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1. Introduction

Investment in inventories is central to most tﬁeories of aggregate
‘economic fluctuations, even though it comprises a very small part of total
output. 1In the U.S., on average, only 0.7% of GNP is devoted to this use.
Nevertheless its crucial role in the business cycle is apparent from the
fact that it accounts for over 18% of the standard deviation of output

%*
growth since 1947.

Inventory investment has proved to be very difficult to satisfactorily
explain. Most theoretical work, following the justifiably celebrated paper
by Metzler (1941), assumed that inventories were homogeneous and simply held
for resale., Part of the difficulty with studying the complex roles of in-
ventories in the economy may be that there is a great heterogeneity in the
components of aggregate inventory investment. Input inventories are different
from output inventories; and different industries have characteristically

different responses of inventories to exogenous shocks.

Although there have been several excellent empirical studies of inventory
,behavior by type of inventofy and by industxyfi most econometric work has also
followed Metzler. Either all types of inventories were 1umpéd together for
purposes of estimation, or only finished goods inventories were considered.

In fact, more than two thirdé of the inventory by U.S. manufacturers is in

materials and supplies or work in process, not finished goods. A further

* . :

T@is is based on data from 1947-1979. We took the ratio of the standard
deviation in the first differences of real GNP minus the first differences
of inventory investment, to the standard deviation of the former series alone.

% - :
See Abromovitz (1950) and Mack (1967).
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disturbing omission is the role of unfilled orders as "negative inventories,"
which is of great importance in durable goods manufacturing. In durablevgoods
manufacturing unfilled orders are on average, about four times the finished

S
goods inventories.

In recent years, macroeconomicshas emphasized the roles of expectations

formation and optimization by economic agents. Inventories have been recon-

*ek
sidered from this point of view. However, as in the microeconomic analyses

mentioned above, the heterogeneity of inventories by stage of fabrication
has not been considered. We believe that our understanding of the role of

manufacturing inventories in economic fluctuations will benefit from such a

disaggregated approach in an optimizing framework.

In this paper we attempt to give a theoretical model of inventory holding
based on cost minimizing behavior. Our goal is to allow for a variety of
costs in the theoretical model and to see which of these are empirically
important. We also want to study the interaction betweén inventories at
different stages of fabrication and to see»whether these decisions are inter-

‘related as the theory predicts.

Our pfincipél empirical results are two-fold: Firét, we find strong
evidence for costs of variable production rates; that is costs of changing
the rate of production, as opposed to costs of operating steadily above
minimuam avefage cost. Second we find significant evidence, though somewhat
weaker, for the interaction between inventories at different étages of
fabrication. Both of these phenomena have, to our knowledge, received little

mention and no empirical analysis previously.

In 1976 inventories of finished products in durable goods industries were
$22.5 billion while unfilled orders, deflated by the wholesale price index
for durable manufactured products were $91.2 billion.

wE See Blinder-Fischer (1979).



Our model is similar to most previous work in assuming that sales are
exogenods. Inventory holders develop expecﬁations about the ﬁuture time
pattern of demand. One of our secondary‘goals Waé to use the statistical
characteristics of the innovations in the sales prqcess'in the behavioral
model. Specifically, increases in demand that are perceived as temporary

may evoke much different responses than those perceived as permanent.

The contrast between temporary and permanent sales fluctuations can be
seen most easily by considering two industries with identical cost structures
and facing random salés with different time series characteristics. Industry
A experiences primarily temporary variations in sales while in industry B,
the variations are longer-lived, inducing the same overall Variance. .Suppose
there is an excess of sales beyond the expected. Industry A can meet the
demand out of stocks and, gradually make up for this shortfall with only aA
slight increase in production. There is relatively little risk that such a
gradual response will find the industry with its stocks running daﬁgerously
low. Industry B, on the other hand, must respond more drastically to sales
variation since it is a signal of stronger demand in the future. How would
an outside observer know that the different responses of firms A and B stem
from the differences in their sales expectations rather than from lower
adjustment costs in.industry B than in industry A?

The remainder of the paper’is brganized as follows: Our data is
described in Section 2. Section 3 gives a brief overview of the methodology
and sets up the basic framework of both the construction of the model and
its implementation. The nature of the costs faced by firms is described
in Section 4. Section 5 épplies the theéry of optimal control to the cost
minimization problem under conditions of certainty. Since this method

utilizes the principal of first-period certainty equivalence, the stochastic




structure of the model and its relation to the data are disqussed separately,

in Section 6. In Sections 7.and 8 we derive the optimal controls explicitiy;(

for two different specifications of costs, in terms of the underlying parameters.

Section 9 contains a description‘of the implemenfation of these methods and . N

the empirical results.



2. The Data

Much of the shortcomings in earlier empirical work may be traced to
problems in the available data. Until recently, the only manufacturing
inventory data available by stage-of-fabrication was measured at book value.
But this book value data is practically meéningless. Rapid price increases
and the resulting changes in accounting method from FIFO (first—in,_first—out)
to LIFO (last-in, first-out) in an attempt to avoid taxation of illusory
inventory profits, cause severe distortions. However, recent. work by the
Bureau of Economic Anélysis has provided cqrrected, constant dollar inven—
tories, by stage of fabrication, for durables and nondurables manufaéturers,
at the two-digit SIC level. Given this data, which extends from the last
quarter of 1958 to the end of 1976, there is some hope of implementing

theoretical models of heterogeneous inventory investment.

While data is available for many two-digit industries, we have chosen to
study only four of theﬁ. We limit our sample because the other industries
were obviously at variance with the theoretical model we posit, or had
obviously erroneous data. First,although we consider the stock-order
distinction to be an important part of inventory behavior, our model cannot
accomodate unfilled 6rders. We thus are compelled to drop industries ﬁain—
taining unfilled orders. Of those industries which produce chiefly or entirely
to stock, only two (Stone, Clay and Glass - SIC #32, and Instruments - SIC #38)

are durables manufacturers.

Second, we were forced to omit two other industries for specific reasons

| concerning the data. Tobacco (SIC #21) has very little finished goods or

work-in-process inventories which together compose only 8% of total inventories.




Given the special nature of tobacco products, it is questionable whether the
remaining 92%, which probably consists mainly of aging tobacco leaves, should
really be classified as materials and supplies. The other industry omitted
here is Petroleum (SIC #29) which, for some unknown reason, possesses (according
to our data) large but essentially constant work-in-process inventories. Our
ipability to determine the reasén f;r>this has led to the omission of this

industry.

