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STOCHASTIC EQUILIBRIUM: A STABILITY THEOREM AND APPLICATIONS

by

Jerry Green¥

I. Introduction

This paper is a continuation of the study initiated ini[5v].
‘Our concern is with the definition of equilibrium in a model in which
there is an inherent stoéhastic element in the behavior of the economic
agents. This ié to be distinguished from cases in which fhe environment
of some agents is eithér stochastic or is viewed with subjective
unceftainty but in which the soiution ta tﬁe,individual optiﬁizing
problenm is deterministic.

The analysis is set in a simple,general gquilibrium trading
model in which agents have stochastic tastes. This model, while perhaps
iﬁteresting in its own right, is not fhe only situation to which our
équilibrium concept and theorems are épplicablé. |

We proceed below as follows:

Since self-containment is s virﬁue,'we next pgesent-and briefly
discuss the definition of'equilibrium in the stochastic choice setting.-
Readers famiiiar with [5 ]'may skip this without loss. Next the reasons
for interest in a stability result for this system are diséussed. This

discussion is relevant to the related works of Hildenbrand [6 ] and

¥This work was SuPported by National Science Foundation Grant GS-3269
at the Institute for Mathematical Studies in the Social Sciences at
Stanford University. - I am indebted to R. J. Aumann for the proof of

& result on linear inegualities that is central to the methed of prcof

used in the'main theoren.
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Majumdar and. Bhattacharya D.B] Comparlsons are made between the
eoulllbrlum concepts used by these authcrs and the one treated here,
and the rel tionship of stablllty analysis to each.

Then the main theorem is presented and proven, followed by a
demonétration of a set of conditions under which the necessary hypotheses
would be fulfilled.

Lastly,‘we present discussions oif how this equilivrium concept
would apply to .a situation other than the stochastic choice
model. The resulting.equilibrium is discussed and compered with the
treatments received in the literature

II. Recapitulation of the Eguilibrium Concept Used and a Statement
of the Prcolen at Hand. :

N

In a situation in which agents_demaﬁds depend on a randomv
variable as well as price, and prices adjust if observed excess demand
is not zero, no single price'system could be an equilibrium.l/'Excess-
demands given this price would be.a random varieble'and the result of
the price adjusfment process is therefore‘random. vTﬁe concept of
equiiibrium‘ﬁe shall use is that it is a éistribution over the price
épece that is stationary with respect to the stochastic demand function
and the adjustment mechaniem. In [ 57 the existence of such a station-
ary distribution was demonstrated under very‘mild conditions.

We assume that there are k copmodities and that there is an
underlying probability space through whic£‘demand functions are
generated, (Q,B,u). B is taken to be the Borel o-field of the topology

on Q. Let A be the price simplex. Excess demand functions are mappings

;i (for the ith individual) from sx int‘A to Rk. We assume that El is

Y

L



a éontinuqus function of both arguments.g/ Let vae the aggregate excess
demand function. Let h: Rk x int A + int Aibe the price adjustment
'mechanism. Assumptions. are made to insure the existence of a compact
subset of int A such that h(z(w,p),p) is an injection on this subset.

The main part of the proqf is to show that the mapping from any
measure to the one generated by it is continuous. A fixed point theorem
is then applied to obtain the existence of aistationary measure.

We now ask, in what sense c;n such a stationary measure be
Justified as an equilibrium. The existence theorem merely suffices to
show that if prices are initially chosen according to the stationary
measure, then § priori we should expect the same measure to generate
the prices in any future period. Yet thi; is in some sense unsatisfactory.
Prices are ﬂot chosen.rahdomly; no one coﬁld know exactly what measure
to use to achieve stationarity even if they were drawn this way.

Indeed all one can observe is»particuiar price vectors that emerge —-
the stationary distribution is at best & statistical phenomenon.

However; suppose one-could show tﬁat for all initial prices, the
sequeﬁcé of-measures generated converges-to the stationary distribution
weakly. . Then this measure would take an added significance since it would
reéresent the long—rﬁn disfributioﬁ of prices irréspecéive of any‘initial
conditions. This is the main fesult.that we demonstrate below.

