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Abstract

We specify all utility functions on wealth implied by four special conditions on preferences between
risky prospects in four theories of utility, under the presumption that preference increases in wealth.
The theories are von Neumann-Morgenstern expected utility (EU), rank dependent utility (RDU),
weighted linear utility (WLU), and skew-symmetric bilinear utility (SSBU). The special conditions are a
weak version of risk neutrality, Pfanzagl’s consistency axiom, Bell’s one-switch condition, and a
contextual uncertainty condition. Previous research has identified the functional forms for utility of
wealth for all four conditions under EU, and for risk neutrality and Pfanzagl’s consistency axiom under
WLU and SSBU. The functional forms for the other condition-theory combinations are derived in this

paper.
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There are two predominant interpretations for utility of wealth in theories of
decision among risky prospects with monetary outcomes. The first, which dates
from Bernoulli (1738), treats utility of wealth u(w) as a measure of a person’s
intensity of preference for wealth w that is to be assessed in a strength-of-prefer-
ence manner without reference to risk or outcome probabilities. The second, which
originated in von Neumann and Morgenstern (1944), eschews the earlier intensity
interpretation and views u(w) as a consequence of simple preference comparisons
between risky prospects that is assessed with the aid of outcome probabilities,
largely through indifference judgments. In-depth analyses of the two interpreta-
tions are presented in Ellsberg (1954) and Fishburn (1989), but see also Allais
(1953, 1979) for a dissenting opinion which maintains that von Neumann and
Morgenstern intended a Bernoullian interpretation for their notion of utility.

The present paper lies squarely in the tradition of von Neumann and Morgen-
stern. Its aim is to specify all functional forms for u(w) and related functions that
occur in four types of utility representations when special conditions on prefer-
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ences are imposed on their structures. The four utility theories are von Neumann-
Morgenstern expected utility and three generalizations: rank dependent expected
utility, weighted linear utility, and skew-symmetric bilinear utility. Our special
conditions, also four in number, range from a restrictive condition of risk neutrality
to Bell’s (1988) more accommodating one-switch rule.

We assume throughout that more wealth is preferred to less. Although psycho-
logically innocuous, this is important mathematically because it rules out non-
monotonic solutions to functional equations that arise in our derivations.

Section 2 outlines the numerical representations of the four utility theories we
consider and describes the four special conditions we apply to those theories. The
most flexible special condition is the one-switch rule which says that if preference
between two lotteries on increments to wealth reverses as wealth increases, then no
further reversals occur beyond the initial switch point. Section 3 presents our
results in theorems which show how the special conditions affect the numerical
representations. The most prevalent special forms involved exponential terms such
as e, but other cases arise. We note which results have been proved earlier and
which have not. The results are summarized in a 4 X 4 array which shows the
effects of each (theory, special condition) combination.

Sections 4 through 7 cover the proofs of new results. Section 4 focuses on rank
dependent utility, Sections 5 and 6 consider the one-switch rule for skew-symmetric
bilinear utility and weighted linear utility, respectively, and Section 7 deals with a
contextual uncertainty condition.

We have mentioned the Bernoullian tradition of intensive utility to clarify what
our study is not about as well as what it is about. To explain this further, we first
recall the expected utility model of both interpretations.

Throughout the paper, a risky prospect is defined as a random function w with
finite support S(#) on levels of wealth. When w has probability p(w) for w € S(w),
we have Yg;) p(w) = 1 and refer to p as the lottery associated with . Under the
obvious convention that p(w) = 0 for w & S(#), each lottery is a simple probabil-
ity distribution on all wealth levels. With respect to a utility function u on levels of
wealth, the expected utility of w with associated lottery p is defined by

Eu(w) = X p(w)u(w). (1)

weSHn)

This form is used by Bernoulli and by von Neumann and Morgenstern, and in both
cases risky prospect w is regarded at least as good as w' if and only if Eu(w) >
Eu(w’). However, the two approaches differ radically in their interpretation and
assessment of u.

As indicated earlier, Bernoulli’s u is intended to reflect a person’s intensities of
preference for levels of wealth. It is riskless and logically precedes, or is at least
independent of, probability considerations. On the other hand, von Neumann and
Morgenstern’s u reflects attitudes toward risk and is inextricably tied to preference
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and indifference judgments between lotteries. The difference between the two
interpretations impacts our study in at least three ways.

First, the special forms for u and related functions specified later should not be
viewed as intrinsic, intensive measures of utility. They are merely consequences of
(1) in the expected utility case, or other representational models in generalized
cases, and of our special conditions.

Second, the logarithmic form of u favored by Bernoulli, which can be written as

u(w) =log(l+cew) forw=0 (2)

for some positive constant ¢, will not be found among our special forms. In
particular, our special conditions do not permit this form even though it would be
allowed by other conditions such as a relative-risk-constant condition in Harvey
(1990, p. 1485). Bernoulli argued for (2) with an early expression of the law of
diminishing marginal utility which says that the increment of utility for the next bit
of wealth ought to be inversely proportional to the amount of wealth prior to the
incremental increase. Support for (2) as an intensive measure was obtained by
Allais in 1952 from questionnaire responses that are reported in Allais (1979).
Although Savage was definitely not a Bernoullian in the sense used here, he says in
Savage (1954, p. 94) that “To this day, no other function has been suggested as a
better prototype for Everyman’s utility function.” Perhaps Savage would have
reconsidered had he known about results in Bell (1988, 1995a, 1995b). The reason
is that, within the von Neumann-Morgenstern interpretation that Savage favored,

u(w) =aw — be " (3)

for constants @ > 0 and b,c¢ > 0, is the only increasing (1’ > 0) and risk averse
(u" < 0) form that satisfies the one-switch and contextual uncertainty conditions in
the context of (1).

Our third point concerns the treatment of special conditions in (1) and its
generalizations. In our approach, we begin with (1) or a generalization such as rank
dependent utility or weighted linear utility on the basis of preference axioms which
correspond to the theory under consideration. We then ask how the special
conditions constrain the functions involved in the representation. Although there
are also generalizations of (1) in the Bernoullian approach, as described for
example in Allais (1953, 1979) and Hagen (1972, 1979), our approach is inadmissi-
ble there because u exists independently of risk or special conditions on prefer-
ences between risky prospects. It follows that special conditions in Bernoullian
theory can only be accounted for by modifying the expectation rule of (1) for
combining probabilities and utilities, not by modifying u. This is a perfectly
legitimate route of inquiry, but it is not pursued here apart from alternatives to (1)
that generalize von Neumann-Morgenstern expected utility prior to imposition of
our special conditions.
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1. Utility theories and special conditions

The numerical utility representations of our study apply to a strict preference
relation > on the set W' of all risky prospects w, %, y,... whose supports are
subsets of the set R* of nonnegative real numbers. We could also allow negative
wealth with some fixed lower bound since this would not entail any substantial
changes under the translation that treats the lower bound in the way we treat zero
wealth in what follows. The indifference relation ~ and preference-or-indifference
relation » induced by > are defined for %,y € W* by

X ~y if neither ¥ > y nor y > X,

>y ifx>yorx~j.

=

We denote the set of simple probability distributions on R* by P* and let w < p
mean that p € P* is the lottery associated with w € W™. Preference on P* is
defined in the obvious way from preference on W* by

p>q ifx>y whenX¥ep and J e gq.

The degenerate risky prospect that assigns probability 1 to wealth w is denoted
simply by w, so the assumption that more wealth is preferred to less can be
expressed as

x>y whenx>y=>0. (4)

We assume (4) throughout.

Our presumption that wealth is nonnegative has a practical appeal, but it is also
important in our derivations and a few results. For example, one special form for u
that arises later is the quadratic form in which

u(w) =aw? + bw forw >0,

with ¢ > 0, b > 0 and a + b > 0 to satisfy (4) for constants a and b. If wealth
were unbounded below, with x >y < x > y, then the quadratic case would reduce
to the linear case of u(w) = w because any nonzero a would violate monotonicity.

On the other hand, factors such as borrowing and catastrophic events can render
net wealth negative. To account for this, it is natural to replace R*, W*, and P* in
the preceding definitions by R, the set W of all risky prospects whose supports are
subsets of R, and the set P of simple probability distributions on R, respectively.
Most of the results in the next section for > on W' hold also for the
unconstrained case of > on W, and when they do not we will say so. But proofs
will be given only for > on W*, which tends to be the more delicate case because
of the w > 0 constraint.
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Expectations

Our four utility representations for > on W' are identified by EU (expected
utility), RDU (rank dependent utility), WLU (weighted linear utility), and SSBU
(skew-symmetric bilinear utility). Each is based on a notion of expected value,
which is (1) for EU and WLU. For WLU, we work with a ratio Eu,(w)/Eu,(W)
with u, > 0. This reduces to the EU representation when the weighting function
u, is constant.

