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Abstract

We specify all utility functions on wealth implied by four special conditions on preferences between
risky prospects in four theories of utility, under the presumption that preference increases in wealth.

Ž . Ž .The theories are von Neumann-Morgenstern expected utility EU , rank dependent utility RDU ,
Ž . Ž .weighted linear utility WLU , and skew-symmetric bilinear utility SSBU . The special conditions are a

weak version of risk neutrality, Pfanzagl’s consistency axiom, Bell’s one-switch condition, and a
contextual uncertainty condition. Previous research has identified the functional forms for utility of
wealth for all four conditions under EU, and for risk neutrality and Pfanzagl’s consistency axiom under
WLU and SSBU. The functional forms for the other condition-theory combinations are derived in this
paper.
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There are two predominant interpretations for utility of wealth in theories of
decision among risky prospects with monetary outcomes. The first, which dates

Ž . Ž .from Bernoulli 1738 , treats utility of wealth u w as a measure of a person’s
intensity of preference for wealth w that is to be assessed in a strength-of-prefer-
ence manner without reference to risk or outcome probabilities. The second, which

Ž .originated in von Neumann and Morgenstern 1944 , eschews the earlier intensity
Ž .interpretation and views u w as a consequence of simple preference comparisons

between risky prospects that is assessed with the aid of outcome probabilities,
largely through indifference judgments. In-depth analyses of the two interpreta-

Ž . Ž .tions are presented in Ellsberg 1954 and Fishburn 1989 , but see also Allais
Ž .1953, 1979 for a dissenting opinion which maintains that von Neumann and
Morgenstern intended a Bernoullian interpretation for their notion of utility.

The present paper lies squarely in the tradition of von Neumann and Morgen-
Ž .stern. Its aim is to specify all functional forms for u w and related functions that

occur in four types of utility representations when special conditions on prefer-



BELL AND FISHBURN6

ences are imposed on their structures. The four utility theories are von Neumann-
Morgenstern expected utility and three generalizations: rank dependent expected
utility, weighted linear utility, and skew-symmetric bilinear utility. Our special
conditions, also four in number, range from a restrictive condition of risk neutrality

Ž .to Bell’s 1988 more accommodating one-switch rule.
We assume throughout that more wealth is preferred to less. Although psycho-

logically innocuous, this is important mathematically because it rules out non-
monotonic solutions to functional equations that arise in our derivations.

Section 2 outlines the numerical representations of the four utility theories we
consider and describes the four special conditions we apply to those theories. The
most flexible special condition is the one-switch rule which says that if preference
between two lotteries on increments to wealth reverses as wealth increases, then no
further reversals occur beyond the initial switch point. Section 3 presents our
results in theorems which show how the special conditions affect the numerical
representations. The most prevalent special forms involved exponential terms such
as ecw, but other cases arise. We note which results have been proved earlier and
which have not. The results are summarized in a 4 = 4 array which shows the

Ž .effects of each theory, special condition combination.
Sections 4 through 7 cover the proofs of new results. Section 4 focuses on rank

dependent utility, Sections 5 and 6 consider the one-switch rule for skew-symmetric
bilinear utility and weighted linear utility, respectively, and Section 7 deals with a
contextual uncertainty condition.

We have mentioned the Bernoullian tradition of intensive utility to clarify what
our study is not about as well as what it is about. To explain this further, we first
recall the expected utility model of both interpretations.

Throughout the paper, a risky prospect is defined as a random function w with˜
Ž . Ž . Ž .finite support S w on levels of wealth. When w has probability p w for w g S w ,˜ ˜ ˜
Ž .we have Ý p w s 1 and refer to p as the lottery associated with w. Under the˜SŽw .˜

Ž . Ž .obvious convention that p w s 0 for w f S w , each lottery is a simple probabil-˜
ity distribution on all wealth levels. With respect to a utility function u on levels of
wealth, the expected utility of w with associated lottery p is defined by˜

Eu w s p w u w . 1Ž . Ž . Ž . Ž .˜ Ý
Ž .wgS w̃

This form is used by Bernoulli and by von Neumann and Morgenstern, and in both
Ž .cases risky prospect w is regarded at least as good as w9 if and only if Eu w G˜ ˜ ˜

Ž .Eu w9 . However, the two approaches differ radically in their interpretation and˜
assessment of u.

As indicated earlier, Bernoulli’s u is intended to reflect a person’s intensities of
preference for levels of wealth. It is riskless and logically precedes, or is at least
independent of, probability considerations. On the other hand, von Neumann and
Morgenstern’s u reflects attitudes toward risk and is inextricably tied to preference



UTILITY FUNCTIONS FOR WEALTH 7

and indifference judgments between lotteries. The difference between the two
interpretations impacts our study in at least three ways.

First, the special forms for u and related functions specified later should not be
viewed as intrinsic, intensive measures of utility. They are merely consequences of
Ž .1 in the expected utility case, or other representational models in generalized
cases, and of our special conditions.

Second, the logarithmic form of u favored by Bernoulli, which can be written as

u w s log 1 q cw for w G 0 2Ž . Ž . Ž .

for some positive constant c, will not be found among our special forms. In
particular, our special conditions do not permit this form even though it would be
allowed by other conditions such as a relative-risk-constant condition in Harvey
Ž . Ž .1990, p. 1485 . Bernoulli argued for 2 with an early expression of the law of
diminishing marginal utility which says that the increment of utility for the next bit
of wealth ought to be inversely proportional to the amount of wealth prior to the

Ž .incremental increase. Support for 2 as an intensive measure was obtained by
Ž .Allais in 1952 from questionnaire responses that are reported in Allais 1979 .

Although Savage was definitely not a Bernoullian in the sense used here, he says in
Ž .Savage 1954, p. 94 that ‘‘To this day, no other function has been suggested as a

better prototype for Everyman’s utility function.’’ Perhaps Savage would have
Ž .reconsidered had he known about results in Bell 1988, 1995a, 1995b . The reason

is that, within the von Neumann-Morgenstern interpretation that Savage favored,

u w s aw y beyc w 3Ž . Ž .

Ž .for constants a G 0 and b, c ) 0, is the only increasing u9 ) 0 and risk averse
Ž .u0 - 0 form that satisfies the one-switch and contextual uncertainty conditions in

Ž .the context of 1 .
Ž .Our third point concerns the treatment of special conditions in 1 and its

Ž .generalizations. In our approach, we begin with 1 or a generalization such as rank
dependent utility or weighted linear utility on the basis of preference axioms which
correspond to the theory under consideration. We then ask how the special
conditions constrain the functions involved in the representation. Although there

Ž .are also generalizations of 1 in the Bernoullian approach, as described for
Ž . Ž .example in Allais 1953, 1979 and Hagen 1972, 1979 , our approach is inadmissi-

ble there because u exists independently of risk or special conditions on prefer-
ences between risky prospects. It follows that special conditions in Bernoullian

Ž .theory can only be accounted for by modifying the expectation rule of 1 for
combining probabilities and utilities, not by modifying u. This is a perfectly

Ž .legitimate route of inquiry, but it is not pursued here apart from alternatives to 1
that generalize von Neumann-Morgenstern expected utility prior to imposition of
our special conditions.
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1. Utility theories and special conditions

The numerical utility representations of our study apply to a strict preference
relation % on the set Wq of all risky prospects w, x, y, . . . whose supports are˜ ˜ ˜
subsets of the set Rq of nonnegative real numbers. We could also allow negative
wealth with some fixed lower bound since this would not entail any substantial
changes under the translation that treats the lower bound in the way we treat zero
wealth in what follows. The indifference relation ; and preference-or-indifference
relation ' induced by % are defined for x, y g Wq by˜ ˜

x ; y if neither x % y nor y % x ,˜ ˜ ˜ ˜ ˜ ˜

x ' y if x % y or x ; y.˜ ˜ ˜ ˜ ˜ ˜

We denote the set of simple probability distributions on Rq by Pq and let w l p˜
mean that p g Pq is the lottery associated with w g Wq. Preference on Pq is˜
defined in the obvious way from preference on Wq by

p % q if x % y when x l p and y l q.˜ ˜ ˜ ˜

The degenerate risky prospect that assigns probability 1 to wealth w is denoted
simply by w, so the assumption that more wealth is preferred to less can be
expressed as

x % y when x ) y G 0. 4Ž .

