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Optimal Capital-Gains Taxation 
under Limited Information 

Jerry R .  Green 
Ffar ;nrd L t i i ,  PIS^!^ 

Eytan Sheshinski 
f t t d ~ r e ; t  1 ~ r ~ i : ~ e ~ s i [ yI I ~ , J ~ I I I S , L / P I I I  

Taxation of capital gains a t  rralization may distort individuals' decisions 
regarding holding or sellin? during an  aswt's lifetime. This creates thr  
problem of des i~n ing  a tax structure for capital gains so as to induce 
rfficient pattrrns of holdin? and sellinq. Several tax structures arc 
explored in this paper. Linear taxation. a t  rates ~vh ich  risc with thc 
holding period, can achieve the first b e ~ t ,  even under the conditions of 
limited information that Lve postulate. The  form of the optimal tax is 
independent of thr  stochastic structure of rates of return. \Ve also derive 
the optimal nonlinear tax under thr  constraint that it bc independent of 
the holding period. Sccond-best tax rules are examined. Results in a 
two-period model are contrasted with thow in a continuous time framc- 
kvork. Xlso trcated is the case in ~vh ich  the returns to the asset under 
consideration depend 011 thr  aqqreqate quantity iiiveqted. 

I. Introduction 

This paper is addressed to the problem of the optimal design of a tax 
system for capital gains xvhen the taxing authority has only a limited 
degree of information. \Ve assume that the only varia\~les observa\~le for 
tax purposes are the amount of the realized capital gain and the length of 
tirne over \\.hich it has accrued. In  particular, if a n  asset is sold at  some 
moment in time, taxes cannot be \lased on direct observation of either the 
gain that \vould have been realized had it been sold earlier or the expected 
returns that \\.ere foregone I,y not holding it into the future, \mth of \vhich 
are pieces of information in the private domain of the investor. 

This u.ork \\as supported 1)). National Sciencr Foundation qrants SOC71-03803 and 
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This frarne\vork is natural for many considerations involving capital- 
gains taxation. Taxes are levied upon realization of the gain, and the date 
of realization is under the control of the investor. .-iccrual-based taxation, 
although potentially usa\,le for ~videly traded assets (securities) \vhose 
market price can be determined retrospectively, is nevertheless not a 
vial~lepolicy option a t  present. For businesses, real estate, and other thinly 
traded capital assets, realization taxes are clearly the only feasible al- 
ternative. For these reasons, in this paper \ve have concentrated exclusively 
on the realization base. 

I t  is \\.ell knolvn that all forms of capital-incorne taxation involve some 
type of intertemporal distortion. I'or example, the taxation of interest 
l~iases consumption to\vard earlier periods vis-a-vis the optimurn. This is 
a pro\,lem \vith capital-gains taxation as \\ell, but one ~vhicll is conceptu- 
ally distinct from the misallocation of resources due  to mistakes in con- 
tinuing or terminating certain in~.estrnents. 

In this paper \ve assume that there are t\\.o types of assets. O n e  is 
subject to capital-gains taxation and has a duration of either one or t\\.o 
periods, a t  the ciiscretion of the investor. T h e  other is a n  asset u.ith a 
duration of one period 11-hich earns a fixed return. I n  order to dissociate 
the tlvo types of inefficiencies mentioned a\,ove, \ve \\.ill assume that \loth 
the government's and the investor's ot~jective functions are to maximize 
the expected value of \vealth a t  the end of the second period. This removes 
110th considerations of differences in risk aversion and in intertemporal 
preferences. 

\Ve \\.ill assurne that the asset subject to capital-gains taxation earns a 
variable rate of return. If this return \\.ere not risky, the rate of taxation 
could be fixed ex ante a t  the same level as that  on the alternative asset. 
Therefore some variation is necessary in order to make the pro\,lem non- 
trivial. Further, suppose that  a t  the end of the first period the investor and 
the government al~vays had identical expectations concerning the second- 
period rate of return. In  this case as xvell, private and social o\~jectives 
\vould coincide if the effective rate of taxation on second-period gains \\.ere 
equated to that on the alternative asset. T h e  pro\,lem of efficiency in 
capital-gains taxation is therefore relevant only in a context in lvhich 
investors' prospective, as \\ell as retrospective, information is superior to 
the government's. In  this \\.nrld, the government's attempt to control the 
agent's decision regarding continuation or termination of the project rnay 
11c complicated by the tax ad\-antages perceived 11y individuals in light of 
the resolution of 110th the first and second periods' uncertainties. 