For RDU, we define IT as the set of increasing functions from [0, 1] onto [0, 1].
Members of II are viewed as transformations of objective probabilities of lotteries
into psychologically equivalent subjective probabilities. Each 7 € II is continuous
and increasing with 77(0) = 0 and #(1) = 1. When S(w) has n members ordered as
w, <w, < -+ <w,, and W < p, the rank dependent expectation of u with respect
to 7 € Il is defined by

}- (%)

This reduces to Eu(w) when 7 is the identity transform with 7(A) = A.

For SSBU, let ® denote the set of skew-symmetric functions ¢ from R* X R*
into R for which ¢(x, y) > 0 when x >y > 0. The latter constraint corresponds to
(4) since the SSBU representation has ¢(x,y) > 0 < x > y. Skew-symmetry for
¢ € ® means that

¢(x,y) + ¢(y,x) =0 forall x,y € R*. (6)

In particular, ¢(w,w) = 0. The bilinear expectation of ¢ € ® for the ordered pair
(X, §) of risky prospects % and y with ¥ < p and j < ¢ is defined by

Ed(%,5)= X X p(x)g(y)é(x.y). (7)

xeS(x) yeSy)

- T

E_u(w) = i u(wk){ﬂ'

k=1

k
Z P(Wj)
j=1

k-1
Z P(Wj)
j=1

This reduces to the EU form when ¢(x, y) has the decomposition ¢(x, y) = u(x)
— u(y), for then E¢(X, ) = Eu(X) — Eu(y). More generally, given the represen-
tation ¥ > j < E¢(X, ) > 0, it reduces to the WLU form when ¢(x, y) can be
written as u,(xX)u,(y) — u,(y)u,(x) with u, > 0, for then E¢(%, ) > 0 is equiva-
lent to Eu(%)/Eu,(X¥) > Eu,(3)/Eu,(¥).

Four representations
We now specify our four numerical representations for > on W' along with

admissible transformations for their functions, which are used later to obtain the
simplest forms for those functions under the special conditions described shortly.
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Although there is no need here to go into the details of axioms which correspond
to the representations, a few words about axioms may provide perspective.

Representations like those that follow are usually axiomatized in terms of the
behavior of > on a convex set P* of lotteries or probability distributions on a set
of outcomes, which in our particular setting are wealth levels. Convexity means
that Ap + (1 — Mg is in P* whenever p,q € P* and 0 < A < 1, where the convex
combination assigns probability Ap(x) + (1 — A)g(x) to outcome x.

Three axioms are typically used for EU: see, for example, Herstein and Milnor
(1953), Jensen (1967) and Fishburn (1970, 1988). They are an ordering axiom, an
independence condition, and an Archimedean axiom to ensure real-valued utilities.
The independence condition, which in one version says that

p=q=Ap+(1—=MNr>ag+(1—-N)r (8)

whenever p,q,r € P* and 0 < A < 1, is central to the derivation of representation
by expected utilities.

Common violations of (8) described in Allais (1953, 1979), MacCrimmon and
Larsson (1979), and Kahneman and Tversky (1979), among others, motivated the
other representations considered here, each of which weakens (8) to accommodate
some of the observed violations. Axioms for RDU are discussed in Quiggin (1982,
1993), Quiggin and Wakker (1994), and Segal (1989, 1993); axioms for WLU appear
in Chew and MacCrimmon (1979), Chew (1982), Fishburn (1983, 1988), and
Nakamura (1984); SSBU is axiomatized in Fishburn (1982, 1988). The last of these
also weakens the ordering axiom to allow preference cycles such as p > g > r > p.
However, if transitivity of ~ on P* is added to the SSBU axioms, then SSBU
reduces to WLU.

Our four representations are: for all ¥, j € W™,

EU: % >7 o Eu(X) > Eu(y)
X >

RDU: ye E u(x)>E u(y)

WLU: > § o Eu,(£)/Eus(%) > Eu(5) /Eu(5)
SSBU: i >j < E¢(x,5) >0,

where u, u, and u, map R* into R, u is strictly increasing, u, > 0, u,(x)/u,(x) >
u,(y)/u,(y) when x >y, m Il and ¢ € ®. The theorems in the next section
invoke additional smoothness conditions for u, u,, u, and ¢ because they are
either implied by our special conditions or facilitate derivation of the special forms,
for example by the use of differential equations. The following uniqueness proper-
ties, or admissible transformations, do not presume the smoothness conditions.
For EU, u is unique up to a positive affine transformation: v satisfies the
representation in place of u if and only if there are constants a > 0 and b such
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that
v(w) =au(w) +b forallw > 0. 9)

If v does not satisfy (9) with a > 0, then Ev(X) < Ev(y) for some % and j for
which the given > has X > j.
For RDU, 7 is unique and u is unique up to a positive affine transformation.
For WLU, u, and u, > 0 are unique up to the transformation pair

vi(w) = au,(w) + bu,(w) forallw =0

(10)

v,(w) = cuy(w) =duy(w) forallw =0

with ad > bc and cu,(w) + du,(w) > 0 for all w > 0: see Fishburn (1988, p. 132).
Under smoothness assumptions (continuity suffices) we can have v, > 0 as well as
v, > 0 for our w > 0 context by taking a = 1, b suitably large, c = 0 and d = 1.

For SSBU, ¢ is unique up to a positive multiplicative transformation: i satisfies
the representation in place of ¢ if and only if there is an a > 0 such that

y(x,y) =ap(x,y) forall x,y € R, (11)

Every other transformation in ® has Ey(%, ) < 0 for some & and j for which
x> .

Four special conditions

A few new definitions are involved in our special conditions. When w € W™,
x € R* and w ~ x, x is the certainty equivalent of w. For x,y € R*, (x,1/2,y) is
the even-chance prospect that assigns probability 3 to each of x and y when x # y,
and assigns probability 1 to x when x = y.

The next definition is stated in the unrestricted W mode. Given x; € W, «; € R,
and X; & p; for j = 1,..., m, the weighted convolution Y.a;X; is defined as the risky
prospect associated with p € P given by

P = T {ppae) - pulxn): X oagy =y), (12)
j=1

for all y € R. Each ¥; in this definition, including identical x;’s with different
indices, is treated as an independent random function for the probability calcula-
tion. Some examples follow.
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Suppose % has probability 4 for x = 1 and probability 2 for x = 3. Then
2% has pr. 5 for 2 and pr. 3 for 6;
% + X has pr. § for 2, pr. 3 for 4 and pr. § for 6.

Note in particular that o + BX is not generally equal to (a + 8)X. In addition, if
7 has probability 2 for y = 2 and probability 3 for y = 4, then

% + ¥ has pr. 3 for 3, pr. -5 for 5 and pr. 5 for 7;
% 4§ — 3 has pr. 5 for 0, pr. & for 2 and pr. 5 for 4.

In terms of (12), the latter case has (¥, a;) = (£, 1), (%,, a,) = (,1) and (X5, a3)
=3, -D.

We also let ¥* for ¥ € W denote the set of all w € R for which ¥ + w € W™,
Equivalently,

'={w e R:min{x + w: x € §(X)} > 0}.

Then "N §* is the set of w € R for which both ¥ + w and y + w are in W™.
Our first special condition, C1, is a limited version of risk neutrality which says
that some risky prospects with identical mean wealths are indifferent.
Cl. Forallx,y,z€ R", (x,2,y+2) ~(x+y,1,2).

An even simpler condition, (x + y)/2 ~ (x, 1, y), is equivalent to C1 when ~ is
transitive, but not otherwise (Fishburn, 1998). C1 is very strong and seems plausible
only when x and z are approximately equal or y is comparatively large. For EU
and RDU, it implies u(x) = ax + b, a > 0, or u(x) = x under affine rescaling. Its
effects for WLU and SSBU are less restrictive. For example, under SSBU, it says
that ¢(x, y) depends only on the difference x —y, and it is consistent with the
existence of preference cycles.

Our next two special conditions focus on how preference between w + X and
w +§ in W* changes as w varies with ¥ and j fixed. The more restrictive of the
two, C2, is tantamount to Pfanzagl’s consistency axiom (Pfanzagl, 1959) when all
risky prospects have certainty equivalents. Pfanzagl’s axiom says that if x is the
certainty equivalent of w € W™, then x + y is the certainty equivalent of w +y
for y € w*. It is also similar to conditions used in Rothblum (1975) and Farquhar
and Nakamura (1987). We refer to C2 as the zero-switch condition (Bell, 1988).

C2. Foral Z,5 €W, ifw+X~w+7 forsomewei*Nj* thenw +3i~w
+jforallw € Nyt

This also is fairly strong. For example, it implies u(x) = x or u(x) = ae®*, a # 0,
under EU or RDU. Its companion, Bell’s one-switch condition, says that preference
between w + X and w + § can reverse as w increases, but if this happens then it
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happens only once with no further changes beyond the point of reversal. A closely
related condition that has a similar effect under EU is discussed in Farquhar and
Nakamura (1987, 1988).

C3. Forallx,y €W, ifw, +x>w, +yandw, +3 =w, + X for some w,w,
EXTN Y, then there is a unique w* € X* N y* such that either

@D wHx>=wH+yforallw>w ;w+y>w+Xforalw <w*ini*nj*, or
() wH+y>=wH+iforalw>w s, w+i>w+Jforalw <w*initnjyt.

