payments would add an entirely new dimension to the analysis.
The principal might, for example, set up a payment schedule that would coax
a more accurate transmission out of the agent. faralleling the "principal-
agent" literature, it is probably best to model this as the Stackelberg,
rather than Nash, equilibrium of a game in which_£he principal is the
"leader." We begin the study of this solution concept in a companion paper,
Green and Stokey (1981), retaining the structure presented here in all other

respects -- including the absence of transferable utility..
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Appendix

We now show that the equilibrium of "no communication™ is the unique
equilibrium in example 3 for the particular value of e = .2 . It will
be clear in the construction that the same result holds for all €, > 0.
We proceed by enumerating all the possibilities. This is necessary because
a computation based on an algorithm for finding fixed-points might not find
all eduilibria, and because the example itself is non-generic (see the
discussion in Section 2 above), so that we cannot be sure that such methods
would be successful. . . -

1
U=70'-=
0
A [h o) . .6 03
T o= - .
0 .6 0 .4
! b 4 .2
. A=
.2 A !

The posteriors that would be held by the principal if he had the agenEﬁs
information can be summarized in the following matrix, where the n, m
element is the posterior probability of em given A

417 377
PPrinc. = (prob (eml yn)) = i?A 5?4

For the agent

/374

1/4
P ont = .6 o4
a8 3/7 4/

From the form of the utilities we see that they’would agree about the action
to be taken given y, or y3, but would disagree given y2.

Let us write R and Z, incorporating their Markovian structure, as

11 F12 TpTy,
Rt Ty 1TyTy,
r3l r 1—r3l--r32

32




1 1
Z = z2 1—22
z3 1—23

The non-negativity constraints will be incorporated later. With this nota-
tion the objective function of the principal can be written out explicitly
in terms of the elements of the R and Z matrices as:

L 2

(1) tr U;ARZ = zl(.04 r, - .08 Ty~ .16 r31)
+ z2(.04 Tip ~ .08 Tyy = .16 r32)
+ 23(—.20 - .04 Ty~ .04 P + .08 Ty + .08 r,,t.16r
+ .60
For the agent we have,
) tr U'n"ARZ = 1., (16 2, - .16 23) + 1), (.16 z, - .16 zé)
+ 1y (L08 z) - .08 z5) +1,, (.08 2, - .08 z,)
+ Ty (~-.04 z, + .04 z3) + T3y (-.04 z, + .04 z3)
+ (.20 zy + .40)

The Pareto efficient expected utilities can be computed from these formulas
by setting R = I and varying Z. One obtains that z, = 1 and zy = 0, for
efficiency, and that the Pareto Frontier is

(EU ) = (.56 + .08 Zys .64 - .08 22>

agent’ EUprinc.

parameterized by Z,.

Thus at the two extremes these utilities are:

z, =1 (.64, .56)

Zy = (.56, .64) .

3

l+.16r

32

)



To search for equilibrium strategies we use the following procedure.

We first categorize Z into 9 classes based on inequality relationships
among z,, z and z,. We test each class to see if there can be any equilibrium
there by ta%ing (zl, Z,, 2 ) in that class, finding the optimal strategies for
the agent from (2) and“theh, for every possible optimal strategy by the agent,
testing whether (21,22,23) could in turn be optimal against it, using (1).

Because the complete computation involves so many cases, we will illustrate
the method only. The interested reader will be able to write down the others
straightforwardly.

The cases are:

A, 2z >z



They are obviously mutually exclusive and exhaustive. This particular
breakdown is chosen because, from (2), one can see that the optimal responses

by the agent depend pretisely on these inequality relations. Take case A.

From (2) we have that

r.. =1, 0, 1, =0, r,, =0andr,, =0

12 = % Ty T 45 Tyy 31 32

This follows since case A entails for example, that z. - z. > z

17,23 < S
the term r,, (.16 z, - .16 z.) dominates r (.16 2z ).

2
-".16z
Substituting these values ifito (1) we have“that thé principal's objective is

-.04 z, - .08 zg + .60 .

Therefore z, = zy = 0 is optimal. The optimal value of z, could be anything,
but the con%itions of case A are surely violated. Thus tﬁere can be no
equilibria in case A. '

Some further flavor of this method can be seen by examining case D.
We have r 1= o, Tip = 1, r,, = 0, Ty = 1, r,, = 0, but Ty remains indeter-
minate. iny value getween zero and one could equally well %e played. Sub-
stituting into (1), we have,

-.16 r,, z, - .08 z, + (.16 Tay = .16) z, + .60

31 "1
Clearly z, = 0. The optimal values of z, and z, depend on r,_,,. There are
PR 1 3 31
three possibilities
Iy = 0
z, is indeterminate, but z_ = 0. Hence z, = z,, violating
A 3 2 3
the Conditions of case D.
1> r31 >0
z) = zy = 0; again the conditions fail.
Ty = 1l
<z1 = 0, but now z, is indeterminate. However we now must have
Z,=25 » again contraﬁicting the hypotheses.



Finally, we show that in case E there is an equilibrium -- the 'no
communication" equilibrium in which the principal sets z) =2y, =25 = o,
because his prior favors 62.

From (2) we see that there are no constraints at all on the elements
of R. This is natural. If the principal's action will always be the same,
the agent obtains the same utility with any transmission.

If z) =z, = 24 is to be established, we must have either that
‘
(4) .04 T, = .08 Ty - .16 Ty 20
(5) .04 T, - .08 Ty, - .16 r,, = 0
(6)- .20 - .04 T, - .04 T, + .08 r, + .08r,,+.16r, +.16r,, 20
or that,
O 04 T, - .08 1, - .1671, =0
(8) .04 r,, - .08 1), - .16 1, S0
(9 -.20 - .04 T, - .04 T, + .08 T, + .08r,,+.16ry + .16ry, Z0

: In the former case we obtain a contradiction by substituting (4)
and (5) into (6).

The second set of inequalities have many solutions, for example they
hold when all the r , are zeros. At all these equilibria z, = z, =z, =0
and the expected utilities are .40 and .60 for the agent and principal re-
spectively. Note that this is strictly below the Pareto frontier, since
(.56, .64) is attainable.

The material in this appendix confirms the assertions made in connection
with example 3 in the text.