The remaining seven industries were all suitable candidate for study.
Computational difficulties (described below) made it infeasible to consider
. . ' .
three of the seven industries whose detrended sales series were not best described

by either an ARMA (1,1) or a pure Markov process.

The remaining four industries are Food (SIC #20), Chemicals (SIC #28),
Rubber and Plastics (SIC #30) and Stone, Clay and Glass (SIC #32). Stone,
Clay and Glass is the only durable goods industry of the four. Table 1 presents
relevant summary statistics for these industries for the sample period.
Though these industries differ markedly in the types of products they producé,
their inventory-sales ratios and composition of total inventory stock are
rather similar. One other result worth pausihg to contemplate is‘the size
of the standard deviation of inventory investment relative to avérage sales —--
about one percent. While this does not imply that inventory investment is
unimportant, it does suggest a fallacy in the image one may get from the

%%
literature, of wildly fluctuating buffer stocks.

%
These were Textiles (SIC #22), Paper (SIC #26), and Instruments (SIC #38).
See section 9 for the details of this construction.

On this point, see the similar conclusions reached by Auerbach-Feldstein
(1976). '
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Table 1

Industrial Data
(in billions of 72%)

Rubber &

Industry Food Chemicals Plastics
SIC # 20 28 - - 30
Average Monthly Sales (S) 7.01 3.41 1.12
Average Inventory Stock (f) 10.19 (%) 5.34 (%) 1.93
Finished Goods 5.85 (57) 2.55 (48) 0.97
Work in Process 0.75 (1) 0.80 (15) 0.31
Materials & Supplies 3.59 (35) 1.99 (37) 0.65
1/s 1.45 1.57 1.72
Standard Deviation of (GAI) .242 . 084 .045
Inventory Investment
GAI/S .012 .008 .013
ARMA process describing sales 1,1 1,1 1,0
Notes

Percentages may not add to 100 due to rounding.

(%)

(50)
(16)
(34)

Stone, Clay

& Glass
32
1.25
2.45
1.27
0.35
0.83
1.96

. 047

.013

1,0

0,./S is ratio of standard deviation of quarterly inventory investment

to qua%%erly sales.

(%)
(52)
(14)
(34)



3. Basic Approach

Our method assumes that observed inventory behavior represents the
induétry's optimal actions given the available information. More specifically,
we will be assuming that each industry solves a stochastic control problem.

The objective is to maximize expected discounted net revenues. There are two
controls: the rate of production and the rate at which raw materials are
received. Sales are treated as exogenous, and are assumed to follow a known
stochastic process. Therefore,‘with the passage of time, observations of

sales alter the industries' beliefs about future sales.

‘We are interested in using observations of sales, production and deliveries
of materials to infer the structure of adjustment costs that are fundamental
determinants of the system. We first show how the optimal controls depend
upon these unobserved parameters. Thus we use the empirically observed

behavior to reconstruct what they must have been.

This model is grounded in a particular view about the use of inventory
stocks to smooth out the activities of the firm over time. We imagine that
the inventéry adjustment process is somewhat "intermediate-run' in nature.

In principal, a divergence of inventofies from desired values could be
mitigéted by adjustments of a longer run nature, such as planned fixed invest—
ment, or of a shorter-run nature, such as cash management of the industry.%
Prices** could also be varied. All these possibilities are ruled out: by
assumption production and deliveries are assumed to be the only elements

in the industries' plans that are responsive to undesirable inventory levels.

*

Caves , Jarrett and Loucks (1979) take an approach like this and relate the
flexibility of the firm's operations to seller concentration at the 3-digit
industry level. )

And likewise advertising and all other potential manipulators of demand.



A second aspect of the "intermediate—run" nature of these responses
relates to our empirical method. The data are quartefly. Information about
sales and inventories is surely available to plant managers on a more frequent
basis than that. We will be implicitly viewing the quarter to quarter
responses as the optimizing values. If much faster adjustment were possible,
and if information could be utilized much more quickly, our data would not
correctly describe the workings of the system.' On the other hand, if infor-
mation were not received and processed within one quarter, our presumption
that the industry is responding optimally given all lagged obsérvations would
be enmneous.* While we have no evidence to bring.to bear at all, one quarter
seems about right with respect to both of these éonsiderations.

Because our data are at the industry level, it is appropriate tokmeasure
sales and inventories relative to capacity, or trend. The idea is that it
is departures above or below the trend that cause costs to depart from their
theoretical minimum values. These values could never really be maintained, being a-
chieived only in thei#lealized state of smooth steady growth of capacity matched

by a corresponding non-stochastic evolution of demand.

In each industry we have data on sales and on inventories in threé stages,
finished goods,work in process and materials. Each of these.series are
detrended separately.**_The reason for this is that thé idealiéed cost
minimizing levels may not be following precisely the same patterns of growth.
For example, as new plants in the industry are brought "on line" and old ones

are "retired" the optimal level of inventories relative to production may not

* 3 . . » . )
This may seem farfetched at the plant level, but if different firms within

an industry face similar market conditions and if they are imperfectly in-

formed about each other's status, then we may be closer to this danger at

the industry level.

% ' '
We tried various specifications, these are described in scction 9.
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Our second reason 1s more practical. Were more interaction terms allowed
the model would be underidentified. But if the interaction between the two
inventory holding costs were omitted from the specification, an additional
complex, highly non-linear, constraint on the parameters would héve been
introduced. Overidentifying restrictions of this type would have rendered
estimation impossible. The specification we did use imposes a single linear

%
cross—equation restriction.

The quadratic nature of costs is necessary in our approach for a technical
but very important reason. The stochastic dynamic programming problem whose
solution we assume governs observed behavior is solved by looking at the
"certainty-equivalent" problem -- that is the deterministic program in which
all disturbances have been set equal to zero. We utilize the principle of
"first-period-certainty-equivalence" which will be discussed in much more
detail below. This principle is valid only when the objective iquuadratic,
and the equations of motion - are linear**; in the states and controls. Quadratic
costs can of course be viewed as an approximation to more general functions,
but other equally valid approximations would not have this certainty-equivalence
property. On the other hand, there seeﬁs to be little hope for any practical

alternative.