Let % = $3000 and j = ($0, 3, $8000), and suppose that a person of modest
wealth w, has w;, + % > w, +§ and w, + $5,000,000 + y > w, + $5,000,000 + %.
Then C3 asserts that, as ¢ increases, preference for w, + ¢t + X over wy, +¢ +y
switches to the opposite preference and stays the same thereafter. Apart from the
issue of determining the change point precisely, we regard C3 as very appealing. It
is the least restrictive of our four special conditions and allows the most variety for
the functions in our four representations.

Even more liberal conditions than C3 would allow two or more reversals, as
when there are w, <w, < w; with

wy+Ex>w +73
Wy, +9 >w, + %
Wy +X = wy + 7.

We do not consider two-switch and higher-switch conditions further, but note that
the two-switch case is related to the doubly-inflected utility function in Friedman
and Savage (1948), and that examples of double switches arise later in our proofs
for C3. In addition, Bell (1988) demonstrates that the logarithmic function (2)
violates C3; indeed it permits any finite number of switches (his Proposition 9).

Our final special condition, C4, is based on a version of what Bell (1995b) refers
to as a contextual uncertainty condition (CUC) in the EU context. Its thrust is that
if you can resolve one of two independent subprospects or “contextual uncertain-
ties” that are scale multiples of each other prior to making a decision, then you
would just as soon resolve the subprospect with the larger spread. Suppose for
example that the subprospects are Z = ($0,3,$100) and 100z = ($0, 5, $10000).
Then, stated in the negative, CUC says that if resolution of 100Z would not affect
your choice between main prospects that include 100Z + Z, resolution of Z rather
than 100z also would not affect your choice. The version of CUC that we adopt
here is:

C4. Forallk>1andall X +kZ+Z, y+ki+Ze W', ifthereisnoa e S(2)
such that

X+ka+zZ>y+ka+:z,
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then there is no a € S(Z) for which
F+kE+a=F+k+a.

It is easy to see that C4 and CUC are equivalent for EU when CUC is defined by
the requirement that if X¥ = § when neither contextual uncertainty is resolved, and
if ¥ =J for every possible resolution of the larger contextual uncertainty, then
X =y for every possible resolution of the smaller contextual uncertainty. Then, by
definition, CUC implies C4. Moreover, if X =y for all resolutions of the larger
contextual uncertainty, then it follows by taking expectations that ¥ = y if neither
contextual uncertainty is resolved. Hence C4 implies CUC.

The same argument shows that C4 and CUC are equivalent for SSBU because
its expectation mode is similar to that of EU. We shall see, however, that C4 and
CUC are not equivalent for RDU and WLU.

It was proved in Bell (1995b) that for EU, CUC is equivalent to the function V,
defined by

V(w) = Eu(w +%) — Eu(w +7y),

being strictly monotonic whenever ¥ and y switch in w. An equivalent result holds
for SSBU, namely that C4 holds if and only if V(w) = E¢p(w + X, w + J) is strictly
monotone in w whenever ¥ and j switch. For RDU the implications are more
stark. The only cases for RDU that satisfy C4 require 7(p) = p, which reduces
RDU to EU. In other words, rank-dependent utility is identical to expected utility
when C4 is imposed. Finally, for WLU we show that C4 entails C3, and that two of
the four functions that satisfy C3 also satisfy C4.

2. Theorems

We organize our results into four theorems, one for each basic utility representa-
tion. Each theorem notes the effects of C1 through C4 in terms of the functional
form or forms allowed by the special conditions. Constants are denoted by a, b, c,
d and f, and restrictions on their values that are implied by (4) are noted in
brackets, e.g. [a # 0] and [a >0, b > 0, a + b > 0]. We say that a function is
smooth if it has derivatives of all orders. For convenience, continuity or smoothness
assumptions are stated at the beginning of a theorem and apply to each special
condition, but in many cases such properties are implied by (4) and the special
condition. For example, in Theorems 1 and 2, C1 or C2 and (4) imply continuity for
u, and C3 or C4 and (4) imply that u(w) is continuous for all w > 0. For Theorems
3 and 4, the smoothness hypothesis is used in our proofs with C3 and C4, but
continuity suffices for the proofs with C1 and C2 as noted in Fishburn (1998).
The functional forms stated in each theorem have important implications for risk
attitudes and risky choice behavior in many applications, but we do not discuss
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these here. They are described for the EU representation in some detail in Bell
(1988, 1995a, 1995b), and to a lesser extent for WLU and SSBU in Fishburn (1988,
Chapter 6) and other references given there. See also Quiggin (1993) for further
analyses of RDU.

The functional forms in the theorems are unique up to the admissible transfor-
mations noted in (9)—(11).

Theorem 1. Suppose > on W7 satisfies EU and u is continuous. Then:

Cl = ulw) =w;
C2=@{) ulw)=w,or
G) u(w) = ae® [ab > 0];
C3=@0 uw)=aw?+bwla>0,b>0,a+b>0]or
(i) u(w) = ae + ce? [ab>0,ab +cd > 0,d < bifcd <0,
bla+¢)>0ifb=d] or
(i) ww) =aw + be” [a+bc=0,a>0ifbc=0,b=0ifc> 0], or
(iv) u(w) = (aw + b)e®” [ac = 0,a + bc =0, a + bc > 0 if ac = 0];
C4 = C3(), or C3(ii) with bd < 0, or C3(iii).

Proofs for C1 and C2 are included in Bell (1995a) and Fishburn (1998), C3 is
proved in Bell (1988, 1995a), and C4 in Bell (1995b). Precisely the same forms hold
for the unrestricted case of > on W, except that a must then be set at 0 in the
quadratic form of C3(i). Generalizations of C3(ii) and C3(iii) are characterized in
Nakamura (1996), and Harvey (1981, 1990) axiomatizes families of special u
functions that are closely related to those in Theorem 1.

It is easily seen for > on W™ that (4) and C3 (one-switch) or C4 imply that u is
continuous on (0,). If continuity at w = 0 were not presumed, two more EU
forms that are discontinuous at the origin arise for C3 as follows:

~v) u0)=0,uw)=a+wforw>0[a>0]
i) w0 =0, u(w)=1—a + ae® for w > 0 [ab > 0].

The parts of these for w > 0 are similar to C2(i) and C2(ii), respectively, so (v) and
(vi) satisfy the zero-switch condition on the strictly positive domain.

Theorem 2. Suppose > on W* satisfies RDU and u is continuous. Then C1 through
C4 have precisely the same implications for u as in Theorem 1. In addition, C1 implies
w(3) =%, C4 requires w(p) =p for all p €[0,1], but C2 and C3 place no
restrictions on m € 11.

The initial axiomatization for RDU in Quiggin (1982) presumed 7(3) = 1, but
this was removed in subsequent axiomatizations. Wu and Gonzalez (1996) and
Prelec (1998) provide nice discussions about shapes for .

Our proof of Theorem 2 is presented in the next section.
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Theorem 3. Suppose > on W* satisfies WLU and u, and u, are smooth. Then:

Cl=@0 uw) =w,u,w)=1,or
(i) u,(w) = ae®, u,(w) = e " [a # 0];
C2={ u(w)=we™, u,(w)=e", or
) u,w) = ae®™, u,(w) = e [a(b — ¢) > 0];
C3 =) u(w)=(aw?+ bw)e™, u,(w) =e"[a=0,b=>0,a+b>0],or
() w,(w) = ae®™ + ce™, u,(w) =e’ [a(b —f) >0, a(b — f) + c(d — f)
>0,d<bifcld—f)<0],or
(i) u,(w) = awe® + ce™, u,(w) =e" [a*+c*>0, a+c(d—-b) >0,
a>0ifb=d,c>0ifd>Dbl or
Gv) u,(w) = (aw + b)e®”, u,(w)=e® [a+blc —d) =0, alc —d) =0,
a+blc—d)>0ifalc —d)=0]
C4 = C3(1) with ac = 0, C3(ii) with bd < 0, C3(iii) with bd < 0, or C3(iv) with
c=d.

Parts C1 and C2 of Theorem 3 are proved in Fishburn (1998), but because those
proofs leave u, implicit we sketch their (i, u,) proofs here in Section 6. Part C3 is
also proved in Section 6, and part C4 is proved in Section 7. When R™ is replaced
by R, we need to take a = 0 in C3(i), but no changes are required for C3(3i)—(iv). It
is worth noting that in applying a special form of the theorem, expectations are
taken separately for u, and u,. For example, in C2(i), u,(x)/u,(x)=x, but
Eu(%)/Eu,(X) is not generally equal to EX unless % is degenerate or a = 0, in
which case C2(i) reduces to C1(i).

For our final theorem, which involves functions of A =x —y, we define A:
R—->Ras

even if h(A) =h(—A) forall A€ R, and
odd if h(A) = —h(—A) forall A e R.