For many types of assets, and for securitics in particular, efficient- 
markets theory tells us that the econnnlic agent and the tax authority 
stzould be equally ignorant about future returns. Holvever, it is precisely 
the thinly traded, relativrly inhomogeneous assets that allou. learning by 
the olvner beyond \\.hat one could discover as an  outside observer. These 



CAPITAL GAIXS TAXATIOX "1-5 
are just those for lvhich realization taxation is most relevant. Therefore, 
the reader skeptical a\>out both the possibility of investor forecasting and 
the impossil~ility of accrual taxation should keep this type of asset in mind. 
\Ye believe, ho\\-ever, that the basic principles illustrated by our analysis 
are of more general applicability. 

Section I1 treats the basic t11.o-period model. General tax policies are 
clescril~ed. I t  is sllo\vn that \I)- making taxes linear in the capital gain a t  
rates that differ for one- and t~vo-period holdings, appropriate incentives 
are created to 111ake individuals follo\v the socially most productive 
in\-estment rules. This tax function can be specified lvithout knolvlecige of 
the joint distrit~ution of returns in the t\\.o periods. \Ve compare this 
schen~eto one in ~vhich  capital gains are imputed to each period \\.ithin the 
holding periocl a t  a uniform rate and linear taxes are applied to each date 
separately, lvith an  interest penalty being added to taxes unpaid a t  earlier 
dates. This is related to the cumulative-averaging method proposed by 
Yickrey (1947, app.  3, pp. 1-17-24) and discussed 11y David (1968, pp. 
185-89;. \.Ire sho~v that the rate of interest on back taxes implicit in the 
optimal linear tax scheme necessarily exceeds tlvice the net rate of return 
on alternati\.e assets. LIoreover, \\.e demonstrate that no cumulative-
averaging rule can exactly attain the first best, in general. 

Sectior~I1 goes on to consider tax policies that are allo\\.ed to be non- 
linear i11 the size of the gain, but \\.hich must \le independent of the length 
of the holding period. \Ye show that  there exists a family of tax policies of 
this form capablr of decentralizing the first best and that  these are pro- 
gressive in thr  size of the gain. Finally, a second-\lest linear, time-
independent rule is derived. 

Section 111 considers a continuous time version of this model. In a 
particular example \ye explore the tlvn successful tax rules of Section 11. 
T h e  results are somelvhat different: There  are no fully optimal linear, 
time-dependent rules, and,  although optimal nonlinear rules exist, they 
seem to be regressive rather than progressive in the gain. This points nut 
the need for further ~vorkon capital-gains taxation in multiperiod 
mntlels. 

In Section I\' \ve consider the case in ~ ~ r h i c h  the rate of return to holding 
the risky asset varies lvith the intensity of investment in this form. Assum- 
ing that the variance of returns is small, lve show that  a t  the social 
optimum there \\.ill be a private bias in favor of the risky asset. O n  the 
(Ither hand,  a t  the second best lvith uniform taxation, there is a bias in 
favor of the alternative asset. 

11. Two-Period Model 

Here our analysis centers on investor behavior regarding a risky asset 
whose potential lifetinie is two periods. Lt'hen such a n  investment is 
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initiated, the returns in each of these periods are viewed as a random 
variable, 7 ,  in the first period and r, in the second. \Ye concentrate on 
the decision to be rrlade after one period has elapsed. T h e  investor must 
determine ~vhether  to continue this project or to slvitch to an  alternative, 
safe asset \\.ith a return R per period. 