Summarizing this discussion we can write the instantaneous cost of

operating at levels P and D as

See below, equations (7.7) in section 7 and (8.2) in section 8.
%k ,
We will discuss the equations of motion in more detail shortly.
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2 L]
bOP+b1P +b2P

2

2 2
+ mo D+ ml D + m2 D

- (4.2)

2 2

+ ho F + hl F° o+ h2 F

+ g, W+ 8, W2 + g, ﬁz + kl FW

In some parts of the paper quadratic terms in rates of change are not

used and we can just set b2 =m, = h2 =8, = 0.
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5. Control Theory Applied

The objective function in stochastic control theory is written as the
minimization of an integral. In the present case, discounted profit maximi-~
. zation means minimizing the integral of ( 4.2) minus shipments (S), all
of which can depend on time, multiplied by e_rt, where ¥ is the instantaneous
discount rate, We will assume that r is constant. iTherefofe, still neglecting

uncertainty, we have from (4.2) and the identities (4.1), the objective function

»

min [“e FF {b_(s+F) + bl(s+i’)’2
0

+b 2(é+}'f)2 + mo(s+i‘+v'J)
s o 2 s s 2
(5.1) + ml(S+F+W) + m2(S+F+W)

L2 W)
+h F+h F +h, F

+ g, W+ g, W2 + g, ﬁz + kl FW - S} dt .

We now describe the way in which the system evolves over time.
Here our discussion must be divided into two parts since the choice of the
control variables depends upon whether or not we admit costs that are quadratic
in the rates of change of D, P, F, and W in the objective. These differences

are primarily formal; the same basic assumptionswill be maintained.

Let us begin with the simpler problem where such costs of adjustment
are absent. It is natural to take S, F and W as state variables since they
define the initial conditions facing thé industry at any moment. The control
variables are F and ﬁ. From any given initial levels of S, F and W, and given
any path which the exogenous future of S will follow, the <use of f and W

can control the paths of F and W, or, equivalently, of P and D.
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In order to apply the first-period certainty equivalence prinﬁiple we
must insure that the evolution equations are linear.. The assumptions used.
to guarantee this linearity and the relationship between these assumptions and

- the data are cructal elements of the analysis.

- Because of linear terms in the objective it will be notationélly con-
venient to add a constant "1" to the list of the state variables. We thus

denote the state variable vector as
(5.2) ox=(1, S, F, W'

and the control vector as

Cu= DL

We want to write
x=Hx+Gu

for some matrices of constants H and G. it is clear that the oniy problem
can arise with é which is exogenous and therefore must be written as a
function of its own level, S, and perhaps the censtant. Recall that all
our state variables are deviations from trend. Therefore the constant can

= - have no effect. We are left with only one possibility,
S = 88

for some §. We assume § < 0 to ensure that the system is not explosive. To
summarize, under complete certainty S is an exogenous function of time and is,

in theory, arbitrary. But to apply the principle of first-period certainty



equivalence it is necessary to assume that S is a very special kind of

function, namely a simple exponential return to trend.

The evolution equation (5.2) is fulfilled by the matrices

2]

]
O O O o
S © O ©

o O O O
O O o ©

(5.3)

o = O O
H O O ©

We now turn to the more complicated model where costs are allowed to
depend on rates of ghange. The specification of states and controls must
be modified since quadratic terms in F and W enter the instantaneous objec~-
tive. It is natural to regard these as the controls and take both.invenv
tories and their rates of change into the state vector. Initial values of

all of the state variables will be necessary for the system to be well~

defined.
Writing
x=(, S, F, W, F, W)
\1J ..
u = (F: W)
and

' x=Hx+Gu

we have
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'0 0 0 0 0 0

0 6 0 0 0 0
s-]0 0 0 0o 1 o0

0 0 0 0 0 1

0 0 0 0 0 O

o 0 0 0 0 0

(5.4)

(OO

0 0
c]0 ©

0 0

1 0

\01

As above, the second row in each matrix is a consequence of the exogeneity
of 5 and our necessity to maintain linearity in this evolution equation in

order to apply the certainty -equivalence principle.
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6. First-Period Certainty Equivalence and the Sales Process

_It is the raison d'8tre for our model that S does not follow
a known path. Uncertainty about the future of S is of two kinds. If the
average level of S were a known function of time, there might still be
fluctuations around it. In addition as we move through time some of the
initial uncertaintiés about future values of S méy be partially résolved.
Thus the sequence of”expected values of S will change as new information

is gathered.

Both of these issues are dealt with in the principle of first-period
certainty equivalence.* If the objective is quadratic and the equations
of motion are linear, the controls that maximize the objective when all
random variables are set equal to their expected values at the initial date
are the same as the controls that solve the full stochastic dynamic optimization
problem.** (0f course, after the initial date the controls of the original
certainty-equivalent problem bear.no relation to those of the full optimi-
zation. One must write the new certainty equivalent problem and solve again.

It is precisely the idea of first-period certainty equivalence that a sequence

of simpler problems can be used to replace a single, but much harder,one.)

To make use of the thoery outlined above, we must have a stochastic
process for sales that has its expected deviation from trend converging geo-

metrically to zero. We now consider how such a situation could arise and

*'We are greatly indebted to Richard Clarke for discussions on this poiht.

%
If it is possible to learn about the uncertainties earlier, or more accurately,

by varying the level of the controls then this principle does not apply. In

our case this is not a problem since sales are completely exogenous.
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whether our data on sales could justify assuming such a pProcess.

Our first idea did not fit the data well, but is nevertheless a useful
point to begin describing the basic method. It is based on our desire to
~distinguish between permanent and temporary innovations in the‘salesprocess.

Suppose that actual sales_Sac are distributed around their permanent level S

t perm

(6.1) Sact,t =S5 perm,t + €t

where €. is white noise, and that the underlying permanent component evolves

according to

(6.2) ' Sperm,t - ngperm,t—l * 6t :

Only Sact is observed; the entire past history of Sact is used to form an

estimate of Sperm ¢ and n. We will assume that n is known precisely and is
b

not itself part of the Baysiaﬁ revision process. Residual uncertainty about

will always remain present. Given our unbiased estimate of S s E

S
perm,t perm

the sequence of expected future values of Sact does converge to zero
exponentially, as required. Therefore, subject to the proviso that there

are sufficiently many past values of Sa for uncertainty about n to have

ct
been eliminated, this model of the sales process would allow us to proceed

with the application of control theory.