In Theorem 4, a and B denote even functions, and g denotes an odd function. These
functions are unrestricted except for the presumption of smoothness and the
requirement of monotonicity in (4). We emphasize that expressions like a(x —y)
and g(x — y) denote the value of the function « or g at argument A = x — y.

Theorem 4. Suppose > on W* satisfies SSBU and ¢ is smooth. Then:

Cl= ¢(x,y) =g(x —y)[g(A) > 0if A> 0]
C2=(0) ¢x,y) =glx—y)[g(A)>0if A> 0], or
() o(x,y) = alx —y)e®™ —e™) [aa(A) > 0 if A # 0];
C3= () ¢(x,y) =alx —yNx* —y?) + Blx —y)Nx —y) [a(A) = 0 and Aa(A)
+ B(A) > 0 for A > 0], or
() ¢(x, y) = alx — y)e — e™) + Blx — y)e®™ — e?) [a(A)e™ —
De® + B(AXe" — Deb” > 0 forall A > 0, y > 0], or
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(i) ¢(x,y) = alx —y)x —y) + Blx —y)e** —e®) [Aa(A) + B(A)e™
—1D>0for A>0; a(A)>0ifa <0, B(A)=0ifa>0 for A> 0],
or

G(v) ¢(x,y) = alx — y)Nxe™ — ye®) + B(x — yNe*™ — e*) [aa(A) = 0
and Aa(A)e™ + B(A)e™ — 1) > 0 for A > 0];

C4 = C3(1), or C3(ii) with ab < 0, or C3(iii).

Parts C1 and C2 of Theorem 4 are proved in Fishburn (1998), part C3 is proved
in Section 5, and part C4 is proved in Section 7. None of the special forms of the
theorem precludes preference cycles. Examples for cycles under C1 are given in
Fishburn (1984; 1988, pp. 74-75).

Table 1 provides a quick reference to the results of Theorems 1 through 4. It
omits the restrictions needed to satisfy (4), but includes the additional constraints
imposed by C4.

3. RDU proofs

We assume RDU with u continuous and increasing in w and 7 € II. Let A = 7(3).
C1 proof. 1t is easily seen that C1 implies (x +y)/2 ~ (x, 3, y) for x,y > 0, so

+y) — au(x) + (1= A)u(y).

X
x<y=>u(

Hence
u(x) = Au(x —d) + (1 — Nu(x +d) forall x>d > 0.

We have Mu(x) — u(x —d)] = (1 — Dlulx + d) — u(x)] for x > d > 0. Suppose
A# 3. Let 7=A/(1 — )), so 7+ 1. Then for every x > 0 and n > 1,

n—1

u(x +1) —u(x) Z [u(x + (i +1)/n) —u(x +i/n)]

- '2—11 (%)i[u(x +1/n) — u(x)]

( ol )[u(x +1/n) — u(x)].
Then

u(x +1/n) —u(x)  [u(x+1) —u(x)]n(r-1)
1/n - ™ —1 '
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Since u(x + 1) — u(x) > 0, it follows that if 7 > 1 then the right derivative of u at
x equals 0, and if 7 < 1 then the right derivative of u at x equals . Since this is
impossible for every x > 0, we conclude that 7= 1, or A = 3. Hence u(x) — u(x —
d)=u(x+d) —u(x) for all x>d=>0, so u'(w)=a >0 for all w> 0. This
implies that u(w) = aw + b, a > 0, or u(w) = w with affine rescaling. Moreover,
w € II is unrestricted except for 7(3) = 1 since C1 holds for any such .

C2 and C3 sufficiency. 1t is easily checked that the EU forms for C2 and C3 also
satisfy C2 and C3 for RDU without restrictions on 7 € II. We illustrate this for
the quadratic form of C3(i): see also Bell (1988, p. 1418). Suppose u(w) = aw? + bw
for w> 0. Thenfor w + %, x + y € W™,

E_u(w + %) = aw® + 2awE_% + aE_%* + bw + bE_X

E_u(w +7§) = aw? + 2awE_j + aE_j* + bw + bE_J.
Therefore

Eu(w+%) — E,u(w+7) =w2a|E, % — E, j| +K,

where K does not involve w. We vary w with X and y fixed. If £_x = E_7, there
are no switches; otherwise E_u(w + %) = E_u(w + 7) for at most one w, so the
quadratic form is one-switch (C3) for RDU.

The restrictions of (4) on the utility functions for these cases are also easily
verified. We illustrate this for C3(ii), where

u'(w) = abe®™ + cde™.

u'(0) > 0 requires ab + cd > 0, and u(w) > 0 for w > 0 requires at least either
ab >0 or cd > 0. Assume ab > 0 without loss of generality. If cd < 0, then
ab/(—cd) > e“~P" for all w > 0, and this requires d < b. If b = d then u'(w) =
(a + c)be’, and u'(w) > 0 requires b(a + ¢) > 0.

Derivation for C2.  Assume C2. Let A satisfy 7(\) = 1, and let (x, A, y) denote
the risky prospect with probability A for x and probability 1 — A for y, x # y. Then
(x, A, y) with 0 < x <y has a unique certainty equivalent c(x, y) strictly between x
and y:

u(x) eru(y) )

c(x,y) ~(x,A,y) and c(x,y) = u—l(

By the zero-switch condition C2, for every w with min{w + x,w + y} > 0 we have
cw+x,w+y)~w+x, A,w+y)and
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u(w +x) +u(w +y)
2

c(w+x,w+y)=w+c(x,y) =u](

Therefore

(M0 D) +u1(u(x) a6l )

It then follows from Aczél (1966, p. 153) that u has one of the two forms for C2 in
Theorem 1.

Derivation for C3. Assume C3. The proof of Result 2 in Bell (1995a) for C3
under EU also implies that C3(1)—(iv) of Theorem 1 are the only u solutions for C3
under RDU, given (4). Note in particular that p and ¢ in Bell’s proof can be
replaced by 7 values under our continuity assumption for 7, so the EU proof
holds also for RDU.

Derivation for C4. The comprehensive impact of C4 on RDU stems from the
re-ranking of outcomes that occur for the particular contextual uncertainties
involved.

We will demonstrate a class of counterexamples to C4 in which u is linear. Each
specific counterexample thus applies to all utility functions that are differentiable
in a closed interval. Since all utility functions that satisfy C4 for EU are differen-
tiable everywhere, and since all other functions violate C4 for RDU even when
is the identity function, we are done.

Let ¥ = (x, p,0) and § = (y, g,0). The contextual uncertainties for our coun-
terexamples are (2,1, —2) and (1, 3, —1). We use specific numbers for clarity only.
Without loss of generality, we take 2 <x < 4,2 <y <4, p<1/2and g < 1/2.

Suppose (2, 3, —2) has been resolved with payoff outcome 2. The evaluation of
%, combined with (1, 3, — 1), proceeds as follows:

payoffs, highest to lowest:
3+x,1+x31
probabilities, respectively:
p/2,p/2,(1 -p)/2,(1 —p)/2
probability weights, respectively:
1-7(1—p/2, 70 —p/2) — 71 —p),7(1 —p) — 7(3 —p/2), w(5 —
p/2).

The RDU utility is therefore
G+l =71 -p/ + (1 +x)[7(1 =p/2) = =(1 - p)]

1
+3 +’7T(5 —p/2)

7(1-p) - W(% —p/Z)

=x[1—=(1-p)] +3

- 2[77(1 —p/2) —7(l-p) - W(% —p/Z)}-
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Thus x > y if and only if
x[1 =71 -p)] —y[1 - 7(1-q)]

>207(1—p/2) —w(1—q/2) — w(1 —p) + 7(1 —q)

+

o)l ol

The evaluation of ¥ and j when (2,3, —2) is resolved at —2 proceeds similarly
and leads to exactly the same inequality because u is linear.

Consider now the resolution of (1,2, —1). When this smaller contextual uncer-
tainty is resolved at 1, the evaluation of ¥ goes as follows:

payoffs, highest to lowest:
3+x3,x—-1,—-1
probabilities:

p/25=p/2.p/2%% —p/2
probability weights:
1—a(—p/2D, 7l —p/2) — 7)), 7(3) — 73 —p/2, 7 — p/2).

In this case, we find that ¥ >y if and only if

e Ly B A

>y

e L L I

Again, because u is linear, resolution of (1, %, —1) at —1 leads to exactly the same

inequality for ¥ > J.

There are many ways to construct a counterexample to C4 from the preceding
inequalities for ¥ > J. For instance, assume that 7(p) = p except locally near p
= 1, where m(3) = 3 + €. Then the preceding two inequalities are

xXp >yq
and
xw+ (x—y)e>yq.

We need only choose x, p, y, g and € so that

xp>yq>xp+ (x—y)e
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to contradict C4. A specific example is (x, p,y,q,€) = (3,1/3,7/2,1/(7/2 +
5),38/(7/2 + 6)) with § small and positive.