There are tlvo essential features of our model of a n  informational 
nature. Having held the asset for one period, the investor has acquired 
some information a l ~ o u t  its second-period return. \Ye assurne, for sim- 
plicity, that a t  this stage 7, is knolvn to him \vith certainty. T h e  second 
aspect relates to the tax treatment of these capital gains and the infor- 
mation available to the government on lvhich these taxes can be  \lased. If 
the asset is terminated, the govrrnment ol~serves the realized gain r ,  but 
does not learn the value of r, that was foregone by the investor's sale. If 
the investrnerlt is continued, the government observes only the total t\\.o- 
period return, (1 + r , ) ( l  + 7,) - 1, per unit irlvested but cannot 
identify r ,  and r,. Returns to holding the safe asset are taxed a t  a pro- 
portiorlal rate t .  

Because of the informational structure of the market, the taxes can 
depend or1 the length of the holding period and on the observed return in 
an  arbitrary \vay but cannot be functions of other varia\~les. 

Let 

1 r l  = taxes paid on risky assets sold after one period, 
having earned 7,. 

? ( 2 , ( 1  + r , ) ( l  + r 2 ) -  1) = t a x e s  paid on risky assets (1) 
sold after t \ \o  periods, having earned 
(1 + r , ) ( l  t r2 )  - 1. 

C:onsider a n  investor ivhose kno\\n pattern of returns is r , ,  r,. He \\.ill 
hold the asset for the second period if 

and \\.ill sell it if the inequality is reversed. 
For a given tax policy and a first-period return r , ,  the level of r2  a t  

xvhich the individual is indifferent bet~veen holding and selling, ;,(r,),  is 
thus given by 

' 1  + r l ) [ l  + f 2 ( r l ) ]- ~ ( 2 ,(1 + 7,)[1 + i2( r1) ]  - 1) 

= [ ( I  + r , )  - ~ ( 1 ,r , ) ] [ l  + I?(l - t ) ] .  
(3) 

I n  order to dissociate the pro\~lems inherent in capital-gains taxation 
from the rlistortions of interest-income taxation more generally, we 
consider the social objective of maximizing the expected total return a t  
the end of the second period per unit invested. T h e  government's policy 
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instrument is the s) sten1 of capital-gains taxes, T (  .,.). T h e  rate of taxation 
on the safe asset t is taken as given. 

Let f ( I , ,  r 2 )  be the density function of the random returns ( r , ,  r 2 ) .  
The  expected total return per unit invested in the risky asset is given by 

The  effect of the policy on capltal-gains taxation is through its influence 
on f ( .  1. If a system of taxation can be desiqned so that  

then a first best is attained a t  the expected returns 

C:learly, if t = 0,then by setting T(.,. )  = 0 the individual's problem 
coincides precisely \\.ith the social objective, and j 2 ( r 1 )  -- K as can be 
seen from (3). T h e  prohlern of optimal capital-gains taxation, as we have 
posed it, depends on the fact that the taxation of returns on the safe asset 
might result in a "lock-in" type of effect. T h e  individual, by postponing 
the realization of his gain, may he able to alter the extent of his tax 
lia11ilit)-. Since this \\.ill depend on the gain he has made in the first period, 
the holding function ? J r , )  ma)- not be constant, and the first best rnay he 
precluded. 

Parametrization of Ta.u Systems 

I n  general, the government's problem is to select functions ~ ( 1 ,  . )  and 
~ ( 2 ,.), \\.hich ma)- in principle be arbitrary functions of their arguments. 
Clearly, \vith this degree of flexibility (3) can he satisfied a t  ? , ( r , )  -- R. 
For practical reasons, ho\vever, it may be necessary to restrict the 
choice of tax functions to some rnore narrox parametric class. 