Of course global iterative stability (which implies uniqueness)
is a veryAstrong property. We shall have to make equally strong
assumptions on.the underlying demand functiqns and adjustment mechanism.

In thq next section we stute the assumption$ of the main theorem

and draw some parallels between these and one of the equilibirum concepts
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of-MaJﬁmdar and'Bhattacharya [1] and Hildenbrand [ 6].

III. Assumptions and Discussion

We change the notation slightly so that A (instead of A') is the

compact set in the interior of the price simplex on which h(g(w,p),p) is

an injection for u-almost every w € Q. To shorten this notation we

. Write

8,* A > A for each w € Q.

Assumption: g, is a contraction on A for each§/ w € Q,

Because of the Banach fixed point theorem, this.means that each
deterministic économy, as défined by the éample w has a unjique globally
stable equilibrium. The strength of this assumption in the general
equilibrium setting hardly needs emphgsié. However, in one of the
applications of the main result, shown later in the paper, it is quite
'a bit less severe. We shall see that in certain partial equiliﬁrium
-contexts the main theorem can be applied and the assumpﬁion>above is
equivalent to the absence.of expanding or stationafy cobweb phenomena,

4Withoﬁt Such an assﬁmption it is easy to see that the main
theorem could‘hot possibly be true. (Consider the trivial case in
vhich 9 is a single,point}. ’ ' )

Consider one of the equilibria discﬁssed by Majumdar and
Bhattacharya t 1] and Hildenbrand [ 6). Each sample (deterministié)

economy has an equilibriﬁm P, and the equilibrium for the market with

stochastic tastes is given by

n*(A) = u{wlpm € A} for all measurable subsets A, of A.
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The following story could be associated with such a description of the
equilibrium state of the stochastic ecdnomy. Suppose the economy were
repeated over time in‘such a way that the random elements were serially
ﬁneorrelated. In each period suppose that the (unique) equilibrium is

globally stable and that the adjustment process (not exp11c1t) is

~suff1c1ently swift so that equilibrium is attained and trading takes

L/

rlace within the period+ Then II* represents the distribution of these
ebserved equilidbria.

In the case of the equilibrium concept we'consider, the economy
repeats in a temporally independant way each period; however prices
adjust only one step of the way each time. Each period demand is based
on the prices that result from the realization of the prefious period,
when the economy may have been different;b The equilibrium distributiOH

of prices is the long-run stochastic steady—state to Wthh the economy

'will tend if each underlying deterministic economy would be globally

stable if it had sufficient time to adjust. One nay thus think of this

concept as an equilibrium distribution, in contrast with the Hildenbrand-

Majumdar conceﬁt which is instead a distribution of equilibria.

While these concepts differ because they represent different

‘A Cobmiuislh TR Sonniit) [P | i iouid Chvcinl et d

snsvers to two distinct questions, there seems to be one reason to prefer

‘the notion of this paper to the other.< 5/ The issue is one of compatibility
between our conceptualization of the timing of the adjustment process and

the assumption of stationarity in endowmeﬁt and stochastic demand functions.
In the Hildenbrand-Majumdar definition, equilibrium is achieved in eaeh
period. If the adjustment takes a long time,éj the assumption that

tastes next period are distributed identically with tastes this period




becomes harder to swallow. So also does the stationary endowment

assumption, particularly if we are concerned with the possibility of

1/

entry and exit of firms.—~' The question of finite time convergence does

not arise here since we take only one step of the adjustment process at
each 'iteratiqn of the stochastic process.

In tﬁis spirit it‘is easy to see that these concepts are simply
“the two extremes of a class ofproéesées in which prices adjust T steps
toward equilibrium between regenerations of the stochastic paraﬁeter.
For the Majumdar—Hildenbrand equilibrium, set T = «; herein, set T = 1.
In both cases global stability of the deterministic equilibria is a
‘necessary condition.

In the next section wé set fqrth.the principle mathematical

theorem and present the proof.