To test whether the data followed such a process we proceeded as follows:

Lagging ( 6.1) we find that

(6.3) S, = nSt_l - ne + ut + €

t-1

This equation was estimated by ordinary least squares, and by the standard

bias formula we have
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2
~ ; ce
Plimngg =n = —5——5—) <n
o+ 0
€ v
I-n
since €t—1 is correlated with St—l'

However St__2 is not correlated with ¢

£-1° and thus we can estimate

( 6.3) using St—2 as an instrument. Here

Plm npg g = n-

When this procedure was applied to all seven of our industries, we found

that

S

Plim npgrq < Plim ng o

contradicting our maintained hypotheses. Of course it Could be the caée that
€, is itself a moving average process. In this case the observed relationship
could arise even though the temporary-permanent distinction and the auto-
regressive nature of Sperm are valid. We tried using further lagged values

of St as instruments, but the loss of precision precluded any decisive test

on this basis.

In light of this we tried another formulation, one which did not manifest
the temporary vs. permanent distinction so sharply but nevertheless admits
a similar interpretation. We fit the deviations from trend to an ARMA
process of varying structure, seeking the most descriptive, statistically
significant form. In three bf our industries a second order autoregressive

process ARMA (2,0) clearly fit the data better than ARMA (1,1). But fer
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two of them, ARMA (1,1) was at least as good, or better, and for two,. ARMA (1,0)

" best.

We will now show how the (1,1) process gives rise to expected future
values that converge to zero exponentially. It therefore gives rise to a cer-

tainty-equivalent problem of the form required in the previous section.

We have

= ¢S + -
Sg T 95 F o Oy

so that expected sales at t+1 viewed from time t is

* _ 0
t Sev1 = ¢(St s Ut)

Further into the future,

* _ k-1 * >
S = ¢ (t St+l) for all k = 2 .

Therefore the expected future sales sequence behaves precisely as required.
To specify its initial value, however, one first must apply a correction to
current sales based on the current moving average component. This is observable

at t because of the simplicity of the (1,1) process:

Ut = St - ¢St—l + eUt—l

Empirically, some initial period may not be useful since we don't know where
to start the Ut sequence. But setting v= 0 for a period somewhat farther
back into the future, a good approximation to Ut can be obtained, and on this

basis can be computed.

S*
t ttk
Higher order processes are, in principle, possible to handle by the

same method. However they would entail a higher dimensional state vector

fit
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in the control theory application, and we did not, therefore, pursue this course

for the industries that appeared to be ARMA (2,0).
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7. Solution of the Certainty Equivalent Model: No Adjustment Costs

We now return to the analysis of the_certainty equivalent model under
the hypotheses described above. In this section we present the case of no
adjustment costs, and in the next section the more general cost function is
analyzed. We will describe the optimal con;rollfor this problem. Then we
will show how this solution imposes a constraint on the parametérs of our
estimating equations and how one can recover the underlying cost parameters

from these estimates.

We write the instantaneous set cost function, whose integral is to be

minimized, as a quadratic form in the states x = (1,S,F,W)' and controls

. #
u = (F,W)', with the following notation

A 3, N
(x,u)’ ——— (x,u)
N'!' B

where the submatrices A, N and B are of dimensions compatibleiﬁith X and u,

as shown.

It is important to note in our problem that these matrices are time-

s -rt
dependent because of the discount factor e .

Thus we have

o _ l—bo--m0 EQ. EQ
2 2 2
1-b_-m
. 00
- > b1 + my 0 0
rt
A= h
o 0 0 hl kl !
2 i
/
g0 /

//'

* .
We follow the solution of Bryson and Ho (1975), chapter 5, section 2, problem 4.
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bO + m0 EQ
2 2
e bl + ml ml
e N =
0 0
b 0 0
%
e bl + m1 ml
e B =
n i

/

The key feature of solutions to this type of control problem is the
introduction of a matrix T, which is used to define the optimal control
implicitly. T is a time-dependent square matrix with the dimensionality
of the state vector: 4 x 4 in the present case. It is known thaf T satis-

fies the following matrix differential equation , called the Riccati equation.
T = -TH - H'T'+ (IG + N) Bl +e'T') - A
The optimal control is defined from T by

wt = BT (N'HE'T) x .

l

Employing this method in our problem is made much simpler by two observations.
First, if we choose A and B to be symmetric, then T will be symmetric. This
reduces the number of variables in the Riccati equation. Second, the station-
arity of our problem insures that optimizing the coefficients of the state
variables, —B--1 (B'T + N'), are not time dependent. Thus we know that, as

a function of time, T(t) = T e—rt for some fixed matrix T, and hence in the
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Riccati equation we can write the left hand side as —-YT, evaluating at t = 0.
This converts the Riccati equation to a system of polynomial (quadratic)
equations for the unknown elements of T, rather than a system of differential

equations for unknown functions of time.

: *
Applying this method in our problem we find that the controls are

given by:
1

(7.1) Opg = = gl ('.['23 - T24) -1

o = * (T T,,)
(7.2) ws T b, Yoz T T

o =- X (T -T.)
(7.3) ‘FF b1 33 34

_1 - 1

(7.4) e T B, (Tgg = Tg,) m T3,

Oy = =% (T, =T, )
(7.5) FW b, " 34 44

: - 1 - _1

(7.6) % = b, (T3, = Tp) my Tos

~

where the first subscript (F or W) denotes the control (f or ﬁ) and the

second subscript (S, F or W) denotes the state variable being considered.

We do not present the constant terms in the controls because our method
in the empirical section works with detrended data (see above section 3 ).
This amounts to choosing a reparameterization of the linear terms b, ,m_,g ,h
in cost function so that the associated constants in the optimal cogtrgl greo
necessarily zero.
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(7.

(7.

(7.

(7.
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% k%
The Riccati equations are

22) erzz = —26T22 -—(T23 + b1 + ml) Upg = (T24 - ml) Gug = (b1 +.ml)
23) l—rT23 = —6T23 - (T23 + bl + ml) aFf -‘(?24 + ml) O

24) —rT24 = —6T24 - (T23 + b1 + ml) - (T24 + ml) Ot

33) ~rlyy =gy dpp < Ty Oy~ By

34) xlyy =Tyg opy =Ty Oy~ kg

) T, =Ty om T Ty Y T 8L

Let us note, first of all, that there are 6 observable a's, and 6 under-
lying parameters to be estimated‘bl, ﬁl, 81 hl’ k1 and r. The value of p
is assumed to bé known with certainty from the estimation of the ARMA sales
process as described above. There are, in addition, 6 auxilliary variables

T22, T23, T24, T33, T34 and T44, and 6 Riccati equations that govern them.