Ž .We assume 4 throughout.
Our presumption that wealth is nonnegatï e has a practical appeal, but it is also

important in our derivations and a few results. For example, one special form for u
that arises later is the quadratic form in which

u w s aw2 q bw for w G 0,Ž .

Ž .with a G 0, b G 0 and a q b ) 0 to satisfy 4 for constants a and b. If wealth
were unbounded below, with x % y m x ) y, then the quadratic case would reduce

Ž .to the linear case of u w s w because any nonzero a would violate monotonicity.
On the other hand, factors such as borrowing and catastrophic events can render

net wealth negative. To account for this, it is natural to replace Rq, Wq, and Pq in
the preceding definitions by R, the set W of all risky prospects whose supports are
subsets of R, and the set P of simple probability distributions on R, respectively.
Most of the results in the next section for % on Wq hold also for the
unconstrained case of % on W, and when they do not we will say so. But proofs
will be given only for % on Wq, which tends to be the more delicate case because
of the w G 0 constraint.
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Expectations

q ŽOur four utility representations for % on W are identified by EU expected
. Ž . Ž .utility , RDU rank dependent utility , WLU weighted linear utility , and SSBU

Ž .skew-symmetric bilinear utility . Each is based on a notion of expected value,
Ž . Ž . Ž .which is 1 for EU and WLU. For WLU, we work with a ratio Eu w rEu w˜ ˜1 2

with u ) 0. This reduces to the EU representation when the weighting function2
u is constant.2

w x w xFor RDU, we define P as the set of increasing functions from 0, 1 onto 0, 1 .
Members of P are viewed as transformations of objective probabilities of lotteries
into psychologically equivalent subjective probabilities. Each p g P is continuous

Ž . Ž . Ž .and increasing with p 0 s 0 and p 1 s 1. When S w has n members ordered as˜
w - w - ??? - w , and w l p, the rank dependent expectation of u with respect˜1 2 n
to p g P is defined by

n k ky1

E u w s u w p p w y p p w . 5Ž . Ž . Ž . Ž . Ž .˜ Ý Ý Ýp k j j½ 5
ks1 js1 js1

Ž . Ž .This reduces to Eu w when p is the identity transform with p l s l.˜
For SSBU, let F denote the set of skew-symmetric functions f from Rq= Rq

Ž .into R for which f x, y ) 0 when x ) y G 0. The latter constraint corresponds to
Ž . Ž .4 since the SSBU representation has f x, y ) 0 m x % y. Skew-symmetry for
f g F means that

f x , y q f y , x s 0 for all x , y g Rq. 6Ž . Ž . Ž .

Ž .In particular, f w, w s 0. The bilinear expectation of f g F for the ordered pair
Ž .x, y of risky prospects x and y with x l p and y l q is defined by˜ ˜ ˜ ˜ ˜ ˜

Ef x , y s p x q y f x , y . 7Ž . Ž . Ž . Ž .Ž .˜ ˜ Ý Ý
Ž . Ž .xgS x ygS y˜ ˜

Ž . Ž . Ž .This reduces to the EU form when f x, y has the decomposition f x, y s u x
Ž . Ž . Ž . Ž .y u y , for then Ef x, y s Eu x y Eu y . More generally, given the represen-˜ ˜ ˜ ˜

Ž . Ž .tation x % y m Ef x, y ) 0, it reduces to the WLU form when f x, y can be˜ ˜ ˜ ˜
Ž . Ž . Ž . Ž . Ž .written as u x u y y u y u x with u ) 0, for then Ef x, y ) 0 is equiva-˜ ˜1 2 1 2 2

Ž . Ž . Ž . Ž .lent to Eu x rEu x ) Eu y rEu y .˜ ˜ ˜ ˜1 2 1 2

Four representations

We now specify our four numerical representations for % on Wq along with
admissible transformations for their functions, which are used later to obtain the
simplest forms for those functions under the special conditions described shortly.
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Although there is no need here to go into the details of axioms which correspond
to the representations, a few words about axioms may provide perspective.

Representations like those that follow are usually axiomatized in terms of the
behavior of % on a convex set P* of lotteries or probability distributions on a set
of outcomes, which in our particular setting are wealth levels. Convexity means

Ž .that l p q 1 y l q is in P* whenever p, q g P* and 0 F l F 1, where the convex
Ž . Ž . Ž .combination assigns probability l p x q 1 y l q x to outcome x.

Three axioms are typically used for EU: see, for example, Herstein and Milnor
Ž . Ž . Ž .1953 , Jensen 1967 and Fishburn 1970, 1988 . They are an ordering axiom, an
independence condition, and an Archimedean axiom to ensure real-valued utilities.
The independence condition, which in one version says that

p % q « l p q 1 y l r % lq q 1 y l r 8Ž . Ž . Ž .

whenever p, q, r g P* and 0 - l - 1, is central to the derivation of representation
by expected utilities.

Ž . Ž .Common violations of 8 described in Allais 1953, 1979 , MacCrimmon and
Ž . Ž .Larsson 1979 , and Kahneman and Tversky 1979 , among others, motivated the

Ž .other representations considered here, each of which weakens 8 to accommodate
Žsome of the observed violations. Axioms for RDU are discussed in Quiggin 1982,

. Ž . Ž .1993 , Quiggin and Wakker 1994 , and Segal 1989, 1993 ; axioms for WLU appear
Ž . Ž . Ž .in Chew and MacCrimmon 1979 , Chew 1982 , Fishburn 1983, 1988 , and

Ž . Ž .Nakamura 1984 ; SSBU is axiomatized in Fishburn 1982, 1988 . The last of these
also weakens the ordering axiom to allow preference cycles such as p % q % r % p.
However, if transitivity of ; on P* is added to the SSBU axioms, then SSBU
reduces to WLU.