.At one extreme \ve may consider linear capital-gains taxes that  are 
independent of the holding period. For any such rule F 2 ( r 1 ) will he a 
decreasing function of r , .  I n  fact, if the proportional rate of taxation is 
t ' ,  then 

Becausc 7)  is decreasing in r , ,  the first-best condition f 2 ( r 1 ) -- R cannot 
be satisfied. Individuals \ \ i th large r ,  \\.ill be locked in. 
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T o  avoid this effect, more complicated pararneteri7ations h a ~ e  been 
proposed. One  possibilit) is a pair of linear lules but  lvith different rates 
for different holdirlq periods. Another idea is to overcome the benefit of 
a potential lock in by charging interest on the taxes that  were postponed 
11ut xvould have been due  under an  accrual-based tax. This embodies the 
idea of taxing gains difl'erently according to the holding period, but it is 
not equivalent to any linear rule. Instead of using a tax systexn that is 
linear in the capital gain, a t  a rate that varies \\.it11 the holding period, one 
ma)- consider nonlinear taxation a t  rates that are independent of the 
length of time the asset is held. 

In  this section the ability of these alternatiare r ~ ~ l e s  to achieve efficient 
outcomes is studied. \\!e first show that linear taxation a t  variable rates 
can attain the first-best solution. T h e  interest-rate rule, \vhich is a special 
form of nonlinear taxation, nnt independent of the holding period, turns 
out to be incapable of decentralizing the efficient resource allocation. 
;lllo\ving general nonlinear taxation at fixed rates, \\-e see that  there are 
man)- \vays of attaining the first best. 

T h e  structure of the optimal taxes in the t ~ v o  successful parameter- 
i~a t ions  ir characterized. Later sections deal \\.it11 second-best taxation 
under those systctrrls riot capable of achieving full efficiency. 

Linear Taxation at Rates Dependent on Holding Period 
Pm/in.ritiotc 1.-The pair of linear capital-gains tax functions 

' , tT I ,  = 
1 + R 1 - t  ' '8 I 

a c h e \  e, the filjt /lest. 

fJroof.-\Ye must silo\\ fr om 3 that 


if and onl) if r, > R. Re\\ riting I 9 I \\ e obtain r2 > R directl) , indepen-
dentla of the value o f r , ,  and the con\ erse follous b\ a similar computation. 
Q E 1) 

Lznear Rules uz th  Interect on Deferred Taves 

\Ye no\v consider the policy of charging interest on  deferred taxes. T h e  
first problem tcn be surmounted is that under the informational restrictions 
\\,e have irrlposed, the government cannot determine 11olt- much of the 
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realized txvo-period gains \Yere actually earned i n  t h e  first period. T h i s  
~ v o u l d  h e  necessary t o  de termine  t h e  a m o u n t  o f  t h e  interest payments .  A 
natural a s s u ~ n p t i o n ,  and o n e  c o m ~ n o n l y  suggested i n  t h e  capital-gains- 
taxat ion li terature, is t h a t  t h e  gains accrued at a u n i f o r m  rate over  t h e  
txvo periods. T h a t  is, i f  t h e  terrrlinal value o f  t h e  asset a t  t h e  end o f  t\vo 
periods i s  ' 1  + r ,  1 + r2 per uni t  invested,  t h e n  it is presumed that  t h e  1 

rate o f  gain in  each period \\.as 

T a x e s  a1 e computed  as Sollo\\ s . One-per  ~ o d  qains are taxed at t h e  linear 
schedule 

T I  1 . 7 ,  = l , ? ,  1 1 1  

ac i n  ~ h cprevious case. T\vco-pericod gains are also taxed a t  t h e  rate t ,  
b u t ,  i n  addi t ion,  t h e  implicit  gains a t  t h e  rate ' 1  + r , )  ' I 2 ( l  + 7-2:1 - 1 ,  
o n  \vhich taxes \\.ere n o t  paid af ter  one  period. bear a n  interest penalty 
of p. T h u s ,  

T h e  first t e r m  o n  t h e  right-hand side represents t h e  principal and  interest 
o n  taxes d u e  t o  t h e  i m p u t e d  firqt-period gains. T h e  second t e r m  is t h e  
product o f  t h e  i m p u t e d  net  o f  t a x  xvealth at t h e  end o f  t h e  first period and  
t h e  assu~ned  rate o f  gain i n  t h e  secontl period. 