Iv. . Main Theorem and Proof

We shall let A be endowed with the metric d(p,p') = max lpiepil
: i

énd.?fbe the Borel o-field generated by the metric indﬁced topology on A.

M, the set 6f all probability measures on {A,h) is endowed with the weak
topology. This is metrized by the Prohorov distance p, defined by
p(N,1') = inf {€>0[n(a) :H"('Ae_)' + € and 11'(4) ¢ n(a%) + €
- | for all AE€F)
vhere Ag = {pcbs]a(p,A) < €},
We shall prove the following
Theorem: Let (2,8,u) be a probability space and let
gw(-): A > A
be a contraction,:for all w € Q; with contrgctioh constants dw é'd < 1.

}
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Let f: M > M be defined by

£(n)(a) = fu{w'lgw(p) € A}i(ap)

Then f is iterativel& globally stable. That is, for all I € M,
lim f(n)(ﬁ) exists and is indepéndant of I.

? The tﬁeorem is established in two principle steps. First we
éhow that p(f(T), f(H')) < p(N,0'). That is, f never expands the

distance between two measures. However, it is'possible that f keeps

the distance constant (we shall give an example), and is therefore not

itself a contraction. The Banach fixed point theorem does not apply

directly.
However, in the second part we show that if p(N,N') = I, then
. (1) ., .
there exists N such that p(£'" (1), £ /(1')) 2 D& (where § is the bound

on the contraction constants of the gw(')). N may depend on D but not

-on the particular choice of Il and II'. Lastly we show that these two

results are sufficient to insure the stability of f in the above sense.’

Lemma 1: p(I,0') < p(£(n), £(')).

Proof of Lemma 1: The set of measures with support on finite set is
dense in the Qeak topology. Thus, if we can.show.that for any I,I' with
support on finite sets, p(f(1), £(N')) < p(I,I') we will have shown
that this_inequality is true for all m,n' €M,

"Thus for tﬁis part of the proof we shall let 1 and II' be measures
concentrated on a finite set {al,...,an} Ca, H(ai) = xi; n'(ai) =y,

(We may take both measures to have support on the same set by simply

combining the supports and setting appropriate'xi's'and'yi's equal to.

zero.) Let the Prohorov distance between I and ', p(NI,0') be less




then or equal to €. Thus for any subset A of {al,.;.,an},

x, < y. + €
tilaear * 7 (i]aen® "t

where Ae is defined by'{ajld(ai,aj) < € for some a, € a).
We must show that for any measurable subset B C 4, £(n)(B) < £(m)(8%) + €.
Of course there is a second set of inegualities to show, but it will be
obvious that this can be done by the other set of inequalities implied
by p(ll, ') < €. Since Il and II' are concentrated on {al,...,an}, it
follows that
n : .
£(n)(B) = } x  ululg (a,) €B} -
A i w' i .
. i=1
and
€ 5 €
£(n*)(B7) = § vy, vlelg (2,) €B7}.
_ PR SN
Let B € five arbitrary and fixed and let
< =
| u{w]gw(ai) B} = u,
€ +
: c -
and u{wlgw(ai) B} =g
If d(a 'a ) <€ and g (a;) € B, then g (a,) € Bezéince g is a
iy’ = R R i “Pwt Ty = S '
c .
contraction (actually gw(aj) e g° but we do not need this). Thus,

+
if d(al 38-3) __f__ e, ui H

v

J° : , .
Let D be the binary relation on {1,...,n} defined by iDJ if and only
if d(ai;aj) $ € It is clear that D is reflexive and symmetric (but
not necessarily transiﬁive).

Thus the iemma that p(f(ﬂ),f(ﬂ')).g p(l1,1') is equivalent to the

-following proposition:
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~ Proposition: Let D be a symmetric reflexive binary relation on

+ .
{1,...,n}., Let <X;>, <¥;>, <H; >, <H > be four vectors indexed over

{1,...,n}. Let

D(i)

{JIJDi},_i €N

{3]4pi, for some i € I}, I C(3,...,nl.

p(1)

~ Assume that  x,,y. 2 0

1

1
Ouil

HIFY

A

+

¥

0 1 for all i.

na
na

I

(1) J €D(i) implies u, > N

+

J

(2) ~ for 11 J C {1,...,n}
Yx, <} y.+€
J Tl * ‘

Then

The proof of the propositic;n proceeds in two steps. We first establish:

the following

Lemma to the proposition: Assume the conditions of the préposition.