Our four representations are: for all x, y g Wq,˜ ˜

EU: x % y m Eu x ) Eu yŽ . Ž .˜ ˜ ˜ ˜

RDU: x % y m E u x ) E u yŽ . Ž .˜ ˜ ˜ ˜p p

WLU: x % y m Eu x rEu x ) Eu y rEu yŽ . Ž . Ž . Ž .˜ ˜ ˜ ˜ ˜ ˜1 2 1 2

SSBU: x % y m Ef x , y ) 0,Ž .˜ ˜ ˜ ˜

q Ž . Ž .where u, u and u map R into R, u is strictly increasing, u ) 0, u x ru x )1 2 2 1 2
Ž . Ž .u y ru y when x ) y, p g P and f g F. The theorems in the next section1 2

invoke additional smoothness conditions for u, u , u and f because they are1 2
either implied by our special conditions or facilitate derivation of the special forms,
for example by the use of differential equations. The following uniqueness proper-
ties, or admissible transformations, do not presume the smoothness conditions.

For EU, u is unique up to a positï e affine transformation: ¨ satisfies the
representation in place of u if and only if there are constants a ) 0 and b such
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that

¨ w s au w q b for all w G 0. 9Ž . Ž . Ž .

Ž . Ž . Ž .If ¨ does not satisfy 9 with a ) 0, then E¨ x F E¨ y for some x and y for˜ ˜ ˜ ˜
which the given % has x % y.˜ ˜

For RDU, p is unique and u is unique up to a positive affine transformation.
For WLU, u and u ) 0 are unique up to the transformation pair1 2

¨ w s au w q bu w for all w G 0Ž . Ž . Ž .1 1 2
10Ž .

¨ w s cu w s du w for all w G 0Ž . Ž . Ž .2 1 2

Ž . Ž . Ž .with ad ) bc and cu w q du w ) 0 for all w G 0: see Fishburn 1988, p. 132 .1 2
Ž .Under smoothness assumptions continuity suffices we can have ¨ ) 0 as well as1

¨ ) 0 for our w G 0 context by taking a s 1, b suitably large, c s 0 and d s 1.2
For SSBU, f is unique up to a positï e multiplicatï e transformation: c satisfies

the representation in place of f if and only if there is an a ) 0 such that

c x , y s af x , y for all x , y g Rq. 11Ž . Ž . Ž .

Ž .Every other transformation in F has Ec x, y F 0 for some x and y for which˜ ˜ ˜ ˜
x % y.˜ ˜

Four special conditions

A few new definitions are involved in our special conditions. When w g Wq,˜
q q Ž .x g R and w ; x, x is the certainty equï alent of w. For x, y g R , x, 1r2, y is˜ ˜

1the e¨en-chance prospect that assigns probability to each of x and y when x / y,2

and assigns probability 1 to x when x s y.
The next definition is stated in the unrestricted W mode. Given x g W, a g R,˜j j

and x l p for j s 1, . . . , m, the weighted con¨olution Ýa x is defined as the risky˜ ˜j j j j
prospect associated with p g P given by

m

p y s p x p x ??? p x : a x s y , 12Ž . Ž . Ž . Ž . Ž .Ý Ý1 1 2 2 m m j j½ 5
Ž . js1x , . . . , x1 n

for all y g R. Each x in this definition, including identical x ’s with different˜ ˜j j
indices, is treated as an independent random function for the probability calcula-
tion. Some examples follow.
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1 2Suppose x has probability for x s 1 and probability for x s 3. Then˜ 3 3

1 22 x has pr. for 2 and pr. for 6;˜ 3 3

1 4 4x q x has pr. for 2, pr. for 4 and pr. for 6.˜ ˜ 9 9 9

Ž .Note in particular that a x q b x is not generally equal to a q b x. In addition, if˜ ˜ ˜
3 1y has probability for y s 2 and probability for y s 4, then˜ 4 4

3 7 2x q y has pr. for 3, pr. for 5 and pr. for 7;˜ ˜ 12 12 12

3 7 2x q y y 3 has pr. for 0, pr. for 2 and pr. for 4.˜ ˜ 12 12 12

Ž . Ž . Ž . Ž . Ž . Ž .In terms of 12 , the latter case has x , a s x, 1 , x , a s y, 1 and x , a˜ ˜ ˜ ˜ ˜1 1 2 2 3 3
Ž .s 3, y1 .
We also let xq for x g W denote the set of all w g R for which x q w g Wq.˜ ˜ ˜

Equivalently,

xqs w g R: min x q w : x g S x G 0 .� 4� 4Ž .˜ ˜

Then xql yq is the set of w g R for which both x q w and y q w are in Wq.˜ ˜ ˜ ˜
Our first special condition, C1, is a limited version of risk neutrality which says

that some risky prospects with identical mean wealths are indifferent.
1 1q Ž . Ž .C1. For all x, y, z g R , x, , y q z ; x q y, , z .2 2

1Ž . Ž .An even simpler condition, x q y r2 ; x, , y , is equivalent to C1 when ; is2
Ž .transitive, but not otherwise Fishburn, 1998 . C1 is very strong and seems plausible

only when x and z are approximately equal or y is comparatively large. For EU
Ž . Ž .and RDU, it implies u x s ax q b, a ) 0, or u x s x under affine rescaling. Its

effects for WLU and SSBU are less restrictive. For example, under SSBU, it says
Ž .that f x, y depends only on the difference x y y, and it is consistent with the

existence of preference cycles.
Our next two special conditions focus on how preference between w q x and˜

w q y in Wq changes as w varies with x and y fixed. The more restrictive of the˜ ˜ ˜
Ž .two, C2, is tantamount to Pfanzagl’s consistency axiom Pfanzagl, 1959 when all

risky prospects have certainty equivalents. Pfanzagl’s axiom says that if x is the
certainty equivalent of w g Wq, then x q y is the certainty equivalent of w q y˜ ˜

q Ž .for y g w . It is also similar to conditions used in Rothblum 1975 and Farquhar˜
Ž . Ž .and Nakamura 1987 . We refer to C2 as the zero-switch condition Bell, 1988 .

C2. For all x, y g W, if w q x ; w q y for some w g xql yq, then w q x ; w˜ ˜ ˜ ˜ ˜ ˜ ˜
q y for all w g xql yq.˜ ˜ ˜

Ž . Ž . a xThis also is fairly strong. For example, it implies u x s x or u x s ae , a / 0,
under EU or RDU. Its companion, Bell’s one-switch condition, says that preference
between w q x and w q y can reverse as w increases, but if this happens then it˜ ˜
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happens only once with no further changes beyond the point of reversal. A closely
related condition that has a similar effect under EU is discussed in Farquhar and

Ž .Nakamura 1987, 1988 .
C3. For all x, y g W, if w q x % w q y and w q y ' w q x for some w , w˜ ˜ ˜ ˜ ˜ ˜1 1 2 2 1 2

g xql yq, then there is a unique w* g xql yq such that either˜ ˜ ˜ ˜

Ž . q qi w q x % w q y for all w ) w*; w q y % w q x for all w - w* in x l y , or˜ ˜ ˜ ˜ ˜ ˜
Ž . q qii w q y % w q x for all w ) w*; w q x % w q y for all w - w* in x l y .˜ ˜ ˜ ˜ ˜ ˜

1Ž .Let x s $3000 and y s $0, , $8000 , and suppose that a person of modest˜ ˜ 2

wealth w has w q x % w q y and w q $5,000,000 q y % w q $5,000,000 q x.˜ ˜ ˜ ˜0 0 0 0 0
Then C3 asserts that, as t increases, preference for w q t q x over w q t q y˜ ˜0 0
switches to the opposite preference and stays the same thereafter. Apart from the
issue of determining the change point precisely, we regard C3 as very appealing. It
is the least restrictive of our four special conditions and allows the most variety for
the functions in our four representations.