Propnsitinrz ,?-The system o f  capital-gains tax  functions giaren b y  ( 1  1 )  
and 12 I canncot achieve t h e  first best ,  for a n y  choice o f  t h e  parameters 

t i >P .  
Prooj-\Ye \\.ill proceed by Xvriting t h e  first-best conditiorl i 2 j r l )  = R 

as a funct ion of t h e  parameters t , ,  p. T h e n  \ve take  t h e  T a y l o r  expansion 
i n  r ,  o f  this identit) . .  I f  it is t o  b e  satisfied for all r , ,  all t h e  coefficients,  
\\-hich are functions o f t ,  and p ,  m u s t  b e  zero. \Ye \\.ill ob ta in  a contradic- 
t ion t o  this system o f  requirements .  \\'riting t h e  condi t ion for i 2 ( r l  I under  
the  t a s  fr~l.mulas ~ 1 1 and  i 12" ,  \ve have  1 

T h i s  call h e  r e ~ v r i t t e n  a t  ,,= R as 
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If '13, is satisfied for all r , ,  then all the coefficients nf its ?'a)-lor ex-
pansion around r ,  = 0 must be zero. T h e  firrt three of these coefficients 
are : 

- p = 2 t l .  : 181  

Substitutirlg '18 into the conditions that 15 and '16 1)e zero, Lve ' 1 

obtain 

0 = - lit 1 - t ,  1 - 1 ;  1 + I ? .  '20) 

\.Ve \\ill no\\ ihou that 1 ,  cannot sol1 e I9 and (20 s~rnultaneousl\1 

uheneler  0 < t 5 1 and R > 0. 
XIult ipl~ing 19 I)\, 1 + li and 20 11) X and rul~tracting the result, 

\ \ c  h a ~ e  

Substituting 21 into 19 and si~nplifying, \ \ e  reduce the contlition for 
existence of a solution to the requirement 

which is obviousl>- a contradiction. (Q.E.D. 
Although this proposition proves that the first-best po1ic)- cannot be 

attained by an  interest-penalty formula, we know that the optimal linear 
taxes, lvhich can achieve the first best, are increasing in the holding 
period. There  is a type of interest-penalty formula embedded in the first- 
best tax rules, but the implicit interest rate depends on the size of the 
capital gain. Because this t>-pe of capital-gains taxation formula is fre- 
q ~ ~ e n t l y  to the lock-in effect, it is of interest tosuggested overcome 
ascertain the approximate magnitude of the rates implied by the first-best 
linear rule. One  night think that the interest penalty should be a t  the net 
rate of return available to investcors on the alternative asset. In  this Xvay 
they ~vould  be indifferent betlveen paying the tax and holding the alter- 
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natiare asset for one period or retaining the risk) asset for the remainder 
of its life. This is not correct. 

Let us define implicit interest penalt) p as that rate \ \hi& equates tax 
rearenue using the opt i~nal  t\\o-period linear rate i~nplicit in (8),lvith the 
revenue generated by using the optimal one-period rate in each period 
separatel) and addlnq a fraction p of the taxes that \\.ere due  but deferred 
at the end of the first period. Thus  p is given by 

Propositzon 3.-If r, and r2 are  nonnegatike u i t h  probabilit) one, the 
inlplicit Interest rate is a t  least tnice the net rate of return on the safe 
asset. 

Prooc-Equation ,231 ma) be simplified to give p as a function of 
r, and r 2 :  
(1  = Ri1 - ( I [  (1 + ~ ~ + 11"1 + r , ~ ' / ~  ~1 

\\'hene\ei r ,  and 1 ale  nonnegatiare. 

p 2 21<(l - 1 ) .  (Q.E.1). I (25) 

Thus if the go\ernnlent \ \ere to use the net rate of return R ( l  - t )  as 
an  interest c ha1 ge applled to p r e ~iousl\ accrued taxes, the resulting 
?\\ten1 \\oulcl tax t\\o-perlod holdlngs a t  too lo\\ a rate r e l a t i ~ e  to one- 
period holdlngs, and the lock-ln effect \\auld not be oarercome. 