Let Jl 2 J, 3...J£ be a collection of nested subsets of {1,...,n}.

Let p = <“1"""”n> = E a )(Jk where_cik >0 a.nd<xJk is the characteristic
. + _+ + ‘

function of the set I - Then ESHyseeesH > 2 Zo‘k XD(Jk)°

Proofg/: Consider § € {1,...,n}. If 3 €& D(Jk) for all k, then

ftv

_— v
uJ 0=£ Clk XD(Jk)(J)

since ¥ (3)=0 for all k, so there is nothing to prove.
D(Jk') . ‘
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Suppose then that } is in D(Jl),...,D(Jm) but not in.D(Jm+l). Thus

‘there exists i € J_ such that J € D(i) and 1 €J,_ for all k < m.

k

;o

J oo x,(1)=J a
1 k<m k Jk k

w
nAa
B

By condition (1) of the proposition

*; . . - . .
u B, > a X (3)
d="1= kgm & T kg D(Jk)

v

uv '

Z o XD(J )(J), since XD(J )(j) 0 k> m.

This completes the proof of this lemma.

Proof of the proposition: We shall construct a collection of subseis

' Jl :l..:>J2 and a collection {ak} below, to which we shall apply the

above lemma

Let
Jy = {1|ui > 0}
and - a, = min y,.
1 ie\]. 1
l .
= ity € )
Let | J, {i]s Iy uy >,ul}
end a, = (lmln My T age), | . .
N (S5 §
2
s . - -ne
Similarly, Jk+l {i]i I My > ak}
o = min H, - Q& , -
k+1 = i k

It is clear that this process terminates since the sequence of sets is

strictly4decreasing by construction. Also, by construction,
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Note, Z a_ = max W, < 1,
' . vk . i=
k © i

Applying the lemma we obtain,

n n .
, 121 *iM = '21 3 g %k XJk(i)
| | =l ) |
b ' =) o x, X, (i)
| x Bt

(7 . + € pyo2
k iéD(Jk) V1 Y

A
Q

: n | |
* 3 . =}§ak igl yi XD(Jk)(l) +€}{ ozk

fiA
t~1
«
[N
&2
f

X. (1) +€J o .
k *D(J,) + g “x

. A .bn +
’ ' Z y. u, + €
) N i’
i=1

it

. + R _ . s an
51n¢e ui 2 g o xD(Jk)(l) by the leéma, and_Zak < 1 by construction.

- . <

This completes the proof of lemma 1. However, the following example
4 shqws that we may not strengthen this result further to conclude that

f is a contraction, but rather only that f does not increase Prohorov

distance.
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1 2. ' . .
Examgle. Let II" and ™ be concentrated on al and &, wlth weights

(x, 1-x) and(y5 1-y) respectlvely, (with x # ).
Let d(a ' ) = 2]x-y].

Then p(H,,H2

= |x-y].
Let @ consist of a single point and let g, have contraction constant .9.
Then
1, 2y,
a(g,(a7), g (a7))

may be as large as 1.8 |x-y| in which case

o), £(1%)) = |xy],

-

and hence the inequality is only weak.

D

Lerma 2: Let Tt and H2 be two measures concentrated on {al, .;,ah}.
Let D, = inf {€ > 0!n (A) < m (A ) + €} where 4 C {al,...,an}, and
D = max DA'
A 1 2
Then there exists N independent of I7,1I', but dependent on D, such that

M tye) < f(N)(ng)(BDd).+ D

';‘for all B € i Further, taking Npsuch thaZN fN—l < D suffices.
Thus even though f is not a contraction, f 7 contracts any two
measures with distance D between them (with the same contraqtion
constant as the bound on the’contractibn'coﬁstants of g, ). We are
motivated by the above ex;mple in whlch it may be seen that for N
large enough that (. 9) < |x-y|, we have that

d(siN)(al), giN)(ag)) < (.9) |x-y|

and hence that

oeMady, (12 < 9 [xyl.
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Of course the situation is more complex when ! has more than one point,

but the basic idea of the proof of the lemma below follows along these

lines.