A priori the case for exact identification looks good.

However, examining the system of 12 equations, and dividing each of them

by bl’ we see that bl can be eliminated. The underlying parameters of the

system are really, ml/b

/b hllbl,'kl/bl, r and the ratio of the six T's

1> &1/Pp>
to bl. Correspondingly there is one overidentifying restriction imposed by
the model. From (7.1) and,(7.2) we see that

%
Again, those involving the constant are not shown; they form an entirely

separate subsystem.

*% : , s
These equations are numbered mnenonically to facilitate future reference.
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(7.7 Opg + g = ~1.

To recover the 5 underlying parameters from estimated values of the a's

that are constrained to satisfy (7.7) we can use the following procedure:

i Fro h stima fa
i) m the est tes o Cpps Opms O and Oy We can solve fqr

33, T34, T4, ana ™y .
bl bl b1 bl
ii) Dividing the Riccati equations (7.39, (7.34) and (7.44) by b, we
~can substitute in from step i) and solve for El) El) El, as linear functions
| b1 b1 b1

of r, which is retained as a variable at this stage.

iii) Solve the pair of stationarity conditions (7.23) and (7.24) for

23 and 24 as functions of r.

1 1

iv) Use the reduced form equation for aWS and the results of step iii)

to solve for r, and compute T23 and T24.J
bl . bl
v) The value of T22 can be obtained from (7.22) usiﬁg the results of

step 1iv), but it is not really needed.

Note that in this procedure we did not use the reduced form for Apg
anywhere, its value being constrained in the estimation. All the other

equations are satisfied by construction of our solution.
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8. Solution of the Certainty Equivalent Model: Adjustment Costs

In this section we give a brief description of the more general model.
The basic method is exactly the same as that in the previous section, but
there are several differences in the recovery of the parameters and in the

constraint on the controls that the theory imposes.

The state vector is x = (l,S,F,W,f,ﬁ)' and the controls are u = (F, W)'.

%
The A, B and N matrices are now
: ‘ N\
1-b -~ b, +
. - 1 b0 mO‘ EQ EQ bO my EQ
2 2 2. 2 2
2
bl+ml+6 (b2+m2) 0 0 bl + my m,
hi kl 0 0
A =
g, 0 0
(m1+h2+bl) m,
\\' m1 + g2
0 0
(S(m2 + b2) 6m2
;
{ 0 0
N=_ .60 '
Lo 0
\o 0
\ o 0 ’3’

*
A and B being symmetric, only the upper triangular matrix is showm.
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+m

(%3 1 : ) l
F "%, Ts1 ™ Te) b, (52 7 Te2) T ¢~ (s~ Tgy)
(8.1) =
“o 1 1 1
| T, =T Lo - Loer —r yo 1
LI 7 517T61" ", Te1 b, Ts2 = Tga) b, U517 T61) "
S 2 2. 2 2
=3, 4,5, 6

Note that now the constraint on the parameters is that

+ Bo = =8

(8.2) B WS

FS

whereas the simpler model had the corresponding coefficients summing up to

-1.

of inventories.

down by "dt units" after a unit increase in S.

small interval of time it continues to fall by (1 + §)dt.

derivative would be computed as -6,

*

This change is explained as follows.

The reason for this is that the controls are now the second derivatives

* . .
On impact, F + W goes

But since § = 8S, in the next

Thus the second

This is not really rigorous because S cannot change by discrete jumps

in a continuous time model.

T

6i



(8.22)
(8.23)
(8.24)
(8.25)

(8.26)
(8.33)
(8.34)

(8.35)
(8.36)
(8.44)
(8.45}

(8.46)
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%
The Riccati equations are,

(T,

1

1

-TT,, = -28T,, - BFS(Tzs + 6(b2 +m,)) = Bug 6

~TTy3 = =0Tp3 = Bpp(Tyg + 8(by + my)) = Bup(Tyg + 5“2)’

rTy, = =0Ty, ~ By (Tys * 8(by +’mz)) = By (Tpg + my)

rTyg = =8Ty5 = Tpy = Bpp(Tyg + 8y + 1)) = BTy + omy) = by +m
“tTye = =81y '.T24 - BFﬁ(T25 + 5(b2 Fmy)) - Bp(Tye + 6my) - m
T35 = ~Bpp T35 = Byp T3¢ ~ By

“rTg, = ~Bpy T35 = Byw T3 ~ Ky

“tT35 = ~T33 = Bpp T35 ~ Byp Tag |

“tTy6 = T34 = Bpy T35 ~ Byy T36

T = 7 Brw Tas T B Tue T &

“Tu5 = T3, 7 Ber Tus ~ P Tue

“tTy6 =~ = B Tus ~ B Tag

Again, mnenonically numbered.

2
+ 5m2) - (bl + ml) + 5 (b2 +

)

mz)
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(8.55) —rT55 = -2T35 - BF}} T55 - sm; T56 - (bl + m, + h2)
(8.56) -rTgp = ~T, o ~ Ty = By Tss = By Tgg = ™)
(8.66) —rTg, = ~2T46 - By T56»— B Tee ~ (ml + gz)

To recover the parameters from the estimated coefficients of the control

equation we can proceed as follows:.

i) Normalize by setting b2 = 1.

ii) Use the reduced forms for 8.

55° T56°
T66 and m, paralleling the method of step i) of the previous section.

iii) Use the redu;ed forms of BFF’ BFW’ BWF and BWW to.find T35? T36’

T45 and T46'

iv) Solve the Riccati equations (B3 and (845 for r and T34 given
the results of previous steps. This is a pair of linear equations in these
two unknowns.

v) Use (839, (8.46, (8.39, (8.3) and (8.44 to obtain, successively

T33, T44, kl, hl and 8-
vi) Use (8.56), (8.66), (8.55 to get M, 8y and b1 + hz' Note that b1

and h2 are not separately identified at this stage.

vii) Use (8.23), (8.24), (8.25 and (8.26 together with the estimated value of BFS

T T._ .and b,. Note that

as a system of 5 equations in the 5 unknowns, T23, T24, 955 Tog 1

this identifies h, as well.

viii) The remaining Riccati condition - (8.22 determines T,,.
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While the foregoing procedure‘would, in principle, allow us to recover
tﬁe model's structural parameters from its reduced form estimates, the
solution is quite messy and does not allow a clear unders;anding of the
relationship between the reduced fo?m coefficients and thé parameters of the‘
underlying modelf Such an understanding would be helpful, since most previous
‘empirical work on the subject has started with thevreduced form and estimated
it directly. ' We would like to know what their previous reduced form estimates
suggest about the firm's cost function, given the étochastic précess des-

cribing sales.