4. One-switch for SSBU

Assume that > on W* satisfies SSBU with ¢ smooth, and let
d(w+x,w+y)=Ed(w+I,w+7)

as defined in (7). We first prove that the forms for ¢ in C3(i)—(iv) of Theorem 4
satisfy C3.
For fixed ¥ and y, we obtain

d(w+x,w+3y)=A+Bw for C3(i)
= Ae™ + Be”™ for C3(ii)
— A+ Be™ for C3(iii)
=[A4 + Bw]e™ for C3(iv),

where A and B are expectations with respect to ¥ and y that do not involve w. To
verify C3 (one-switch), it suffices to note that ¢(w + X,w + §) = 0 for no w, or
exactly one w, or for all w. This is obvious for C3(i), C3(iii), and C3(iv), where
e™ > 0 for all w. Suppose C3(ii) obtains. If AB > 0, then Ae“* + Be”" vanishes
for no w or for all w. If AB < 0, equality to 0 requires e'*~*" = —A4 /B, which is
true for no w or all w if a = b, and for no w or exactly one w if a # b.

We show next that (4), i.e., ¢(x,y) > 0 when x >y > 0, corresponds to the
restrictions in brackets for the four ¢ functions in C3 of Theorem 4. Let
A =x —y > 0. For C3(1),

d(y +A,y) = a(A)[(y + A)° —y*| + B(a)A

A[Aa(A) + {2ya(A) + B(A)}].

This is positive for all y > 0 and A > 0 only if «(A) > 0, for if a(A) < 0 then
large y will make the entire expression negative. Given a(A) > 0, at y = 0 we
require Aa(A) + B(A) > 0. Conversely, if a(A) = 0 and Aa(A) + B(A) > 0 for
all A > 0, it is easily seen that ¢(y + A,y) > 0 for all y > 0 and all A > 0. For
C3(ii),

$(y + A.y) = e [a(d) (e = D] + e[ B(A) (™ — 1)),
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so this must be positive for all y > 0 and A > 0. For C3(iii),

S(y +A.y) = e [a(d) (e — 1] + e[ B(A) (e ~ 1)),

so this must be positive for all y > 0 and A > 0. For C3(iii),

Sy +A,y) =Aa(A) + e[ B(A) (e = 1)].

At y = 0, this requires Aa(A) + B(AXe“® — 1) > 0 for all A > 0. If a < 0 then
the second term goes to 0 as y — o, so we need «(A) > 0 in this case. We have
already required «(A) > 0 when a = 0. If a > 0, we also need B(A) > 0. For
C3(iv),

d(y+A,y) =e?{a(M)[(y + A)e™ —y] + B(A)[e** — 1]}

For y = 0, we require Aa(A)e®® + B(A)e® — 1) > 0 for all A > 0. The other
part within braces is ya(A)(e“® — 1), so we need a(A)(e“* — 1) > 0 for all A > 0.
This is true if a = 0, or if a(A) > 0if a > 0, orif a(A) < 0if a < 0, so it holds if
and only if aa(A) > 0 for all A > 0.

We now assume C3 and derive the forms for C3 in Theorem 4. Let ¢, »;,(w, w)
or ¢y...15..., [i 1's, j 2's] denote the derivative of ¢(w + x,w + y) i times with
respect to x and j times with respect to y, evaluated at x =y = 0. Then a Taylor
series expansion for a function of two variables (Taylor, 1955, p. 228) yields

o

1 n
d(w+x,w+y)=¢(w,w) + Y —
a1 20

n L
( i )xn lyl¢>1(n—i),2(i)(WaW)-

Skew-symmetry gives ¢p(w,w) =0 and ¢(w +x,w +y) + d(w +y,w +x) = 0.
The preceding equation then yields

1
0=(x+y)(¢1 + ¢2) + 5 (" +y°)(bi1 + ¢2) + 2061,
1 s s 1
+g(x + ) (b + dap) + EW(X +Y) (112 + b122)
1 1
+ ﬁ(ﬁ +y4)(¢1111 + b)) + gxy(xz +y2)(¢1112 + ¢1222)

1
+ Exzyz(ﬁnzz o
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We divide this by sums of powers of x and y and let x and y go to zero to
conclude that
¢, + ¢, =0 (setx =y,divide by x,let x — 0)
dy + ¢y =0 (set y=0,divide by x*, let x — 0)
¢, =0 (set x =y, divide by x?, let x — 0)
b1 T by =0
b1y + P =0

and so forth. It follows that

d(w+x,w+y)

"]

> 1 o . ,
Z n! (’z)xlyl(xnle =Y biin 2 (Wo W)
= i=0
- i - 1 n n—2i n—2i

=X () X i (x -y )¢1(n—i),2(i)(waw)- (13)
i=0 n=2i+1 1"

Equivalently,
1 2 2 1 3 3
d(w+x,w+y)=(x—-y)$ + g(x =y )by + ;(x =) b
1 2 2
+5(x y =) by + o,
so, for lotteries X and j, bilinear expansion gives

d(w+x,w+7y)

1 o P
Z{) 22 1;(n)[Exn’Eyl — Ey"'EX ]‘f’un—i),z(i)(w’w)
1 n i+

1
= [E)Z - Ej}]¢1 + E[EfZ - Ef’z]ﬁbn

1
+—[E® - By, + E[E)EZE)? — EJPER| by + - (14)

O\|>—\



UTILITY FUNCTIONS FOR WEALTH 25

If any ¢ term here after ¢, and ¢,; is not linearly dependent on ¢, and ¢,; as a
function of w, then for suitably small (near 0) outcomes it is is possible to construct
X and y to contradict C3 by a two-switch example. Thus, for n > 3 and 0 <
< |(n — 1) /2], there are constants ¢, 5, and d;, _; 5 such that

Dign-in. 20 (W> W) = Criuin, 21 (Ws W) + diumiy, 2 P12(W> W)
for all w, i.e., for all w > 0. Let
a(w) = ¢1(w,w), b(w) = ¢yy(w,w).
Then, by (13),
d(w +x,w+y)
=(x—y)a(w) +%(x2—y2)b(w) + i(xy)’ i %(")

i=0 n=2i+1 t
(exclude n=1,2 for i=0)

X (X" =y iy, 20 @(W) + diuiy 2P (W)]

= {x -yt Ai(xy)i[ai(x) - ai()’)]}a(w)

1 > )
30620+ E @Y 1ae) —blpen

= A(x,y)a(w) + B(x,y)b(w), (15)

where the a;, b, and A4, B are defined in context, with 4 and B skew-symmetric.
When x and y are suitably small with x > y, the leading terms x —y in A4 and
2(x* — y?) in B dominate to give A(x,y) > 0 and B(x, y) > 0. For lotteries ¥ and
¥y we have

d(w +%,w +73) =E[A(X,7)]a(w) + E[B(%,7)]b(w),

and it follows from (14) that there is a positive-radius disk with center (0,0) such
that every point in the disk has an X, § at which that point equals
(E[A(X, )], E[B(X, ).

We assume without loss of generality that neither a(w) nor b(w) in (15) is
uniformly zero. For example, if ¢,; = 0, then x >y implies A(x, y)a(w) > 0 for
all w; hence a has constant sign and ¢ is zero-switch.

To determine forms for a(w) and b(w), let u = ¢p(w + x,w +y), let u, (u,)
denote the first derivative of u with respect to x (y)—with similar notation for
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higher-order partial derivatives, and series-expand ¢(w +x +z;,w +y + z,) to
obtain

d(w+x+z,w+y+2z,)

=u+zyu; +z,u,

1
2 2
+ E(zlu11 + 2z, 25uy, + 23Uy
Lo 2 2 3
+ y(zlu111 + 3ziz,uyyy + 32,25Uy) + 23Uy ) + 0 (16)

Now let Z, and Z, be lotteries with the same first two moments:
m, = EzZ, = EzZ,
m, = Ez} = EZ3.

Bilinear expansion and (16) yield

dp(w+x+z,w+y+1,)

1
=u+m(u +u,) + Emz(uu + uy)

2 ~3 -3
+ miu, + [Ezlulll + 3mym,(uy, + Upy) + Ezzuzzz] .

3!
Consider x >y with x —y small. If u,, +u,, and u,, are not both linearly
dependent on u; + u, and u, then it will be possible to construct z, and Z, with
outcomes near zero which satisfy the noted moment equalities and contradict C3.
It follows for the given x and y that there are constants « and B such that

uy +2up, +uy =al(uy +u,) + Bu

for all w. In terms of the total differentials ¢’ and ¢” of ¢(w + x,w + y) with
respect to w, this is precisely

" (wH+x,wty)=ad'(w+x,w+y)+ Bd(w+x,w+y). (17)

For convenience let f(w) = ¢(w + x,w + y), and write the preceding equation as
the linear differential equation

fr(w) —af'(w) — Bf(w) =0
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with auxiliary equation r> — ar — 8= 0. Let r, and r, be the roots of the
auxiliary equation. Then (Phillips, 1951) we have

f(w) =ce™ +c,e™™ iftr #r,

fw) =(c; +cow)e™ ifri=r,=r,

where ¢, and ¢, are constants. Actually, because « and 8 in (17) might depend on
x —y, r, and r, can be written as continuous functions of x — y. Similarly, ¢, and
¢, can depend on (x, y), so we write them as functions of (x, y). The preceding f
solutions for variable x and y with x —y small then take the forms

S(w + 2w+ y) = (2, ) + ey, y) e
and

d(w+x,w+y) = [e)(x,y) +wey(x,y)]e" 7.
We compare these to (15), i.e., to

d(w+x,w+y) =A(x,y)a(w) + B(x,y)b(w).