,\hnlznear Taxation Independent of Holding Period 

\Ye no\\ cons~der the case of general nonlinear taxation according to a 
qchedule that is constrained to be independent of the holding period. T h e  
tau liabilit\ 1s \\rltten T II , \ \here u is the capital gain. (This specializes 
the formulation of [I]  to require ~ [ l ,  x] = 1[2, x], for all x.) 
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Let us suppose that the first-period return is r , .  If T ( . )  induces a n  
efficient pattern of resource allocation, \ve can see from (2) that it must 
satisf~ 

as Y ,  5 R, for all r , .  \\.e \\.ill sholv that there is a family of functions T ( . )  

satisfying condition (26 .1 

Propositiori 4.-.Assuming that  ~ ( 0 )  = 0, there exists a family of tax 
functions T ( . ) ,  generating a n  efficient pattern of holcling for the capital 
asset. 

Pro($-\Ve \vill proceed constructia~ely, defining such a family and then 
<ho\ving that it satisfies 126 . Let us define a sequence 

Ke\\rltlng ,26 for T~ = R, \ \ e  hake 

for all r , .  Taking I ,  = 0 = L,, (281gives 

P1.oceedirlg iteratively, \\-e can define T ( s ~ )for all i by 

C onslder a candidate for a n  optlmal tau functlon defined on the inter- 
\ a1 0 R satlsf~ lng r 0 = 0,  r ( K I = tR Choosing any point ->, E (0, K )  
\\ e can Sollo\\ the same p~ocedure  to construct T ( J ,  I at  4 ,  = (1 + K 4, 
+ R, slnce b) (28 

Thus \ \ r  h a ~ e  constructed T ( . )  on  the interval [R, (1 + R I  - 11 
[=  \ , .  x 2  1. This procedure can be continued. Therefore, b\ fixing T ( . )  
on 0. R \ \ e  determine i t  completel)I 

\l e 11111 no\\ shou that an) function T ( . )  generated by a f~unction on 
0, R satlsf>~ng 

nil1 be compatible ~ v i t h  (261 ,and  is therefore a n  optimal tax schedule. 
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Let us b e g ~ n  ~ i t h  a polnt y ,  E [R, 1 1 + RI - 11. This polnt is gener- 
ated by -1, E I 0, R I given b) 

Using (31), 

T o  show that the value of r ( y l  given by r34) is compatible xvith all of the  
upper bounds generated by r26) \\-hen r, > K and y ,  = (1 + r , )  (1 + r,) 
- 1, xve lety < - y o .  Applying (26) to-): = r , ,? ; ,  = (1 + r , ) ( l  + r,) - 1, 
Xve have 

Using (32 , the right-hand r ~ d e  of 133 is decreasing ln-1 and equals the 
rlght-hand side of 1 3 4  for 4 = j o= y 1  - R) / (1 + R I  Therefore for 
-1 < 1 ,, 35 IS surel) satished 

For 2 > 2 ,, I 26 lnlplles that the ~nequali t)  In (35 I must be reversed 
This IS also ~ a l i d  b\ the monotonlcit) of its right-hand side In y. 

Su~nrnarizing thls argument, the function ~ ( 3 ,  constructed on 
[R,(1 + K - 1) b) uring 1 on (0, lil,satlrfies all of the 341, f r o ~ n  T(-Y,, 
requirelnents of 126 . 

The  funct~on r ( .  inllerlts the necessar\ propert) (32 , as can be seen 
b\ diffelent~ating 33 \t ~ t hrespect t o y , ,  obtalnlng 

\vhich is clearly betxveen 0 and 1 because 0 < T ' ( J J ~ )  < 1. Repeating this 
procedure in each interval 'xi.x i , ,  ', T ( . )  has the required propert)-
throughout its range. (Q.E.D., 

Using the construction employed in the proof of proposition 3, Xve ma)- 
study \vhether the optimal tax is progressive in the amount of the gain. 
Because marginal tax rates a t  any particular point a re  unconstrained, this 
question is analyzed in terms of ~vhether  the average tax increases or 
decreases as rve move from r i to r i +,--the only points the tax is determined 
precisely. Using (30 I Lve compute straightfor\vardl)- that  
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Thus the "marginal" tax paid ~ v h e n  the gain increases from x i  to x , + ,  is 
a n  increasing function of i, ~vhich is al \ \a)s bet~veen t and (1 + t R ) /  
1 1 + R l .  