- Fortunately, if we focus on finished goods inventories for the moment;
a simpler relationship between reduced fofm and structural parameters obtains.
In particular, if we ignore the costs related to deliveries (mo, m, and mz)
and work-in-process inventory stocks (go, 815 89> and kl) and, fﬁrther,
assume that there is no cost in changiﬁg production (b2 = 0), we qbtain a
model with F as the lone control variable with the state vector equal to
(l,S,F).* It is a straighffofwafd exercise to show that such a model leads

to the following two equations relating the control, F, to the state variables

S and F: -
1
o = - T -1
FS bl+h2 23
1
o = - T
FF bl+h2 33

where the matrix T is defined as before. The Riccati equations are:

* , .

This model is a special case of the model presented above without adjust~
ment costs, except we allow for the presence of a positive cost of changing
stocks of finished goods inventories (h2 > 0).
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"rlyy = 728y, = (Tyg + bydagg = by
“TTyy = - Ty = (Tyy + b)) apy
"tTyy = T340 ~ By

From these relations, we obtain solutions for o and o_:

\,2 E— FF FS
r -jr° + 4(b oy )
aFF = 1 72
2
h2‘
(£ =0 - G Opp
a = - 1 2
FS r =8) ~ o
FF

There are a number of things to be seen right away. If h1 =0 éo that there
are no quadratic costs involved in holding inventories, Opp = 0 and Opg = -1:
inventories are passive, activing entitely as a buffer sto;k. At the other
extreme, as hl becomes large, aFF increases in absolute value, And aFS de-
creases: as being away from the target inventory level increases, inventory
investment responds more quickly to an inventory stock disequilibrium, and
production changes, as well as changes in F, are used to respond to antici-
pated increases in sales. The general effects of the parameters r,$, bl’

h, and h, on a and a are shown in Table 2.

1577 T2 FS FF
Table 2
Sign of Effects of Parameters on Controls

0 *rs *rr

r - +

) + 0

bl + +

h1 + -
h2 +

% )
We choose the negative root here. It is clear that the positive root cannot
correspond to an optimal path, since it would give uS(%F > 0, in violation of

second-order conditions.
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Because this model is underidentified, it is impossible to recover any of the
underlying structural parameters from the reduced form regressions. However,

we can derive certain inequality restrictions. 1In particular, < 0, and

N € D R
FS . (r-6)—aFF

second restriction will be violated unless r is negative, given our estimates

OpF

o . QOur estimates of this simple model suggest that the.

and o._.. This cértainly casts some doubt on whether such a model

of 6, aFS FF

is sufficient to explain inventory behavior, and provides evidence that the

richer structure introduced above is indeed necessary.
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9. Empirical Methodology and Results

Before estimating the linear decision rules for iﬁventory behavior
suggested by the discussion above, we must transform our data to conform
to the assumptions of the model. Since our model is concerned with deviations
from trend; our first task is that of detrending the data.
We need to preserve the identities :elating inventories, sales, production
and deliveries in the detrended data, hence we are limited to a procedure that
estiﬁates trends for each series and subtracts it from the original series thus
obtaining the detrended version. Given this approach, there are many.
ways to estimate the trends;’our expetiments suggest that the particular estimtionmethod

used is of minor importance. Our chosen detrending technique consists of

regressing sales, finished goods stocké, and work-in-process stocks (for

the "WP" version of the model) or the sum of work-~in-process and materials
and supplies stocks (for the "WM" version) individually on a constant, time,
and higher moments of time.* These higher moments are included to pick up
any non-linearities (as would be present if the underlying trend were
exponential rather than 1inea;). To test the sensitivity of our results, we
also detrended the inventory series by regressing them on the sales trend
directly,vrather than on the moments of time. The resulting regressions
using these two sets of data are virtually identical, and only the first set
is presented. Since we estiméte time trends separately for each series, our
procedure allows for advances in technology over time which induce changes in

* the long-run inventory-sales ratio or the composition of inventory stocks.

* ' :
Actually a third degree polynomial was used.
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Having detrended the series, our next task is to determine for each
industry the ARMA process best describing the evolution of its sales. A
second order autoregressive process provides the best fit for three industries
(Textiles - SIC #22, Paper - SIC #26, and Instruments - SIC #38). For the
remaining industries, sales appear to be.either ARMA (1,1) or just AR (1).

The estimates of ¢ and 8, the autoregressive and mbving average parameters

are listed in Table 3.

Table 3

ARMA Processes - Shipments

st = ¢st_l + Ut - evt—l
Industry (SIC #) [y 8
Food (20) .61 ~.45
Chemicals (28) .64 - 44
Rubber and Plastics (30) .84 -
Stone, Clay and Glass (32) .83 -

As discussed above, the sales term relevant for the certainty-equivalent
problem of cost minimization, and hence the linear decision rules, is not

St but S?, where
% = -
(9.1) St S U

The term St may be thought of as the permanent component of sales, the tem-

porary component being Sz =8 Ut. This distinction is obviously of no

, ¢
relevance unles 6 # 0. For the two industries where sales do have a moving
average component, it is important that we include 5%, and not S, in the final

regressions.
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Given perfect knowledge of ¢, 6 and all past realizations of sales,
ut(and hence~gut) may be calculated once st is dbservgd. This is precisely
the behavioral assumption we apply to the firms themselves. In practice,
our sample of S's is finite and ¢ andle are estimated with error. Ignoring
the latter problem, we can deal with the former one by assuming'all values
of Ut to be zero prior t§ our first observatioﬁ'of sales, then recursivély
generating subsequent values of Ut from (9.1) and finally omittiﬁg the first
several such values. 'In practice, our first observation of sales ié for the

first quarter of 1958, and we have estimated our final regressions for the

sample period 1960:1 to 1976:4.