Taking account of the comment after (15) for a positive-radius disk, it follows that
r{x —y) and r,(x —y), or r(x —y), can be presumed (or must be, when the
coefficients are nonzero) to be constant for small x and y with |x — y| small and
nonzero. Hence, for such x and y, either

S(w +x,w +y) = (X, y)em + r(x,y)er
=A(x,y)a(w) + B(x,y)b(w) forallw, (18)
or
S(w +xw +y) = [e,(x,y) + wes(x,y)]e™
=A(x,y)a(w) + B(x,y)b(w) forall w, (19)

where ¢, and c,, like 4 and B, are easily seen to be skew-symmetric.
Suppose (18) applies. We can then suppose that

a(w) = a;e" + a,e™ + aU(w), a; #0,
b(w) = B + B + BV (w), B;#0,

where U and V' have no additive term like e’ and each is either uniformly zero or
linear independent of e’ and e’”. When these are substituted into the AB
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version of (18) and compared to its c¢,c, version, it follows from the remarks
following (15) that U = V' = 0. Then

d(w+x,w+y)
= [a,A(x,y) + BiB(x,y)]e" + [a, A(x,y) + B,B(x,y)]e™”

for all x, y and w. Let C(x, y) = a; A(x,y) + B,B(x,y) and D(x,y) = a, A(x, y)
+ B, B(x, y). Then

d(w+x,w+y)=C(x,y)e™ + D(x,y)e™", (20)

where C and D are skew-symmetric because 4 and B are skew-symmetric.
Suppose (19) applies. We can then presume that

a(w) = ae™ + a,we™ + o U(w), a;#0,

b(w) = Be™ + Bywe™ + BV (w), B;#0,
with stipulations on U and V similar to those above. We again get U = V' = 0, so

d(w+x,w+y) = [a,A(x,y) + BB(x,y)]e"™
+[a,A(x,y) + ByB(x,y)|we™
= C(x,y)e"™ + D(x,y)we™. (21)
We now proceed from (20) and (21) to our final forms for ¢(x, y). There are
three cases for (20). One of these, which is the case of complex conjugate roots, is
inapplicable because it cannot satisfy the basic monotonicity property of x >y = x
> y. The other two are the real (r,,r,) cases, one for r, = 0 and the other for
ryr, # 0:
I. ¢(w+x,w+y)=C(x,y) +D(x,y)e™ r,#0

II. ¢(w+x,w+y)=C(x,y)e™ +D(x,y)e” rr,#D0.
We also consider the two cases for (21), for » = 0 and r # 0:

. ¢(w+x,w+y)=C(x,y) +wD(x,y)
IV. ¢(w+x,w+y)=C(x,y)e™ +D(x,y)we™ r#0.
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Each case has the form C(x, y)c(w) + D(x, y)d(w):

c(w) d(w)
L 1 ™  b#0
II. e”” e’  ab#0
Im. 1 w

IV. e  we®™ b #0.

Given ¢(w + x,w +y) = cw)C(x, y) + d(w)D(x, y), we replace w, x and y by
w+ (x +y)/2,(x —y)/2 and (y — x) /2, respectively, to obtain

d(w +x,w+y) =c(w + i +y)s(x—y) +d(w + %)t(x -y),

(22)

where s(x —y) = C((x —y)/2,(y —x)/2), t{x —y)=D{(x —y)/2,(y —x)/2),
and s and ¢ are odd because C and D are skew-symmetric.
I. With ¢c(w) = 1 and d(w) = e®", b # 0, (22) gives

d(w+x,w+y)=s(x—y)+e"elET/ 2 (x —
y y y

ebx _ eby

_ b
=s(x—y) +e™ D32 _ ghr- /2 1(x—y)

=s(x —y) + [0 — "1 (x - y),

where ¢, is even. We have assumed here that x # y, and for x =y can let #,(0) be
any finite value, e.g. £,(0) = 0. It follows that

b(x,y) =s(x —y) + (e — ")t (x —y),
with s odd and ¢, even. This matches the form of C3(iii) in Theorem 4.

II. With c¢c(w) = e* and d(w) = e®”, ab # 0, a calculation like that for ¢ in
case I in (22) gives

d(x,y) = (e —e™)sy(x —y) + (" —e”)ty(x —y),

with s, and ¢, even. This is C3(ii) in Theorem 4.
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II. With ¢(w) =1 and d(w) = w, (22) gives (for x # y)

o(w +x,w+y)

=s(x—y)+ (w+ %)t(x—y)

[(Ww+x) = (w+y)]si(x—y)

(w + g)t(x -y)

w0t = v = e

1(x—y)

= [(w +x) — (x +y)]s1(x -y) + [(w +x)2 —(w +y)z] o)

= [ +2) = (w+p)]si(x =) + [v 07 = (w +2)]1(x = y)
where s, and ¢, are even. Therefore

d(x,y) = (x —y)si(x —y) + (x> =y*),(x — y),

which is C3(@) in Theorem 4.
IV. With c(w) = e? and d(w) = web™, b + 0, (22) gives

o(w+x,w+y)

x +
— ebweb(x+y)/2s(x _y) + (W + Y )ebweb(x+y)/2t(x _y)

((x—y)
_ L bw, b(x+y)/2 b(x=y)/2 _ ,b(y—x)/2
= e""e (eb(xy)/Z — ebly=x)/2 {W(e ¢ )

X+
+( - Y )(ebu—y)/z _ hn/2)

5

XY
t(x — y)(T)(eb("*”/z + eb(y*x)/Z)
bw b(x+y)/2 _ S(X _ y)

Y )ebu—y)/z 4 eb(yx)/Z}

—ee b )/2 _ gb(y—x)/2

=t1(x —y)e™{w(e’ — e") + xe’* — ye®’}

+ ePeP /25 (x — y) [, odd, t, even]
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_ [w(eb(w”) _ eb(w+y)) + xebw+n) _ yeb(w+y)]t1(x -y)
+[eb 0 — PN g (x — y) [, even]

= [(w +x)e ) — (w +y)e! )1, (x — y)
+ [eb(w+x) _ eb(w+y)]s2(x -y).

Therefore

B(x,y) = (xe" —ye")t)(x —y) + (" —e")sy(x —y),

which matches C3(iv) in Theorem 4.

5. Derivations for WLU

Assume that > on W7 satisfies WLU with u; and u, smooth. We focus here on
C1-C3 in Theorem 3, beginning with outlines of the derivations of the forms for
C1 and C2. We omit the straightforward proofs that the forms given in Theorem 3
for C1, C2, and C3 imply these conditions. Verification of this for C3 is essentially
the same as for C3 in the second paragraph of preceding section because ¢(x, y)
defined by

d(x,y) = u(x)uy(y) — uy(y)uy(x) (23)

gives a case of SSBU. We also omit verification of the conditions in brackets that
ensure (4).

C1 proof. Given (23), Fishburn (1998) proves that C1 implies for all x >y > 0
that, up to a positive multiplicative transformation, either

() ¢(x,y) = ¢(x—y,0) =x—y
or
(i) d(x,3) = d(x = y,0) = a[e“C) — ], 4 20,
Alternative (i) gives ¢(X,y) = EX — Ey, and it suffices to take u,(w)=w and

u,(w) = 1 for all w > 0. This gives C1(i) in Theorem 3.
When (i) holds, we have

¢(%,7) = aEe““Ee "7 — aEe“’Ee "%,

so for ¥ > § o u(Duy(7) > u(Pu,(%) it suffices to take u,(w) = ae® and u,(w)
= e " a # 0, which matches C1(i) in Theorem 3.
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C2 proof. The two WLU forms implied by C2 in Fishburn (1998) can be
written, for all x >y > 0, as follows:

() d(x.y) = (x —y)BIBET2 = (x —y)e ™
(i) &(x,y) = u(x —y)B” = a0 — ¢~dr-n] grgr—n/2

bx+cy __ by+cx]

=ale e

Skew-symmetry shows that both forms hold for x <y as well as x > y. For (i),
¢(%,5) = E(%e“")Ee"’ — E(je") Ee",

so for ¢(%, 7) = u(Du,(§) — u,(HPu,(¥) it suffices to take u,(w) = we*” and
u,(w) = e®, which are the forms for C2(i) in Theorem 3.
For (i),

¢(%,7) = aEe""Ee”’ — aEe"Ee’,

so we can take u,(w) = ae®™ and u,(w) = e, as in C2(ii) of Theorem 3.

Derivation for C3. We now assume C3 and derive the forms for C3 shown in
Theorem 3. As remarked after (10), we assume without loss of generality that
u,; > 0 and u, > 0. We shall also let

v(w) =ui(w)u,(w) — uy(w)uy(w) forallw > 0.