Proof of lemma 2: Choose N such that.éNFl < D, where 6 is the bound

can see that

on the contraction constants of the~gm. Let uN be the natural measure
induced by M on the N-fold cartesian product of 2, QN. That is if Q

is a measurable rectangle in the product o-field, UN(Q) = u(Ql)X U(QZ).

X ... xu(QN) where Qi_is the projection of Q into the 1% factor space,f.

Fix B € 7.

Let a, = {plp =g (g (...{g. (2,))...)) for some <w,,...,0.> € Q"}
i e ke AR wy 1 _ 1 N

Let B, = B N gl
i i

Le§ 0, = {<wl,...{szIng(ng-l(...(gwl<ai)),..)) ? Bi}
Let BiJ = {plp = ng(ng-l(...(gwl(aj))...)) for some <wl,...,wN> Ebi}.

In words, a? is the set of all points that couid be reached in N
iterations of é from a;s Bi are the parts.of these séts in the set in
question, B ~- the Bi can intersect. Oi is the set of samples in QN
that would lead a; to B. ‘Bij is the set of prices that would be

reached from a, if a.sample occurred that would have bfought a, into B

3 | . g nto 3 1
. > i

if we had begun there instead.

From the above definitions, the‘definitioﬁ of N, and the fact

that each of the g, is a contraction with constant less than &8, one
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This is true because the maximum distance possible between a; a.nd‘a.‘J

is 1 since they are both in 4 which is the unit simplex with supremum

J

within GN of where one would be having begun from a; and drawing the

norm. Thus, beginning from a, after N iterations, one is necessarily

"Mmgéﬁé'éﬁhﬁié..wTﬁé above inéiﬁéion"éxpféSSéé‘this statement for samples

which would tazke a; to B. Taking unions over i,

VU B,, cu g cgPd,
- iJ =, 71 -
i) i
Iet 0 = L’Oi. Claim:
: i
fVaPywus, )2 o).

id
Let & be arbitrary ini{al,}..3an} and let <51,...35n> € 0 for some

- — .)€ efinition.

m.v Thus ng (...(gwl(gk)).. ) B . by d,f;pltlo

Hence every sample in O leads to some p € L’L’Bij irrespective of the
, , ii

initial point in the support of H2. This is sufficient to establish

. 1 . C .
the claim. Let " have weights X seeesX OD {al"f"an}'

‘Now observe

f(N_)(He)(BDs)
WM (0)

.
g x; W (0,)

v

£ (72 (8P%) 4 pg

LA

v

since ZX. =1, x, > 0 and 0. Co
i i= i
> M) (a)
. = 1
since‘uN(Oi) is the probability that a; goes to B and

. . . 1 '
x; 1is the weight assigned by I' to a;. QED
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The proof is now compieted as follows: Ve show that given
€ > 0, there exists S independent of It and II'' such that

(s5¢) (se)
p(f (m), r (I')) < €& If Il is chosen arbitrarily and k is an
arbitrary positive integer, let I' = f(k)(n). Then applying this result

to I and II' yields »
Se Stk
< S :
e(f (m), £~ (m)) < €.

Thus the se@uence I, f(H),...,f(n)(H) is Chauchy for all II. Since the
space M is coﬁplete, the 1limit exists. To éee that the limit is

- independent of I, simply apply lemma 2 to two such distinct sequences
f(n)(ﬂl) > ¥ and f(n)(H2) + 1%, as follows. S

- Let D bé the distance from Hi to HS. Choose n sufficiently large that
D(f(n)(ﬁl), f(ﬁ)(ﬂz)) h g-. Then by lerma 2 there exists n¥* such that
'p(f(n*)(ﬂl), f(n*?(ﬂ2)) < D. But since distances never expand so this

‘is impossible since the limiting distance is D.