Even more liberal conditions than C3 would allow two or more reversals, as
when there are w - w - w with1 2 3

w q x % w q y˜ ˜1 1

w q y % w q x˜ ˜2 2

w q x % w q y.˜ ˜3 3

We do not consider two-switch and higher-switch conditions further, but note that
the two-switch case is related to the doubly-inflected utility function in Friedman

Ž .and Savage 1948 , and that examples of double switches arise later in our proofs
Ž . Ž .for C3. In addition, Bell 1988 demonstrates that the logarithmic function 2

Ž .violates C3; indeed it permits any finite number of switches his Proposition 9 .
Ž .Our final special condition, C4, is based on a version of what Bell 1995b refers

Ž .to as a contextual uncertainty condition CUC in the EU context. Its thrust is that
if you can resolve one of two independent subprospects or ‘‘contextual uncertain-
ties’’ that are scale multiples of each other prior to making a decision, then you
would just as soon resolve the subprospect with the larger spread. Suppose for

1 1Ž . Ž .example that the subprospects are z s $0, , $100 and 100 z s $0, , $10000 .˜ ˜2 2

Then, stated in the negative, CUC says that if resolution of 100 z would not affect˜
your choice between main prospects that include 100 z q z, resolution of z rather˜ ˜ ˜
than 100 z also would not affect your choice. The version of CUC that we adopt˜
here is:

q Ž .C4. For all k ) 1 and all x q kz q z, y q kz q z g W , if there is no a g S z˜ ˜ ˜ ˜ ˜ ˜ ˜
such that

x q ka q z % y q ka q z ,˜ ˜ ˜ ˜
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Ž .then there is no a g S z for which˜

x q kz q a % y q kz q a.˜ ˜ ˜ ˜

It is easy to see that C4 and CUC are equivalent for EU when CUC is defined by
the requirement that if x ' y when neither contextual uncertainty is resolved, and˜ ˜
if x ' y for every possible resolution of the larger contextual uncertainty, then˜ ˜
x ' y for every possible resolution of the smaller contextual uncertainty. Then, by˜ ˜
definition, CUC implies C4. Moreover, if x ' y for all resolutions of the larger˜ ˜
contextual uncertainty, then it follows by taking expectations that x ' y if neither˜ ˜
contextual uncertainty is resolved. Hence C4 implies CUC.

The same argument shows that C4 and CUC are equivalent for SSBU because
its expectation mode is similar to that of EU. We shall see, however, that C4 and
CUC are not equivalent for RDU and WLU.

Ž .It was proved in Bell 1995b that for EU, CUC is equivalent to the function V,
defined by

V w s Eu w q x y Eu w q y ,Ž . Ž . Ž .˜ ˜

being strictly monotonic whenever x and y switch in w. An equivalent result holds˜ ˜
Ž . Ž .for SSBU, namely that C4 holds if and only if V w s Ef w q x, w q y is strictly˜ ˜

monotone in w whenever x and y switch. For RDU the implications are more˜ ˜
Ž .stark. The only cases for RDU that satisfy C4 require p p s p, which reduces

RDU to EU. In other words, rank-dependent utility is identical to expected utility
when C4 is imposed. Finally, for WLU we show that C4 entails C3, and that two of
the four functions that satisfy C3 also satisfy C4.

2. Theorems

We organize our results into four theorems, one for each basic utility representa-
tion. Each theorem notes the effects of C1 through C4 in terms of the functional
form or forms allowed by the special conditions. Constants are denoted by a, b, c,

Ž .d and f , and restrictions on their values that are implied by 4 are noted in
w x w xbrackets, e.g. a / 0 and a G 0, b G 0, a q b ) 0 . We say that a function is

smooth if it has derivatives of all orders. For convenience, continuity or smoothness
assumptions are stated at the beginning of a theorem and apply to each special

Ž .condition, but in many cases such properties are implied by 4 and the special
Ž .condition. For example, in Theorems 1 and 2, C1 or C2 and 4 imply continuity for

Ž . Ž .u, and C3 or C4 and 4 imply that u w is continuous for all w ) 0. For Theorems
3 and 4, the smoothness hypothesis is used in our proofs with C3 and C4, but

Ž .continuity suffices for the proofs with C1 and C2 as noted in Fishburn 1998 .
The functional forms stated in each theorem have important implications for risk

attitudes and risky choice behavior in many applications, but we do not discuss
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these here. They are described for the EU representation in some detail in Bell
Ž . Ž1988, 1995a, 1995b , and to a lesser extent for WLU and SSBU in Fishburn 1988,

. Ž .Chapter 6 and other references given there. See also Quiggin 1993 for further
analyses of RDU.

The functional forms in the theorems are unique up to the admissible transfor-
Ž . Ž .mations noted in 9 ] 11 .

Theorem 1. Suppose % on Wq satisfies EU and u is continuous. Then:

Ž .C1 « u w s w;
Ž . Ž .C2 « i u w s w, or
Ž . Ž . bw w xii u w s ae ab ) 0 ;
Ž . Ž . 2 w xC3 « i u w s aw q bw a G 0, b G 0, a q b ) 0 , or
Ž . Ž . bw dw wii u w s ae q ce ab ) 0, ab q cd G 0, d F b if cd - 0,

Ž . xb a q c ) 0 if b s d , or
Ž . Ž . cw w xiii u w s aw q be a q bc G 0, a ) 0 if bc s 0, b G 0 if c ) 0 , or
Ž . Ž . Ž . cw w xiv u w s aw q b e ac G 0, a q bc G 0, a q bc ) 0 if ac s 0 ;

Ž . Ž . Ž .C4 « C3 i , or C3 ii with bd F 0, or C3 iii .

Ž . Ž .Proofs for C1 and C2 are included in Bell 1995a and Fishburn 1998 , C3 is
Ž . Ž .proved in Bell 1988, 1995a , and C4 in Bell 1995b . Precisely the same forms hold

for the unrestricted case of % on W, except that a must then be set at 0 in the
Ž . Ž . Ž .quadratic form of C3 i . Generalizations of C3 ii and C3 iii are characterized in

Ž . Ž .Nakamura 1996 , and Harvey 1981, 1990 axiomatizes families of special u
functions that are closely related to those in Theorem 1.

q Ž . Ž .It is easily seen for % on W that 4 and C3 one-switch or C4 imply that u is
Ž .continuous on 0, ` . If continuity at w s 0 were not presumed, two more EU

forms that are discontinuous at the origin arise for C3 as follows:

Ž . Ž . Ž . w xv u 0 s 0, u w s a q w for w ) 0 a ) 0 ,
Ž . Ž . Ž . bw w xvi u 0 s 0, u w s 1 y a q ae for w ) 0 ab ) 0 .

Ž . Ž . Ž .The parts of these for w ) 0 are similar to C2 i and C2 ii , respectively, so v and
Ž .vi satisfy the zero-switch condition on the strictly positive domain.

Theorem 2. Suppose % on Wq satisfies RDU and u is continuous. Then C1 through
C4 ha¨e precisely the same implications for u as in Theorem 1. In addition, C1 implies

1 1Ž . Ž . w xp s , C4 requires p p s p for all p g 0, 1 , but C2 and C3 place no2 2

restrictions on p g P.