Because x >y = u(x)/u(x) > u,(y)/u,(y), u,(w)/u,(w) increases in w, and
therefore

v(x) _ d(uy(w) /uy(w)) S0

uy(w)* dw

>

so v(w) > 0 for all w. We note also that

v'(w) = ui(w)u,(w) —u(w)usr(w),

v (w) = [ (wW)uy(w) = wy(w)us (w)] + [wi(w)uy(w) — y(w)s(w)].

Several steps in the ensuing proof are similar to steps in the SSBU proof for C3 in
the preceding section.
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We begin our derivation for C3 with a Taylor-series expansion of u,(w + x)
around w:

< 1
w(w+x) =u;(w) + X —x"uf(w),
n=1"7:

where u{™(w) = d"u(w + x)/dx"|,—o. With u® = u,(w) and u{” = u{(w), we
have

u(w +x)uy(w +y) = X 2 uPulPxlyk/(jlk).
j=0 k=0

Therefore
(W + X)us(w +y) = (W + y)us(w +x)

Y (xkyi - xfy")(u(lk>u(2f> _ u(lf)ug’”)/(j!k!)
0<j<k

1
= (x = y)(vhuy —uuy) + E(xz —y?)(Wuy — ugus)
1
b (00 =)y — ) +
1 2 2 "o ’on
+ E(x y —x?)(wiuy — uju
1 3 3 "ot rom
+g(x y =) (uiuy — wuy) + -
Let u,(¥) = Eu(X) and u,(¥) = Eu,(%). Taking expectations for ¥ and y, we have
uy(w + X)uy(w +3) — uy(w + y)uy(w + X)
1
= [ Ef — Ej](vju, — uus) + E[E)Zz - Ej/z](u'{u2 — uu
[E)'E3 - E)73](u’1”u2 — ) +

+

+ 5| EPES - B | (wius — wady) +

| = |~
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C3 implies that every parenthetical u term beyond v(w) = u|u, — uu, and
v'(w) = uju, — u,u’y must be linearly dependent on those two to avoid a two-switch
situation. One of the consequences of this is v”(w) = av’'(w) + bv(w) for real a
and b because

" " "o ! ! "

v" = (ufu, —uuy) + (Ui, — vl
= (ap' +bw) + (a0’ + byv)
= (a; +ay)v" + (b, +b,)v.

The solutions of the linear differential equation v” — av’ — bv = 0 for real roots
of the auxiliary equation > — ar — b = 0 are

v(w) =ae® + ce™, b+d (24)
v(w) = (a + bw)e. (25)

We do not consider the case of complex conjugate roots because it does not lead to
viable monotonic one-switch functions u, and u,. We return to (24) and (25) after
we develop general solution forms for (24) and (25) based on the linear depen-
dence implied by C3.

By linear dependence, there are real A, and A, such that

7 "o o__ " _ " ’ _ ’
uiu, —uuly = A(ujuy — uuy) + A(uuy — uguh).

Therefore, with u; > 0 and u, > 0 as noted earlier, we have

" mn

" ! " !
uy — \uy — Auh uy — Auy — AU
= = e(w)’
U U

where 6 is defined by the common ratio. Thus
u! = Muj + Au; + 6u; fori=1,2. (26)

We will prove that 6(w) is a constant, independent of w, so the preceding
equations for i = 1,2 become order-3 linear differential equations that yield
general solution forms for u, and u, subject to (24) and (25).

When the preceding expression is differentiated with respect to w, we obtain

ul” = qul 4+ Aul+ 0w+ 0'u, fori=1,2.

By linear dependence, there are real w, and w, such that

" "

u"uy —uguy" = py(Wiuy, —uy) + pp (W, —uguh).
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Substitutions in this from the preceding two expressions give
(A + A, —w)v + (6+ M — py)v =0,

so that there are constants a, and b, for which

())
v(w)

Linear dependence also gives 7, and 7, such that u}"v), — u\u})’ = wv' + 7,0,
and by substitutions we obtain

0(w) =a, + b,

Map' + Bw) + A(au' + Bo) —0'v=mp' + m,,

so that there are constants a, and b, such that

U’(W))
ow) )

We therefore have the following equation pair for 8(w) and 6'(w):

0'(w) =a,+b

0=a, +b(v'/v)

0' =a, + b,(v'/v).

One solution to this pair is 6 = a; with b, = a, = b, = 0, in which case 6 is
constant and there are no implications for v’ /v beyond what we already know
from (24) and (25). There are also solutions when b, # 0. Given b, # 0, it follows
without difficulty from (24) and (25) that the only solution to the (0, 6') pair is
6 = constant with v’ /v also constant, in which case v = ae®”. Because this v is a
specialization of (24) and (25) (and in fact characterizes the zero-switch situation
under C2), we proceed with the more general solution that leaves (24) and (25)
intact.

Equation (26) with constant 6 yields the following forms for u, and u, when the
auxiliary equation > — A;7> — A,r — 6 = 0 has three real roots:

I. All roots identical:

u,(w) = (aw? + bw + c)e?™
u(w) = (aw? + pw + y)e®

v(w) = [(aB — ab)w? + 2(ay — ac)w + (by — Bc)]e>;
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II. Two roots identical:
u(w) = (aw + b)e™ +de™, c+f
uy(w) = (aw + B)e™ + e’
v(w) = (aPp — ab)e*” + v
X[(c = f)(ad— ad)w
+(c —f)(b8 — Bd) + (ad — ad)];
III. All three roots different:
u(w) =ae™ +be™ +ce’™, rts#+t+r
u,(w) = ae™ + Be™ + ye™
v(w) = e (ap — ab)(r —s)
+ et (ay — ac)(r —t)

+ e (by — Be)(s —1).

We do not consider the auxiliary solution with complex conjugate roots because it
does not yield admissible forms for u; and u,.

The following restrictions are required for v in I, IT and III so that it satisfies the
necessary (24) or (25):

I. aB—ab=0
II. aB—ab=0, oraé—ad=0
. aB—ab=0, oray— ac=0, or by — Bc = 0.

We complete the proof of the C3 forms in Theorem 3 by showing how u, and u,
of I-IT reduce to C3(i)—(iv) under the preceding restrictions.
I. Given u,; and u, for I and a8 = ab, we have

uy (X)uy(¥) — uy(y)u,(X)
= E(£%%)Ee"[ay — ac]
— E(7%cY)Ee’lay — ac]
+ E(fe®)Ee[by — Bc]
— E(§e¥)Ee’ [ by — Bc]
= [ E(#%e%)(ay — ac) + E(Fe’)(by — Bc)| Ee?

[E(yzedy)(ay — ac) + E(ye?)(by - ,BC)]Eedx
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With «, =ay — ac and «, = by — Bc, precisely the same conclusion obtains
when we redefine u; and u, by

u(w) = (aw? + ayw)e™
uy(w) = e,

which give the forms in C3(i) of Theorem 3.
II. Given u, and u, for II, we have

u(X)uy(§) — uy(§)u(%) = (aB — ab)[ E(Ze“*)Ee’ — E(je) Ee**]
+(ad — acd)[E()Ze“?)Eefy~ - E()?e‘)y‘)Eefi]
+ (b8 — Bd)| Ee*Ee” — EeEe’|.
when aB = ab, this can be written as
[c,E(%e®) + c,Ee*| Ee!”¥ — [c,E(§eY) + c,Ee” | Ee'*,

which is the form for u(¥)u,(y) — u,(y)u,(¥) obtained when we redefine u, and
u, by

uy(w) = (ew +cy)e™
uy(w) = e,

as in C3(iv) of Theorem 3.
When aé = ad, the initial expression can be written as

coE(Xe*) — c,Ee’*|Ee? — | c E(Je) — ¢, Ee/ | Ee®F,
(ye)

which is the form for u (¥)u,(7) — u,(7)u,(¥) obtained when we redefine u, and
u, by

u,(w) = cowe™ — cye™
u,(w) = e,

as in C3(iii) of Theorem 3.
III. Given u, and u, for III, it suffices from the symmetry of terms to suppose
that aB = ab. Then

u(F)u(3) = (7 ux( %) = ( BiEe™ + By Ee™) Ees

—(ByEe” + B,Ee’)Ee",
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which is the same as the form obtained when we redefine u, and u, by

u(w) = Be™ + pye’
u,(w) =e™

as in C3(ii) of Theorem 3.

6. Contextual uncertainty under WLU and SSBU

We conclude our proofs with results for WLU and SSBU that involve C4. We begin

under the conditions of Theorem 3.

Proof for WLU that C4 = C3. Let

V(w) = Euy(w + X)Euy(w +7) — Euy(w +3) Euy(w + %).

If w is itself uncertain, say w = (w,, p,w,), then

Viw) =pV(w,) + (1 =p)V(w,) +p(1 —p)

X [(Eul(w1 + %) — Euy(w, + %)) (Euy(w, +3) — Euy(wy +73))

+(Euy(w, +3) — Euy(w, + 7)) (Euy(w, + %) — Euy(w, + 5))].