Thus we have shown that the following lemma suffices to prove the

iterative stability of f.

Lemma 3: Given € > 0 there exists SE such that for all nI,I',
T (50 - (so) ,
p(r (m), r (n)) < €

Proof of lemma 3: By lemma 2, there exists ND such that if
ey ' ND ND . o .
p(N,I') = D, then (r “(n), £ “(n')) < DS. Further, if we let N be

ND—l

- the smallest integer such that 6 < D, then the above conclusion

is valid. Thus, when chosen in this way; €' > € implies Ne > Ng,.
Let T be an integer such that éT < €, Set 8¢ = TNE.‘ We shall prove

that this suffices. Let p(N,I') = Dy £ 1 since the‘maximum Prohorov

distance Between,any two probability measures is. 1, If D0 < € then by
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lemma 1'any S¢ suffices so we are trivially done. If not, then by
. N N,
, € € :
lemma 2, o(f (M), £ (N')) < &D,. Again if 6Dy < € we are done. If
' L kNg Ne
not continu~ setting (£ ~(m),r ~(n')) = D . After T iterations of
| | (TNg) (TNg) T

this procedure p(f -~ (N), f (n')) s 5TD0 <8 <€, Q.E.D.

V. Discussion and Conclusion.

In the above sections it was shown that, in the stochastic
choice setting, if each sample economy gives rise to a conﬁractioh
' gw(~),lthen the stochastic equilibriﬁm is globally stable. In this
‘;ection we shall try t§ show that this result is applicable to a
partial equiliﬁrium_situation ~~ one in.which there are many sellers
of a commodity each éf whom makes fheir own pricing decisions, and
many buyefs each with imperfect knowledgé abogt these prices,

To begin, we must ensure,that the aésumptions made in .the above
-theorem are satisfied in this case. In particular, one shoﬁld note
that Walras' law plays_oniy an indirect:fole in tlhie main theorem.

It's only use-ié to ensure the éxistencé of an equilibrium in each
sample ecoﬁomy w. However, having assumed that gw(-) is a contracticn,
the existence of an equilibirum for the sample economy is automatic,
and independent of_the,pfoof in the general case, which depends on
Walras' law. This gives us some nope for a. partial equilibrium
application of this resﬁlt, since in such a situation Walras' léw is
not meaningful. o

We.envision~the folléwing situation. There are many sellers and
- many buyers, but more of the latter. Buyers sampie the prices |

currently being quoted by sellers each period. There are so many
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sellers thaﬁ, alfhough saméling is costless (i.e., expends no real
resourcgs), time is such that it is possiblé to sample only a small
proportion of the total number 6f sellers each period. Since every
buyer knows that sellers change their prices each périod, they do not
keep track of who charged what in the past, for purposes of éstéblishing
pfice réputa£ions to guide sampling in the future. Thus the first
veléﬁent of randomness is the set saﬁpleé actuallyvused by the different
buyers. We assume that for a given set of samples, the'buyer places
orders at the various stores dependent on the prices obse?véd.' Ve

do not assume that he necessafily gttempts‘to buy at only the low
priced stores. The reason for this is that he knows that the low
priced stores are more likely to be oversubscribed (i.e., have orders
in excess of output) than high-priced stdres and hence maj prefer to
'pay a higher price to increase the pr;bability that the order is
'filled. An unfilled order has no force in following periods. The
'.following descfiption of a situation is one which suits the above
- conaitions. |

"Stofgs" are fish seilers each with a fixed number of boats
~and a fixed set of labor contracts with fisherman to operate
them. The catch each day is (‘perhaps) a random variable and
is distributed'identicélly and indepéndently each period.