1 1Ž . Ž .The initial axiomatization for RDU in Quiggin 1982 presumed p s , but2 2
Ž .this was removed in subsequent axiomatizations. Wu and Gonzalez 1996 and

Ž .Prelec 1998 provide nice discussions about shapes for p .
Our proof of Theorem 2 is presented in the next section.
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Theorem 3. Suppose % on Wq satisfies WLU and u and u are smooth. Then:1 2

Ž . Ž . Ž .C1 « i u w s w, u w s 1, or1 2
Ž . Ž . aw Ž . ya w w xii u w s ae , u w s e a / 0 ;1 2
Ž . Ž . aw Ž . awC2 « i u w s we , u w s e , or1 2
Ž . Ž . bw Ž . cw w Ž . xii u w s ae , u w s e a b y c ) 0 ;1 2
Ž . Ž . Ž 2 . cw Ž . cw w xC3 « i u w s aw q bw e , u w s e a G 0, b G 0, a q b ) 0 , or1 2
Ž . Ž . bw dw Ž . f w w Ž . Ž . Ž .ii u w s ae q ce , u w s e a b y f ) 0, a b y f q c d y f1 2

Ž . xG 0, d F b if c d y f - 0 , or
Ž . Ž . bw dw Ž . bw w 2 2 Ž .iii u w s awe q ce , u w s e a q c ) 0, a q c d y b G 0,1 2

xa ) 0 if b s d, c ) 0 if d ) b , or
Ž . Ž . Ž . cw Ž . dw w Ž . Ž .iv u w s aw q b e , u w s e a q b c y d G 0, a c y d G 0,1 2

Ž . Ž . xa q b c y d ) 0 if a c y d s 0 ;
Ž . Ž . Ž . Ž .C4 « C3 i with ac s 0, C3 ii with bd F 0, C3 iii with bd F 0, or C3 iv with

c s d.

Ž .Parts C1 and C2 of Theorem 3 are proved in Fishburn 1998 , but because those
Ž .proofs leave u implicit we sketch their u , u proofs here in Section 6. Part C3 is2 1 2

also proved in Section 6, and part C4 is proved in Section 7. When Rq is replaced
Ž . Ž . Ž .by R, we need to take a s 0 in C3 i , but no changes are required for C3 ii ] iv . It

is worth noting that in applying a special form of the theorem, expectations are
Ž . Ž . Ž .taken separately for u and u . For example, in C2 i , u x ru x s x, but1 2 1 2

Ž . Ž .Eu x rEu x is not generally equal to Ex unless x is degenerate or a s 0, in˜ ˜ ˜ ˜1 2
Ž . Ž .which case C2 i reduces to C1 i .

For our final theorem, which involves functions of D s x y y, we define h:
R ª R as

e¨en if h D s h yD for all D g R, andŽ . Ž .

odd if h D s yh yD for all D g R.Ž . Ž .

In Theorem 4, a and b denote e¨en functions, and g denotes an odd function. These
functions are unrestricted except for the presumption of smoothness and the

Ž . Ž .requirement of monotonicity in 4 . We emphasize that expressions like a x y y
Ž .and g x y y denote the value of the function a or g at argument D s x y y.

Theorem 4. Suppose % on Wq satisfies SSBU and f is smooth. Then:

Ž . Ž . w Ž . xC1 « f x, y s g x y y g D ) 0 if D ) 0 ;
Ž . Ž . Ž . w Ž . xC2 « i f x, y s g x y y g D ) 0 if D ) 0 , or
Ž . Ž . Ž .Ž a x a y. w Ž . xii f x, y s a x y y e y e aa D ) 0 if D / 0 ;
Ž . Ž . Ž .Ž 2 2 . Ž .Ž . w Ž . Ž .C3 « i f x, y s a x y y x y y q b x y y x y y a D G 0 and Da D

Ž . xq b D ) 0 for D ) 0 , or
Ž . Ž . Ž .Ž a x a y. Ž .Ž b x b y. w Ž .Ž aDii f x, y s a x y y e y e q b x y y e y e a D e y

. a y Ž .Ž bD . b y x1 e q b D e y 1 e ) 0 for all D ) 0, y G 0 , or
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Ž . Ž . Ž .Ž . Ž .Ž a x a y. w Ž . Ž .Ž aDiii f x, y s a x y y x y y q b x y y e y e Da D q b D e
. Ž . Ž . xy 1 ) 0 for D ) 0; a D G 0 if a - 0, b D G 0 if a ) 0 for D ) 0 ,

or
Ž . Ž . Ž .Ž a x a y. Ž .Ž a x a y. w Ž .iv f x, y s a x y y xe y ye q b x y y e y e aa D G 0

Ž . aD Ž .Ž aD . xand Da D e q b D e y 1 ) 0 for D ) 0 ;
Ž . Ž . Ž .C4 « C3 i , or C3 ii with ab - 0, or C3 iii .

Ž .Parts C1 and C2 of Theorem 4 are proved in Fishburn 1998 , part C3 is proved
in Section 5, and part C4 is proved in Section 7. None of the special forms of the
theorem precludes preference cycles. Examples for cycles under C1 are given in

Ž .Fishburn 1984; 1988, pp. 74]75 .
Table 1 provides a quick reference to the results of Theorems 1 through 4. It

Ž .omits the restrictions needed to satisfy 4 , but includes the additional constraints
imposed by C4.

3. RDU proofs

1Ž .We assume RDU with u continuous and increasing in w and p g P. Let l s p .2
1Ž . Ž .C1 proof. It is easily seen that C1 implies x q y r2 ; x, , y for x, y G 0, so2

x q y
x - y « u s lu x q 1 y l u y .Ž . Ž . Ž .ž /2

Hence

u x s lu x y d q 1 y l u x q d for all x G d G 0.Ž . Ž . Ž . Ž .

w Ž . Ž .x Ž .w Ž . Ž .xWe have l u x y u x y d s 1 y l u x q d y u x for x G d G 0. Suppose
1 Ž .l / . Let t s lr 1 y l , so t / 1. Then for every x G 0 and n G 1,2

ny1

u x q 1 y u x s u x q i q 1 rn y u x q irnŽ . Ž . Ž . Ž .Ž .Ý
is0

iny1 l
s u x q 1rn y u xŽ . Ž .Ý ž /1 y lis0

t n y 1
s u x q 1rn y u x .Ž . Ž .ž /t y 1

Then

u x q 1rn y u x u x q 1 y u x n t y 1Ž . Ž . Ž . Ž . Ž .
s .n1rn t y 1
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Ž . Ž .Since u x q 1 y u x ) 0, it follows that if t ) 1 then the right derivative of u at
x equals 0, and if t - 1 then the right derivative of u at x equals `. Since this is

1 Ž . Žimpossible for every x G 0, we conclude that t s 1, or l s . Hence u x y u x y2
. Ž . Ž . Ž .d s u x q d y u x for all x G d G 0, so u9 w s a ) 0 for all w G 0. This

Ž . Ž .implies that u w s aw q b, a ) 0, or u w s w with affine rescaling. Moreover,
1 1Ž .p g P is unrestricted except for p s since C1 holds for any such p .2 2