In replacing St with Si in our behavioral regressions, we must remember
that actual sales in the current period are still St’ and some compensating
‘adjustment for this must be made. Intuition suggests that an increase in
temporary sales should be equivalent from the firm's viewpoint to a decline
in initial stocks of finished goods, and indeed this proves to be true; in
other words, the firm's costs.depend on the sum of current sales and on the beginning
of peripd stocks of finished goods. Helding future expectations cohstant an
increase‘in current sales | is indistinguishable from a drop in initial
stocks. Thus, we can correctly represent the future sales expectations and
at the same time account for the fact that current sales contain a temporary
component by subtracting this component, Sz = g”t’ from initial finished
goods inventories.

While our deéision rules apply to a continuous time process, our data
is quarterly. We approximate the abbve equations by setting the sales decay
rate-§ equal to (1 - ¢), and replacing inventory stocks at time t with the

t_l=and Wt— We represent the rates

beginning of quarter stocks, F 1

and rates of change of inventory investment by the first and second differences
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of these stocks, AFt, AAFt, AWt and AAWt, respectively, where:

9.2) I=F, W

AAT = AI_ - AI
t t t-1

With these approximations, the model in which adjustment costs are

ignored 'is

= %* %
AFy = OpgSt ¥ Oppfiog * Opyieon
(9.3)
AW
. = * *
e " %s®t T % e-1 Yt el
L T F* = F - gt .
where Si =,st - S and " g-1 -1 t » and. the sum of G and.aWS is constrained

to equal -1.

The model with adjustment costs is:

o= * % - .
A, = BpgSY *Bppfi 1 + BpyWe-1 + BppfFeoy + BmfWig
9.4) |
= % % - .
ABT, = BusSt * Bupfi-1 T BuwVe-1 T BuptTio1 T BV

where BFS + BWS = (1 -9.
Note that no adjustment for Sz is made to AFt_l. Such an adjustment

would implicitly changé the value of lagged production, and hence the

cost of setting eurrent production, which we would not want to do.

Also observe that, though the models with and without adjustmenf costs are nested
in that setting the parameters by b2, m,, 8, and.h2 in this model with adjustment
costs equal to zero yields the simpler model, the discrete approximations ﬁe
estimate are not nested. This follows from the different specification of

the cross—equation comstraint on thevsalescoefficients in the twé models, and

is a result of the approximation error invdlved in using discretely observed

data to describe a continuous time process.
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In practice, of course, neither of these models will hold exactly,
giving rise to a stochastic error term in each of the above regressions.
This error term may be thought of as describing the failure of firms to
successfully implement their intenaéd production and delivery plans.
Several explanations might be offered for such errors, ranging from the
firm's own inability to perfectly monitor its own production activity to
stochastic delivery behavior on the part of its suppliers. These errors need
not be uncorrelated over time; for example, information about the errors being
. made may take more than a quarter to be completely discovered and corrected.
Because of the presence of lagged dependent variables in our equations, we
have eétimated all regressions with a correction for first-order autocorrelation
of the errors.

In order to test whether eithef of the models describes well the data
we estimate equations (9.3) and (9.4) both with and without the
implied cross—equation restrictions and test whéther these restrictions can
be accepted. In Tables 4,5,6 and 7 we present the results for the constrained and
unconstrained versions of the models with and without aﬁjustment
costs. In all cases, we use the "WM" specification, where the stock of inven-
tories W is taken to be the sum of work—in—process and materials and supplies

inventories.

A salient feature of our results is that the constraints on the sales
coefficients do not seem to be satisfied. In ail cases for the simpler model,
the sum of s and,aFS is significantly different from -1 (according to a
likelihood ratio test),’rangihg between ~.005 and .092. The constraint is

*
always rejected in the adjustment-cost model, though much less strongly.

We also performed these hypothesis tests on the constraints when corrections
for heteroscedasticity are introduced. The F equation always contributed more
to the SSR in the stacked regression than the W equation. The equations were
re-estimated without significant changes in any coefficient . or in the test statistic.
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Aside from the obvious explanation that the models may be misspecified,
there remain other possible reasons for these negative results. First of all,
our use of quarterly data to approximate a continuous time process may be
inappropriate. Barring an attempt to rederxive the model in a discrete-time
framework (which would be very difficult) we might approach this problem
by estimating the models_wing monthly.data- At present, however, data of
the same quality as ours is not available at monthly intervals. Another
plausible explanation might be that the error process is not first-
order autoregressive. Again, this could be tested by using alternative

specifications.

Despite our findings concerning the validity of these.models, there
are still a nﬁmber of interesting results present in the regressions. Looking
first at the unconstrained version of the simple model, where changes in
inventories are regressed on lagged stocks and sales, we see that the implied
“adjustment speeds of changes to own stocks are large in‘compérison to those
found by previous researchers.* For example, in SIC #20 (Food), the coefficient

-1

in initial stocks of finished goods will be run down within a quarter. The

* .
of ¥ . in the finished goods equation is -.558, implying that 56% of a surplus

corresponding coefficient for W_. in the W regression is -.648. These

1
adjustment speeds are lower in SIC industries #28 (Chemicals) and #30 (Rubber
and Plastics), but higher in SIC #32 (Stone, Clay and Glass). Part of the
explanation for these faster implied adjustment speeds may come from our use

of detrended data. In addition, in contrast to many past studies, we have

allowed for cross—effects in our regressions. We would expect these coefficients,

*
For example Lovell (1961) and Auerbach-Feldstein (1976).
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of AF on W;l and AW on Ffi; to bé positive; an unwarranted level of work-in-
process inventories can be partially lowered by steppingvup production;
production can be lowered to reduce finished stoéks, keeping more goods

"in the pipeline". Some evidence that such effects are present appears in
these regressions. Six of the eight cross-effect terms in the four indus—

tries are positive, though only two are significant.