Fish are non-durable, if they are not sold they must be
discarded. The price of fish is‘éuoted in man-hours of

labor used for boat repair.‘ Each morning the boats go out,
prices are set (we discuss below our assumption on the process

that generates prices) and buyers pledge various amounts
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of their labér for boat maintenance in exchange for fish when
the bpats return that evening. 1If ii furns out that there are
not enough'fish to satisfy all the contrac£s offered, some
people go hungry (but do not do any work either). Further,
the'analysis is assumed to be sufficiently short-run so that
strategies for offering repair labor are fixea.gf The
important point here is that both fish and labor services are
non-durable and no intertemporal.contracts'are permitted.
Sellers know that they are in a worldAof randcm excesé demand.
However, they are aléo ignorant of the prices of their rivals and
perform samplihg to better estimate the ?afameters of the demand
distridbution. For example, if a firm faces demand that it cannot
satisfy, it would like to know whether tﬁis is due to the fact that
its price is low compared to other sellers, or whéther it is simply
.that it was lucky -- e.g., that it'happened by chance that their
price.was sampled by an unugually large perceﬁtagé of the people.
Howévef, the firm does not accumulate statistics on the stochastic
&eménd function.. As for buyers, we shall assume that no learning
takes place, and that the policy thaﬁ déscribes the price charged
hext period is fixed andAis dependeht on the excess demand faced by
the firm and the sample drawn from the popuiationiof other prices.
Thus we' are not assuming that there is an equilibrium in expectations'
or in pricing policiestlg/ Neithe; are we assuming that the buying
policies or pricing policies are optimal in any sense. All that is
required is that they are stationary throughout the time frame of this

analysis -~ and since we envisicn this as a sequence of very-short-run
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situations (i.e., labor contracts for fishing and capital stock both

fixed) this assumption does not seem inconsistent with the nature of the

11/

problem.-—-

Thus, in our story about the Narshallian fish market there are

several random elements -- the buyers sample, the sellers sample and

(pe;haps) the realization of the mixed strategies of the buyers and/or
sellers. All of these are summarized by poiﬁts in the space (Q,@Lu).
We make no assumption on their mutual dependence ©r independence. We
hypothesize that for every point ip this space there is a function gw(p)
that gives the résulting set of prices if prices are originally p.

We now 'ask, under Vhat condit?ons will gm(p) be a contraction
ip this framework; and under what conditions does there exist a ccmpact
subset of the price space such that &, (+) is mapping from this set into

itself for (almost) all w € Q2 If we can find conditions under which

'both of these are satisfied, the main theorem will apply directly.

- Thus we now discuss such a set of assumptions and -conclude the paper

by diséussing the resulting equilibrium for this example.

-

We shall suppose that there are so many buyers relative to

sellers that no matter what the sampllng pattern is, there is a certaln

12/

minlmum number of buyevs that will sample the price of any store —

Further, due to capacity constraints on the amount of information any

store can give out (perhaps one must visit the store to find out its

price and it is possible for only a certain number of people to visit

-in one "day"), there is a maximum number of people who visit. Thus for

any sempling pattern and any store, i, we suppose that there is a price
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min. Such that excess demand is positive. That is, even if the
i .

- minimal number of people come to the store, they will still demand more

than the supply of that store. (Assume +hat the supply is non-randorn.
generalization of this story to the case of random supplies is
immediate). Similarly there exists Prox ~such that excess demand is

i
surely negative. Then suppose that no matter what sample of prices in

~the rectangle generated by -pmiﬁ and :Pmax is dravn by firms, or how

i
much excess demand they face, the price of the ith firm never changes

by more than Gi in one period and alvays changes in the direction of

~ excess demand observed. Further assume, 61 < pmiﬁ . Thus the set

i

= {plpm’ini =8, =p; S

max,
i
change function is an injection. for every sampling pattern. Let the

price adjustment function be glp), suppréssing w, and write

&(p) = h(z(p),p).

Note that w, in the situation described, would enter directly into the
h function as well as C. However, this has no effect on our analysis.
We take the sup metric on X, and assume differentiability as needed.