C2 and C3 sufficiency. It is easily checked that the EU forms for C2 and C3 also
satisfy C2 and C3 for RDU without restrictions on p g P. We illustrate this for

Ž . Ž . Ž . 2the quadratic form of C3 i : see also Bell 1988, p. 1418 . Suppose u w s aw q bw
for w G 0. Then for w q x, x q y g Wq,˜ ˜

E u w q x s aw2 q 2 awE x q aE x 2 q bw q bE xŽ .˜ ˜ ˜ ˜p p p p

E u w q y s aw2 q 2 awE y q aE y2 q bw q bE y.Ž .˜ ˜ ˜ ˜p p p p

Therefore

E u w q x y E u w q y s w2 a E x y E y q K ,Ž . Ž .˜ ˜ ˜ ˜p p p p

where K does not involve w. We vary w with x and y fixed. If E x s E y, there˜ ˜ ˜ ˜p p

Ž . Ž .are no switches; otherwise E u w q x s E u w q y for at most one w, so the˜ ˜p p

Ž .quadratic form is one-switch C3 for RDU.
Ž .The restrictions of 4 on the utility functions for these cases are also easily

Ž .verified. We illustrate this for C3 ii , where

u9 w s abebw q cdedw .Ž .

Ž . Ž .u9 0 G 0 requires ab q cd G 0, and u w ) 0 for w ) 0 requires at least either
ab ) 0 or cd ) 0. Assume ab ) 0 without loss of generality. If cd - 0, then

Ž . Ždyb.w Ž .abr ycd ) e for all w ) 0, and this requires d F b. If b s d then u9 w s
Ž . bw Ž . Ž .a q c be , and u9 w ) 0 requires b a q c ) 0.

1Ž . Ž .Derï ation for C2. Assume C2. Let l satisfy p l s , and let x, l, y denote2

the risky prospect with probability l for x and probability 1 y l for y, x / y. Then
Ž . Ž .x, l, y with 0 F x - y has a unique certainty equivalent c x, y strictly between x
and y:

u x q u yŽ . Ž .y1c x , y ; x , l, y and c x , y s u .Ž . Ž . Ž . ž /2

� 4By the zero-switch condition C2, for every w with min w q x, w q y G 0 we have
Ž . Ž .c w q x, w q y ; w q x, l, w q y and
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u w q x q u w q yŽ . Ž .y1c w q x , w q y s w q c x , y s u .Ž . Ž . ž /2

Therefore

u w q x q u w q y u x q u yŽ . Ž . Ž . Ž .y1 y1u s w q u .ž / ž /2 2

Ž .It then follows from Aczel 1966, p. 153 that u has one of the two forms for C2 in´
Theorem 1.

Ž .Derï ation for C3. Assume C3. The proof of Result 2 in Bell 1995a for C3
Ž . Ž .under EU also implies that C3 i ] iv of Theorem 1 are the only u solutions for C3

Ž .under RDU, given 4 . Note in particular that p and q in Bell’s proof can be
replaced by p values under our continuity assumption for p , so the EU proof
holds also for RDU.

Derï ation for C4. The comprehensive impact of C4 on RDU stems from the
re-ranking of outcomes that occur for the particular contextual uncertainties
involved.

We will demonstrate a class of counterexamples to C4 in which u is linear. Each
specific counterexample thus applies to all utility functions that are differentiable
in a closed interval. Since all utility functions that satisfy C4 for EU are differen-
tiable everywhere, and since all other functions violate C4 for RDU even when p
is the identity function, we are done.

Ž . Ž .Let x s x, p, 0 and y s y, q, 0 . The contextual uncertainties for our coun-˜ ˜
1 1Ž . Ž .terexamples are 2, , y2 and 1, , y1 . We use specific numbers for clarity only.2 2

Without loss of generality, we take 2 - x - 4, 2 - y - 4, p - 1r2 and q - 1r2.
1Ž .Suppose 2, , y2 has been resolved with payoff outcome 2. The evaluation of2

1Ž .x, combined with 1, , y1 , proceeds as follows:˜ 2

payoffs, highest to lowest:
3 q x, 1 q x, 3, 1

probabilities, respectively:
Ž . Ž .pr2, pr2, 1 y p r2, 1 y p r2

probability weights, respectively:
1 1Ž . Ž . Ž . Ž . Ž . Ž1 y p 1 y pr2 , p 1 y pr2 y p 1 y p , p 1 y p y p y pr2 , p y2 2

.pr2 .

The RDU utility is therefore

3 q x 1 y p 1 y pr2 q 1 q x p 1 y pr2 y p 1 y pŽ . Ž . Ž . Ž . Ž .
1 1

q3 p 1 y p y p y pr2 q p y pr2Ž . ž / ž /2 2

s x 1 y p 1 y p q 3Ž .
1

y 2 p 1 y pr2 y p 1 y p y p y pr2 .Ž . Ž . ž /2



UTILITY FUNCTIONS FOR WEALTH 21

Thus x % y if and only if˜ ˜

x 1 y p 1 y p y y 1 y p 1 y qŽ . Ž .

) 2 p 1 y pr2 y p 1 y qr2 y p 1 y p q p 1 y qŽ . Ž . Ž . Ž .

1 1
qp y pr2 y p y qr2 .ž / ž /2 2

1Ž .The evaluation of x and y when 2, , y2 is resolved at y2 proceeds similarly˜ ˜ 2

and leads to exactly the same inequality because u is linear.
1Ž .Consider now the resolution of 1, , y1 . When this smaller contextual uncer-2

tainty is resolved at 1, the evaluation of x goes as follows:˜
payoffs, highest to lowest:

3 q x, 3, x y 1, y1
probabilities:

1 1pr2, y pr2, pr2, y pr22 2

probability weights:
1 1 1 1Ž . Ž . Ž . Ž . Ž . Ž .1 y p 1 y pr2 , p 1 y pr2 y p , p y p y pr2 , p y pr2 .2 2 2 2

In this case, we find that x % y if and only if˜ ˜

1 1
x 1 y p 1 y pr2 q p y p y pr2Ž . ž / ž /2 2

1 1
) y 1 y p 1 y qr2 q p y p y qr2 .Ž . ž / ž /2 2

1Ž .Again, because u is linear, resolution of 1, , y1 at y1 leads to exactly the same2

inequality for x % y.˜ ˜
There are many ways to construct a counterexample to C4 from the preceding

Ž .inequalities for x % y. For instance, assume that p p s p except locally near p˜ ˜
1 1 1Ž .s , where p s q e . Then the preceding two inequalities are2 2 2

xp ) yq

and

xp q x y y e ) yq.Ž .

We need only choose x, p, y, q and e so that

xp ) yq ) xp q x y y eŽ .
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Ž . Ž Žto contradict C4. A specific example is x, p, y, q, e s 3, 1r3, 7r2, 1r 7r2 q
. Ž ..d , 3dr 7r2 q d with d small and positive.

4. One-switch for SSBU

Assume that % on Wq satisfies SSBU with f smooth, and let

f w q x , w q y s Ef w q x , w q yŽ . Ž .˜ ˜ ˜ ˜

Ž . Ž . Ž .as defined in 7 . We first prove that the forms for f in C3 i ] iv of Theorem 4
satisfy C3.