So long as V(w,) # 0, V(w), (1 — p)V(w,) and pV(w,) + (1 — p)V(w,) will have
the same sign for sufficiently small p. This fact allows us to adapt the argument
used to show that C4 = C3 for EU in Bell (1995b, p. 1149). That proof made use
of the fact that, for EU at least, V(w) = pV(w,) + (1 — p)V(w,), but in fact the
proof only requires that V(w) and pV(w,) + (1 — p)V(w,) have the same sign for
small p. Hence Bell’s argument also applies to WLU. Thus C4 = C3.

Proof of Theorem 3 for C4. Recall that four WLU families satisfy C3. The
following table sets up an analogy between these families and closely related EU

families.

WLU Family

() u; =ae®™ + ce™, u, =e™

() wu, =awe? + ce™, u, =e

(i) w; = (aw + ble™, u, = ¢

Gv) u, = (aw? + bw)e™, u, = e

EU Family

u = ae® + ce?”
u = ae + ce®
u=(aw + b)e”

u = aw? + bw.
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To begin, consider a WLU function with a general u, but specific u,, namely
u, =e". To satisfy C4, we must show that the relative preference between
X+ Z+kZ+xandw + Z+ kZ + J cannot depend on the particular resolution of
Z if it does not depend on the particular resolution of kZ. The difference in their
expected utilities is

Eu,(w + Z + kZ + X)e“"Ee"Ee‘*Ee**
— Euy(w + Z + kZ + §)e"Ee“*Ee“*Ee",
which has the same sign as
Eu(w +Z + ki + X)Ee”” — Eu\(w + Z + kZ + j)Ee”. (27)

Since all the C3 families have u, exponential, it will suffice to think about the
properties of (27) when Z or kZ is resolved.
Case (i). When u, = ae® + ce?, equation (27) becomes

ae’VEeP* EeP ? Eeb*Eef? + ce?Ee? Ee®*  Ee*Eef?
— aeEe"’ Ee" ?Ee" Eel® — ce®Ee“ Ee*?EeEe!*,
This may be written as
ae’ Ee’’Ee" A + ce?Ee¥*Ee™*B, (28)

where A and B are functions of ¥ and y but not of Z or kZ. Note what happens
when we consider C4 for the EU family ae® + ce?”. The difference in expected
utility between w + Z + kZ + X and w + Z + kZ + J is

ae’ Ee"’Ee® *C + ce™Ee"Ee’**D, (29)

where C and D are functions of X and y but not of Z or kZ. Although A # C and
B # D, it is the case that if for some Z and kZ there is a counterexample to C4 for
some choice of ¥ and y in (28), then there will also exist a counterexample for the
same Z and kZ in (29), albeit with a different ¥ and J, but chosen so that
AD = BC.

Now ae®™ + ce® satisfies C4 for EU if and only if bd < 0. Hence u, = ae”” +
ce™, u, = e/ satisfies C4 for WLU if and only if bd < 0.

Case (ii). When u, = awe® + ce? and u, = e"", expression (27) is

E[a(w +Z+kz+ )Z)ebwebz‘ebkz—ebf]Eeby— + ceEe"*Ee**Ee" Ee"’
- E[a(w +Z+kz +)7)ebwebl—e”"“'zeby—]Eel”E

_ cedWEedzEedszedyEebx,
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which may be written as
ae’ Ee"*Ee" A + ce™ Ee"Ee?**B. (30)

As before, A and B depend on % and ¥ but not on Z or kZ. Expression (30) is
analogous to (29), which was derived from the EU family ae” + ce?”. Thus
u, = awe® + ce?™, u, = e"" satisfies C4 if and only if bd < 0.

Case (iii). When u; = (aw + b)e®” and u, = ¢, (27) is

E[[a(w +Z4+k+%)+ b]e"we"fe‘“e"f]Eedy~

- E[[a(w +Z4+ki+y)+ b]ecwe"fe"kfe"y.]Eed’z,
or
E[[a(w +Z+kZ) + b]ecwe“z—eCkf]A + aeEe“*Ee***B, (31)

where A and B depend on X and 7 but not on % or kZ. In fact, A = Ee“*Ee®’ —
Ee“Ee?* and B = E(fe“*)Ee”’ — E(je)E(e‘¥).

If ¢ =d then (31) has constant sign for all resolutions of Z or kZ, and so this
case satisfies C4. It is, however, a special case of case (ii). The EU family
(aw + b)e” leads to an expression identical to (31) except that A is replaced by
C = Ee*® — Ee®” and B by D = E(%e‘") — E(je’). By analogy with this case, no
cases with ¢ # d satisfy C4.

Case (iv). When u, = (aw® + bw)e” and u, = e, expression (27) is

E(a(w + 24+ k2 +5)" + b(w + £ + K + §) Jeveciet et | Ees

— E[(a(w + 2+ K +3) + b(w + 2+ K2 +7))ermeriet eI | Eert,
which may be written (after dividing by e“*) as
(2aw + b) Ee“Ee™“E(( £ — §)ee7) + 2aE(( + k&) e“%ect?)
X E((X —7)e“e”)
+aEe“'EeC"5E(()Z2 - )72)6”26”—)
= Ee““Ee***((2aw + b) A + aB)
+2aE((Z + kZ)e%e*?) A, (32)

where A4 = E((X¥ — y)e‘“e”’) and B = E((X¥* — 7%)e“*e’). Comparing this to aw?
+ bw in EU, we find that

Viw+X+Z+ki) —V(w+y+2Z+kZ)

= [(2aw + b)C + aD] + 2a(k + 1)E(%)C, (33)
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where C = E(£ — ) and D = E(%* — $2). Though the expressions are close, they
are no longer identical but for 4, B, C, D. While (33) is, in effect, independent of Z
and kZ (there is no loss in assuming E(Z) = 0) and so all quadratics satisfy C4 in
EU, we can show that (32) fails C4 for all ¢ (except ¢ = 0, or a = 0). To see this,
rewrite (32) as

(2aw + b) A + aB + 2aAZ, (34)

where

[(z + kZ)ee C’”]
EeczEeckz

If a =0, then (34) is independent of the Z’s and trivially satisfies C4. If a # 0,
then the value of the terms (2aw + b)A + aB may be selected at will by appropri-
ate choice of w (when A # 0). There is no loss in assuming a4 > 0 (¥ and j may
be reversed at will). In order then to ensure that (34) is compatible with C4, it must
be that the extremes of Z occur when kZ is resolved (as kz,;, and kz,, ) rather
than when Z is resolved (as z,,, or z

min

). We require then, that

max

max

(EZECZ)ECkZmi“ + (Eecf)kzmineckzmin E(kfeckz')eczmin + Zmineczmm(Eeckz')
<

Eecz ckzpin eczmi“Eeckz'

or

B(ze?) | _kE(z)

Eecz min Eeckz' min *
Similarly, we require

( e cz) k(EZeckz”)
Eecz max W t Zoax-

Substitute Z = (1,1, —1) to get the requirements

e¢ —e ¢ . k(eck _ e—ck)
—_— < —_—
e +e ¢ (e* + e k)

and
e¢ —e ¢ ck __ efck
e“+e Th>k e
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so that

k(eck _ efck) (ec _ efc)

— <k-—1.
(e* + e=k) (e +e )

1-k<

If ¢ > 0, then as k gets large the right-hand inequality is violated. If ¢ < 0, the
left-hand inequality is violated. Thus u, = (aw? + bw)e®” and u, = e satisfies
WLU only in trivial cases that are already covered.

This completes the proof of Theorem 3. We conclude with the completion of
Theorem 4.

C4 for SSBU. Assume the hypotheses of Theorem 4 along with C3. The
argument in Bell (1995b) for EU carries over precisely for SSBU, and so we omit
the details here. In outline, we first show that if C3 is false then so is C4. One can
also show that if V(w) = Ed(w + X,w + §) is zero for exactly one value of w, but
is not strictly monotonic (or equal to zero everywhere), then there exists a violation
of C4. Thus C4 for SSBU is equivalent to the requirement that V(w) is strictly
monotonic (or constant) whenever it has at least one zero. (There are no restric-
tions on V' if it never changes sign.)

It remains to establish which SSBU families have monotonic V' functions. The
forms for C3 in the theorem imply

() V(w) =a, + bw
(i) V(W) = aye™ + bye
(iii) V(W) = as + bye™
(iv) V(w) = (aw + b,)e™

where the a; and b; do not depend on w. Cases (i) and (iii) satisfy C4 without
further restriction.

For (ii) we have a, = E[a(X — §)(e*® — e“")] and b, = E[ B(F — )" — e?)].
If a=0o0r B=0orab =0, (ii) reduces to (iii). Otherwise, (ii) satisfies C4 if and
only if ab < 0.

For (iv) we have a, = E[a(X —§)e® —e*))] and b, = E[a(F — §)(Xe*® —
e D] + E[ B(F — 7)e*® — e™)]. If either a« =0 or a =0, (iv) reduces to (ii).
Otherwise, it does not satisfy C4.

This completes the proof of Theorem 4.
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