Then the change in the. kB price is

’

x .

o (p) = [ ¥ Tilap + Tk g *
i J J .J

Slnce each store can obtain information only about the prlces chanved

by his competitors and not about the excess demands they face, we can

‘write, .
14 14
k k k . 3 k
d_gk(p) = ) [hc E h™ Jap, + [hk 3nP + h ] dp,
J?‘k ¥k Yk

3Py By d Ty

<p +8.} is a'compact set on which the price
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It is not unreasonable to assume h: € [o0,1], h§ >0,

-k k

+ Thus if the cross derivatives of bk are sufficiently small,

Idgk(p)l 2 o max Idpj} for: a11 k, where a < 1 is a constant dependen*

J

- on g and the terms on the first summation. Thus, while it requires

raiher‘séﬁere assumptions to make g a contraction, at least it is
plausible —-- and it seems that it is not as restrictive as thé.global
gross substitute condition of the-determihistié stability theory. (Of°
course,‘that-cbndition gpplies to continuous time adjustment proéesses;
not dlucrete time as here~—~ 13/ .) Another point worth mentioning is that
responsiveness of h plays a crucizl role in determining the stability of
the process. This seems quite natural; Eut in the déterministic~
continuous time theory stability is often decided independent of the
speed of.adjustment} , |

Lastly we discuss what such a stochastic equlllbrlum mlggt look
like, and attempt to relate thls to real world phenomena. If two stores
are charging different prices for the same commodity, then in most

samples, the low priced store will probably be facing a higher demand

-Of course it is possible that the high priced store could get lucky

end be sampled by more people, or that the realization of buyersvmixed'
étrategies makes the‘deﬁand.higher there. However, excess depends
6g endownents as well., If thé low priced étore is the one with more
endowment, it is possible that excess demand is actually lower there
on balance. o

Looking at this the other way around, if two.stpres are of

different size, it is likely that the stochastic equilibrium will have

& distribution of priées that is usually lower at the larger store,
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but not necessarily always so. This is, in fact very commonly
observed in the real world. Large (discount) (chain) stores charging
lower prices than small (specialty) (lo~al) ones.lﬂ/ This phenomenon

of unequal prices (price distribution) in equilibrium is a result of the

- imperfect information on both sides of the market,lé/

In a context in which firms can change their size over time,

it is not clear that they would all tend to the same size in the long

. run. It is quite possible that smaller, less efficient firms would

have higher average profit margins in the stochastic equilibrium so
that rates of return to entrepreneurs of all enterprises could be
equal. Thus, the theory of stochastic e@uilibria might be used to

explain the size distribution of firms, in some cases.
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Footnotes

However, Hildenbrand [ 6] shows that if the choices are statistically

indefendent, a single price will come close to equilibrating a
very large market with high probability. Here we drop the

independence assumption.

Majumdar has shown in [ 7] that this assumption could be weakened

to measurable in w € Q. In this case, no topological structure
on 2 would be necesséry and. could be any o-field of events

One could of course assume this only p-almost everywhere in

w, but the resulting excess verbiage is not worth the increaéed
generality. We systematically neglect sets of measure zero below,
vhen it makes no difference.

Goods are non-durable and endowments are regenefated each period
sd that there is no real link betwéen one economy and the next.
This is not meant to implykin any way that there is anything
wrong with it;

Usually it is-only proven that it is asymptotic, but we suppose
for this discussion that equilibrium can actually be attained in
finite time. | .

See Brock [ 3], Bohm [ 2].

I am indebted to Professor R. Aumann for the proof below.

‘Strategies need not be deterministic. In particular if we

interpret them as being equilibria of a game between the buyers,
they probably will be mixed. '
See e.g. Brock [3].

In our interpretation of the Hfldenbrand~Majumdér—Bhattacharya
equilibrium (and I stress that this may not be that of any or
&ll of these authors), this is less plausible. More.time

elapes between iterations of the stochastic process and it is

- thus less likely that the underlying process is stationary.

cf. Rothschild [9 1.

Also recall that the above discussion is in a partial equilibrium

setting.




1k,

5.

~2k~

ef. Fisher [ 4] in which such a situation is called quasi-

equilibrium, in contrast to full equilibrium in which all stores

charge the same price for the same commodity.

cf. Rothschild [10].
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