Second-best Taxation at a  f i i forrn Rate 

Because of its simplicity, a linear tax rate that is independent of the 
holding period is xiidely used and characterizes current practice as far as 
long-term capital gains are concerned. .is shown aboare, the lock-in 
effect xvill allvays be present under this system. Tha t  is, F 2 ( r 1 ) ,which 
characterizes individuals' holding rules, xvill be a decreasing function of 
r ,  , given by ( 7  .1 

IVe noxv analyze how the capital-gains rate t' should be set so as to 
~nax i~n izethe social objective ( 4 ' .  Differentiating ( 4 )  with respect to t' 
xve haare the first-order condition: 

Using ( 7 )  this can be relvritten as 

If r ,  > 0 xvith probabilit) one, then (39 inlplies that t' > t .  Ft'hen the 1 

variance of r l  is low, a n  approximation to the optimum is given by 

This is explained as follo~vs. If t '  = t ,  then i 2 ( r l )  < R for all rl > 0, 
because any investor \vho had a gain in period one will profit from 
postponing the tax. By increasing t '  above this level we favor the alter- 
native asset for individuals with low values of r , .  I n  order to strike a 
balance, with some risky assets sold when r ,  is too high and some hvhen r ,  
is too lolv, this policy should be pursued. 

111. Continuous Time Model 

I t  would be important to generalize the results of the previous section to 
dynamic situations more complex than the simple t~vo-period structure 
we have studied thus far. The  two-period model eliminates t ~ v o  effects 
that are present hvhen more realistic considerations are introduced. First, 
the optimal ciecision rules, both socially and individually, for holding or 
selling the asset at  any date J cannot be l ~ r i t t e n  as functions of r, and the 
predetermined data. Holding the asset may be optimal even when r, is 
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lmv, provided future expected gains are sufficiently high. Second, multi- 
period models may entail the possibility of improved information and 
sequential decision rules which are irrelevant when the horizon consists 
of only one date beyond the present. 

A full treatment of these issues is beyond the scope of this paper. We 
have, however, analyzed an example in a continuous time model with 
special properties that rule out the two complexities mentioned above. 
By taking a family of patterns of returns over time that are all decreasing 
and kno~vn with certainty by the holder of the asset a t  the initial date, we 
rule out the effects of learning and can calculate the optimal selling time 
by a myopic rule. 

Returns per unit investment at instant s are given by 

where the parameters A and p are knohvn by the holder of the asset a t  
s = 0 but are unkno~vn to the tax authority. Follohving the structure of 
the previous section, the tax authority learns the accumulated capital 
gain a t  the date of sale. The total value of the returns on the asset up to 
date T is 

In the most general case, tax liability can depend on both T and V ( T )  
according to r ( T ,  V( T) ) .  

The investor chooses his date of sale to maximize the net of tax present 
value of the asset (returns plus principal, 1 )  discounting a t  the net rate 
of return available on the alternative (safe) asset (which is taxed con-
tinually), R ( l  - t ) . Thus his problem is 

Assuming that r ( T ,  0 )  = 0 for all T, the optimal date of sale will be 
positive only if A > R. T o  avoid corner-solution problems, which can 
easily be handled with some complexity of notation, we assume that 
.4 > R with probability one. 

The optimal holding period T *  solves 

where T = ~ ( T * , ( A l p ) ( l- eCPT*)). 
The  planner's problem is to choose a function T ( . ,  .) such that the 
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solution to (44) maximizes the social present value of the asset discounted 
a t  the untaxed rate of return R :  

Thus the condition for a n  optimal tax function can be obtained by sub- 
stituting (45) into (44), obtaining 

- ( 1  + I.'- T ) R ( ~- t ) .  (46) 

Equation (46) is a partial differential equation in r .  We investigate the 
existence of solutions for the t ~ v o  special types of tax functions correspond- 
ing to those of the two-~eriod model: (a) linear taxation a t  variable rate: 
T (  T, V) = r (T )  V, and ( b )  nonlinear taxation, independent of the holding 
period : r ( T, V) = T(V).  Assuming that r (  T, V) = x( T)V, equation (46) 
becomes 

-
dx  + .{ K[l - (1 - o V ]} + K[(l - + l.') - 11 = 0. (47)
dT V l.' 