For fixed x and y, we obtain˜ ˜

f w q x , w q y s A q Bw for C3 iŽ .Ž .˜ ˜

s Aeaw q Bebw for C3 iiŽ .

s A q Beaw for C3 iiiŽ .

w x aws A q Bw e for C3 iv ,Ž .

where A and B are expectations with respect to x and y that do not involve w. To˜ ˜
Ž . Ž .verify C3 one-switch , it suffices to note that f w q x, w q y s 0 for no w, or˜ ˜

Ž . Ž . Ž .exactly one w, or for all w. This is obvious for C3 i , C3 iii , and C3 iv , where
aw Ž . aw bwe ) 0 for all w. Suppose C3 ii obtains. If AB G 0, then Ae q Be vanishes

for no w or for all w. If AB - 0, equality to 0 requires eŽbya.w s yArB, which is
true for no w or all w if a s b, and for no w or exactly one w if a / b.

Ž . Ž .We show next that 4 , i.e., f x, y ) 0 when x ) y G 0, corresponds to the
restrictions in brackets for the four f functions in C3 of Theorem 4. Let

Ž .D s x y y ) 0. For C3 i ,

2 2f y q D , y s a D y q D y y q b D DŽ . Ž . Ž . Ž .

s D Da D q 2 ya D q b D .� 4Ž . Ž . Ž .

Ž . Ž .This is positive for all y G 0 and D ) 0 only if a D G 0, for if a D - 0 then
Ž .large y will make the entire expression negative. Given a D G 0, at y s 0 we

Ž . Ž . Ž . Ž . Ž .require Da D q b D ) 0. Conversely, if a D G 0 and Da D q b D ) 0 for
Ž .all D ) 0, it is easily seen that f y q D, y ) 0 for all y G 0 and all D ) 0. For

Ž .C3 ii ,

a y aD b y bDf y q D , y s e a D e y 1 q e b D e y 1 ,Ž . Ž . Ž . Ž . Ž .
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Ž .so this must be positive for all y G 0 and D ) 0. For C3 iii ,

a y aD b y bDf y q D , y s e a D e y 1 q e b D e y 1 ,Ž . Ž . Ž . Ž . Ž .

Ž .so this must be positive for all y G 0 and D ) 0. For C3 iii ,

a y aDf y q D , y s Da D q e b D e y 1 .Ž . Ž . Ž . Ž .

Ž . Ž .Ž aD .At y s 0, this requires Da D q b D e y 1 ) 0 for all D ) 0. If a - 0 then
Ž .the second term goes to 0 as y ª `, so we need a D G 0 in this case. We have

Ž . Ž .already required a D ) 0 when a s 0. If a ) 0, we also need b D G 0. For
Ž .C3 iv ,

a y aD aDw xf y q D , y s e a D y q D e y y q b D e y 1 .Ž . Ž . Ž . Ž .� 4

Ž . aD Ž .Ž aD .For y s 0, we require Da D e q b D e y 1 ) 0 for all D ) 0. The other
Ž .Ž aD . Ž .Ž aD .part within braces is ya D e y 1 , so we need a D e y 1 G 0 for all D ) 0.

Ž . Ž .This is true if a s 0, or if a D G 0 if a ) 0, or if a D F 0 if a - 0, so it holds if
Ž .and only if aa D G 0 for all D ) 0.

Ž .We now assume C3 and derive the forms for C3 in Theorem 4. Let f w, w1Ž i., 2Ž j.
w x Ž .or f i 19s, j 29s denote the derivative of f w q x, w q y i times with1 ? ? ? 12 ? ? ? 2

respect to x and j times with respect to y, evaluated at x s y s 0. Then a Taylor
Ž .series expansion for a function of two variables Taylor, 1955, p. 228 yields

` n1 n ny i if w q x , w q y s f w , w q x yf w , w .Ž . Ž . Ž .Ý Ý 1Ž nyi. , 2Ž i.ž /in!ns1 is0

Ž . Ž . Ž .Skew-symmetry gives f w, w s 0 and f w q x, w q y q f w q y, w q x s 0.
The preceding equation then yields

1
2 20 s x q y f q f q x q y f q f q 2 xyfŽ . Ž . Ž .Ž .1 2 11 22 122

1 1
3 3q x q y f q f q xy x q y f q fŽ . Ž . Ž .Ž . 111 222 112 1226 2

1 1
4 4 2 2q x q y f q f q xy x q y f q fŽ . Ž .Ž . Ž .1111 2222 1112 122224 6

1
2 2q x y f q ??? .11222
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We divide this by sums of powers of x and y and let x and y go to zero to
conclude that

f q f s 0 set x s y , divide by x , let x ª 0Ž .1 2

f q f s 0 set y s 0, divide by x 2 , let x ª 0Ž .11 22

f s 0 set x s y , divide by x 2 , let x ª 0Ž .12

f q f s 0111 222

f q f s 0112 122

and so forth. It follows that

f w q x , w q yŽ .
ny1

2` 1 n i i ny2 i ny2 is x y x y y f w , wŽ .Ž .Ý Ý 1Ž nyi. , 2Ž i.ž /in!ns1 is0

` ` 1i n ny2 i ny2 is xy x y y f w , w . 13Ž . Ž . Ž .Ž .Ý Ý 1Ž nyi. , 2Ž i.ž /in!is0 ns2 iq1

Equivalently,

1 1
2 2 3 3f w q x , w q y s x y y f q x y y f q x y y fŽ . Ž . Ž . Ž .1 11 1112! 3!

1
2 2q x y y xy f q ??? ,Ž . 1122

so, for lotteries x and y, bilinear expansion gives˜ ˜

f w q x , w q yŽ .˜ ˜
` ` 1 n ny i i nyi is Ex Ey y Ey Ex f w , wŽ .˜ ˜ ˜ ˜Ý Ý 1Ž nyi. , 2Ž i.ž /in!is0 ns2 iq1

1
2 2s Ex y Ey f q Ex y Ey f˜ ˜ ˜ ˜1 112

1 1
3 3 2 2q Ex y Ey f q Ex Ey y Ey Ex f q ??? . 14Ž .˜ ˜ ˜ ˜ ˜ ˜111 1126 2
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If any f term here after f and f is not linearly dependent on f and f as a1 11 1 11
Ž .function of w, then for suitably small near 0 outcomes it is is possible to construct

x and y to contradict C3 by a two-switch example. Thus, for n G 3 and 0 F i˜ ˜
F n y 1 r2 , there are constants c and d such thatŽ . 1Ž nyi., 2Ž i. 1Žnyi., 2Ž i.

f w , w s c f w , w q d f w , wŽ . Ž . Ž .1Ž nyi. , 2Ž i. 1Žnyi. , 2Ž i. 1 1Žnyi. , 2Ž i. 11

for all w, i.e., for all w G 0. Let

a w s f w , w , b w s f w , w .Ž . Ž . Ž . Ž .1 11

Ž .Then, by 13 ,

f w q x , w q yŽ .
` `1 1i n2 2s x y y a w q x y y b w q xyŽ . Ž . Ž . Ž .Ž . Ý Ý ž /i2 n!is0 ns2 iq1

Ž .exclude ns1, 2 for is0

ny2 i ny2 i= x y y c a w q d b wŽ . Ž .Ž 1Ž nyi. , 2Ž i. 1Žnyi. , 2Ž i.