Turning to the more complicated model which includes'adjﬁstment costs,
we continue to focus on the unconstrained estimates, in light of our rejection
of the cross-equation constraints. Note that because the dependent variables
are now AAF and AAW, the assumption of the éimpler model that lagged changes
in stocks have no effect on current changés would imply that the coefficienfs
of own changes equal —l‘in the current regressions. In all four industries,
at least one of the four lagged change terms introduced by the assumption of
adjustment costs is significant. In all, seven of the sixteen new coefficients
(in the four industries) are significant. Only the effect of lagged changes
in W on current changes in F is never significant. This suggests that the

richer specification is necessary to adequately model inventory,behaviqr.
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Table 4
Estimated Decision Rules
("WM" Specification)
SIiC #20 (Food)

Model

No Adjustment Costs ) Adjustment Costs

Cons;gained Unconstrained. Con&frained Unconstrained

Dependent Variable: AF AW AF AW AAF AAW AAF AAW

Independent Variable:

. - * * *
g -.464 -.536 .074 .018 .232 .158 -,015  .046
‘ - (a) (.057) (.050)(.035) (a) (.033) (.038) (.022)
. % * *
Fx, ~.313 -.014 -.558" .237" -.741%.318" -.195  .116
, (.180)(.200) (.218)(.092) (.166) (.117) (.105)  (.051)-
* * &
W, .235 ,092 .115 -.648 -.058 -1.074 -.153 -.496
(.272)(.262) (.161)(.286) (.216)(.281) (.163)  (.103)
' *
AF_, - - - - 035 .018 -.711  .171
| (.149)(.135) (.302)  (.086)
My - - - - 202 -.121" 291 -.475%
| (.163)(.298) (.181)  (.157)
RHO 550" .778" .757° .503 .819" .408 .047 -.211
(.122) (.097) (.157)(.269) (.077)(.210) (.377)  (.191)
S | - - .73 .27 - - 436 .559
b ' b
SSR . 8.638 1.603 .926 2.776 1.560  .820

(standard errors in parentheses)

* sgignificant at. .05 level
a constrained parameter

b from stacked regression
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Table 5

Estimated Decision Rules
("wM" Specification)
SIC #28 (Chemicals)

Model
No Adjustment Costs . Adjustment Costs
Constrained  Unconstrained = Constrained Unconstrained
Dependent Variable: AF AW ~ AF AW LAAF - AAW AAF AAW
Independent Varigble:
* %
S* -.519 -.481 .007 -.009 .199 .161 .009 -.000
(a)  (.045) (.022) (.021) (a) (.025) (.013) (.011)
% * % * * *
Ffl , ‘ .729 .615 -,122 011 -.441 -.226 -.123 -.007
(.126) (.127) (.052) (.048) (.075) (.074) (.037) (.030)
* * * * *
W;l -.115 440 0 -,.381 -.449 -.631 -1.050 -,252- -.294
' (.330) (.333) (.115) (.725)(.224) (.232) (.103) (.077)
. * *
AF_l - - - - =.140 -.097 ~.445 .027
: (.185) (.178) (.145) (.084)
' * *
Aw;l - - - - .303 169 -.075 -.319
(.204) (.221) (.142) (.164)
% * * * *
RHO .875 .828 .459 .534 728 735  ~.116 -.290
: - (.067) (.074) (.123) (.725)(.088) (.098) (.203) (.171)
®? - - .36  .208 - . - .415 .431
| b | b
SSR 2.211 .164 .149 0.598 .150 .138

(standard errors in parentheses)
* significant at .05 level
a constrained parameters

b from stacked regression
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Table 6

Estimated Decision Rules
("wM" Specification)
SIC #30 (Rubber and Plastics)

S*%

*
F2y

Wy

AF_4

SSR

Model
No Adjustment Costs Adjustment Costs
Constrained 'Unconstrained Constrained Unconstrained
AF AW AF - AW AAF AAW AAF AAW
%* ok
-.526 - 474 .019 . 040 .083 077 .017 .018
(a) (.051) (.019) (.024) (a) (.022) (.020) (.014)
. ' *
447 425 -.251 .078 -1.08 .089 -.211 .056
(.314) (.321) (.131) (.103) (.153) (.135) (.138) (.051)
* .
.178 .859 ~.115 -.299 -.146 —.623* -.091 —.238*
(.294) (.298) (,075) (.231) (.130) (.132) (.085) (.050)
%
- - - - . 222 -.164 -.812 -.098
(.141) (.133) (.399) (.118)
* *
- - - - .048 -.053 -.024 -.348
(.138) (.189) (.134) (.135)
* * % * * '
.894 -.997 .286 . 607  +852 .661 .105 -.121
(.074) (.085) (.213) (.276) (.063) (.138) (.535) (.183)
- - 141 413 - - 425 . 405
b b
0.714 .058 .046 .108 .057 . 040

(standard errors in parentheses)

significant at .05 level
constrained parameter

from stacked regression
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Table: 7

Estimated Decision Rules
("wM" Specification)

SIC #32 (Stone,Clay and Glass)

Model

No Adjustment Costs

Adjustment Costs

Constrained Unconstrained  Constrained .= Unconstrained

Independent Variable:

S*

SSR

AF AW AF AW AAF AAW AAF AAW
% *
-.504 -.496 -.000 -.005 .073 .097 -.010 -.009
(a) (.050) (.030) (.027) (a) (.023) (.016)‘ (.012)
* % * * *

-.110 .226 -.850 .237 -1.339 . 406 -.485 -.033
(.228) (.223) (.419) (.086) (.248) (.179) (.112) (.075)
* % * %

-.156 -.363 .252 -.798 .579 -=1.073 .042 ~-.156
(.363) (.356) (.168) (.202) (.208) (.244) (.113) (.076)
. K * ®

- - - - -.073 -.134 -.570 .261
(.229) (.116) (.157) (.080)

* *

- - - - -,225 -.035 .298 -.731
(.146) (.181) (.195) (.174)

* * ® - * *% *
. 909 .955 443 .701 .533 . 841 -.288 -.319
(.072) (.075) (.168) (.180) (.146) (.082) (.175) (.181)
- - 204 .180 - - .637 .585
b b
0.465 .062 .027 0.098 .056 .023

(standard errors in parentheses)

* sgignificant at .05 level
a constrained parameter

b from stacked regression
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10. Conclusions

We have tried to give a structural account of inventory investment in
maanacturing industries that produce to stock. Although our results must
be viewed with caution because of technical problems such as the use of dis-
crete data in estimating a continuous-time model, we still feel justified in
asserting several results. First, the model with.prodUCtion adjustment costs
obviously describes the data much better than without them. These previously
neglected costs should be given a prominent role in future work; Second,

disaggregating inventories by stage of fabrication we have seen how the inter—

actions between production and deliveries give rise to important "feedback"

and 'feedforward" effects that are neglected in more aggregative analyses.
Third, we have shown how a careful distinction between "temporary" and
"permanent" innovations in sales can be important in the impleméntation of

inventory investment models.
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