If an optimal tax function of this form exists then (47) can be solved for a 
function x ( T )  independent of V. Holding V constant, we see that the 
general form of a solution to (47) is 

hvhere C is an  arbitrary constant. Since there is no boundary condition on 
r ,  C can, in principle, depend on T'. But clearly there is no function C(V)  
such that x ( T )  given by (48) becomes independent of V. 

Now assuming r (  T, Vj = r (  V), we have from (46) 

dr 
- - r (1  - t )  + ( 1  - t ) ( l  + I') - 1 = 0,
dl.' 

the general solution of hvhich is 

The  boundary condition T ( T ,  0) = 0 for all T implies C = - 1 so that 
the optimal nonlinear tax function is given by 

The form of (51) displays some peculiarities. Taxation is regressive in 
the amount of the gain. hloreover, for V sufficiently large, marginal and 
even total taxes are negative. This may be a consequence of the special 
form for the returns but perhaps I d e s  some more general difficulties in 
multiperiod models. We hope to explore this in future work. 
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IV. Private willingness to Hold Risky versus Safe Assets 

Up to now hve have regarded the supply of risky projects as fixed and 
have not investigated the willingness of individuals to hold this asset. 
More generally one can assume that the distribution of the rate of return 
on risky assets depends on the proportion of capital invested there. In  
equilibrium, the rates of return will be equalized, and a social tax policy 
must take this margin into account. T o  explore the full implications of 
second-best analysis in this regard is beyond the scope of this paper. The 
optimal taxes would depend on the exact way in which the joint distribu- 
tion of rates of return shifts when the aggregate portfolio is varied. 

In  the presept paper hve can consider only the direction of the bias, 
toward or away from the risky asset, given that it exists in inelastic supply 
at the socially optimal level. We assume that r l  and r 2  are independently, 
identically distributed and that their variance is small. \Ire will consider 
t ~ v osituations: the first best, as attained by linear taxes, and the second 
best, \\hen only linear taxes independent of the holding period are 
allowed. We will show that in the first case a bias is created in favor of the 
risky asset, while the second case entails a bias in the opposite direction. 

First Best 

At the first best, the two assets have the same expected return and the 
holding rule for the risky asset is r", -= R. Thus, 

\.Ve lvant to determine which asset is more attractive to an investor a t  this 
social optimum. We will show that the risky asset has a higher expected 
net yield, hvhen the variance of r,, t = 1, 2 is sufficiently small. That  is, 

Using (52), (53) becomes 
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By \ . h u e  of the social optimum condition it is clear that 

If the variance of r ,  is sufficiently small. 

[ max o , ,  d t2  - /<~ ~ j ~ ( r ~ )  

is negligible. In  this ca\c.. i 3 )  folio\\ s dirrctl) .I 

Second Best 

The social optimum when the variance of r l  is small occurs 1%hen E r l  s I?. 
In  this case the jecond-best formula (40) is 

Clearly there is a bias alvay from the capital asset, since it is virtually 
identical in its gross return but is taxed a t  a higher rate. 

V. Conclusions 

W e  have explored the possibilities for decentralizing the socially optimal 
investment policy regarding the continuation or termination of assets' 
returns that can vary over time, hvhen the tax authorities' information is 
highly limited. The  analysis assumed that the supply ofsuch assets is fixed. 
In  this context the first best can be attained in a variety of ways. hlore 
generally, as hvas sho~vn in the last section, the optimal policy will create 
a divergence between private and social returns to investment in alter- 
native classes of assets. T h e  overall optimal policy is necessarily of a 
second-best nature. we hope, nevertheless, that the results derived here 
will shed light on these more complex situations. 
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