`
is x y y q xy a x y a y a wŽ . Ž . Ž . Ž .Ý i i½ 5

is0

`1 i2 2q x y y q xy b x y b y b wŽ . Ž . Ž . Ž .Ž . Ý i i½ 52 is0

s A x , y a w q B x , y b w , 15Ž . Ž . Ž . Ž . Ž .

where the a , b and A, B are defined in context, with A and B skew-symmetric.i i
When x and y are suitably small with x ) y, the leading terms x y y in A and
1 2 2Ž . Ž . Ž .x y y in B dominate to give A x, y ) 0 and B x, y ) 0. For lotteries x and˜2

y we have˜

f w q x , w q y s E A x , y a w q E B x , y b w ,Ž . Ž .Ž . Ž . Ž .˜ ˜ ˜ ˜ ˜ ˜

Ž . Ž .and it follows from 14 that there is a positive-radius disk with center 0, 0 such
that every point in the disk has an x, y at which that point equals˜ ˜
Ž w Ž .x w Ž .x.E A x, y , E B x, y .˜ ˜ ˜ ˜

Ž . Ž . Ž .We assume without loss of generality that neither a w nor b w in 15 is
Ž . Ž .uniformly zero. For example, if f ' 0, then x ) y implies A x, y a w ) 0 for11

all w; hence a has constant sign and f is zero-switch.
Ž . Ž . Ž . Ž .To determine forms for a w and b w , let u s f w q x, w q y , let u u1 2

Ž .denote the first derivative of u with respect to x y }with similar notation for
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Ž .higher-order partial derivatives, and series-expand f w q x q z , w q y q z to1 2
obtain

f w q x q z , w q y q zŽ .1 2

s u q z u q z u1 1 2 2

1
2 2q z u q 2 z z u q z uŽ .1 11 1 2 12 2 222

1
3 2 2 3q z u q 3 z z u q 3 z z u q z u q ??? . 16Ž .Ž .1 111 1 2 112 1 2 122 2 2223!

Now let z and z be lotteries with the same first two moments:˜ ˜1 2

m s Ez s Ez˜ ˜1 1 2

m s Ez2 s Ez2 .˜ ˜2 1 2

Ž .Bilinear expansion and 16 yield

f w q x q z , w q y q z˜ ˜Ž .1 2

1
s u q m u q u q m u q uŽ . Ž .1 1 2 2 11 222

1
2 3 3q m u q Ez u q 3m m u q u q Ez u q ??? .Ž .˜ ˜1 12 1 111 1 2 112 122 2 2223!

Consider x ) y with x y y small. If u q u and u are not both linearly11 22 12
dependent on u q u and u, then it will be possible to construct z and z with˜ ˜1 2 1 2
outcomes near zero which satisfy the noted moment equalities and contradict C3.
It follows for the given x and y that there are constants a and b such that

u q 2u q u s a u q u q b uŽ .11 12 22 1 2

Ž .for all w. In terms of the total differentials f9 and f0 of f w q x, w q y with
respect to w, this is precisely

f0 w q x , w q y s af9 w q x , w q y q bf w q x , w q y . 17Ž . Ž . Ž . Ž .

Ž . Ž .For convenience let f w s f w q x, w q y , and write the preceding equation as
the linear differential equation

f 0 w y a f 9 w y b f w s 0Ž . Ž . Ž .
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with auxiliary equation r 2 y a r y b s 0. Let r and r be the roots of the1 2
Ž .auxiliary equation. Then Phillips, 1951 we have

f w s c er1w q c er2w if r / rŽ . 1 2 1 2

f w s c q c w er w if r s r s r ,Ž . Ž .1 2 1 2

Ž .where c and c are constants. Actually, because a and b in 17 might depend on1 2
x y y, r and r can be written as continuous functions of x y y. Similarly, c and1 2 1

Ž . Ž .c can depend on x, y , so we write them as functions of x, y . The preceding f2
solutions for variable x and y with x y y small then take the forms

f w q x , w q y s c x , y ew r1Ž xyy . q c x , y ew r2Ž xyy .Ž . Ž . Ž .1 2

and

w r Ž xyy .f w q x , w q y s c x , y q wc x , y e .Ž . Ž . Ž .1 2

Ž .We compare these to 15 , i.e., to

f w q x , w q y s A x , y a w q B x , y b w .Ž . Ž . Ž . Ž . Ž .

Ž .Taking account of the comment after 15 for a positive-radius disk, it follows that
Ž . Ž . Ž . Žr x y y and r x y y , or r x y y , can be presumed or must be, when the1 2

. < <coefficients are nonzero to be constant for small x and y with x y y small and
nonzero. Hence, for such x and y, either

f w q x , w q y s c x , y er1w q c x , y er2wŽ . Ž . Ž .1 2

s A x , y a w q B x , y b w for all w , 18Ž . Ž . Ž . Ž . Ž .

or

r wf w q x , w q y s c x , y q wc x , y eŽ . Ž . Ž .1 2

s A x , y a w q B x , y b w for all w , 19Ž . Ž . Ž . Ž . Ž .

where c and c , like A and B, are easily seen to be skew-symmetric.1 2
Ž .Suppose 18 applies. We can then suppose that

a w s a er1w q a er2w q a U w , a / 0,Ž . Ž .1 2 3 3

b w s b er1w q b er2w q b V w , b / 0,Ž . Ž .1 2 3 3

where U and V have no additive term like eriw and each is either uniformly zero or
linear independent of er1w and er2w. When these are substituted into the AB
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Ž .version of 18 and compared to its c c version, it follows from the remarks1 2
Ž .following 15 that U s V ' 0. Then

f w q x , w q yŽ .
r w r w1 2s a A x , y q b B x , y e q a A x , y q b B x , y eŽ . Ž . Ž . Ž .1 1 2 2

Ž . Ž . Ž . Ž . Ž .for all x, y and w. Let C x, y s a A x, y q b B x, y and D x, y s a A x, y1 1 2
Ž .q b B x, y . Then2

f w q x , w q y s C x , y er1w q D x , y er2w , 20Ž . Ž . Ž . Ž .

where C and D are skew-symmetric because A and B are skew-symmetric.
Ž .Suppose 19 applies. We can then presume that

a w s a er w q a wer w q a U w , a / 0,Ž . Ž .1 2 3 3

b w s b er w q b wer w q b V w , b / 0,Ž . Ž .1 2 3 3

with stipulations on U and V similar to those above. We again get U s V ' 0, so

r wf w q x , w q y s a A x , y q b B x , y eŽ . Ž . Ž .1 1

r wq a A x , y q b B x , y weŽ . Ž .2 2

s C x , y er w q D x , y wer w . 21Ž . Ž . Ž .

Ž . Ž . Ž .We now proceed from 20 and 21 to our final forms for f x, y . There are
Ž .three cases for 20 . One of these, which is the case of complex conjugate roots, is

inapplicable because it cannot satisfy the basic monotonicity property of x ) y « x
Ž .% y. The other two are the real r , r cases, one for r s 0 and the other for1 2 1

r r / 0:1 2

I. f w q x , w q y s C x , y q D x , y er2w r / 0Ž . Ž . Ž . 2

II. f w q x , w q y s C x , y er1w q D x , y er2w r r / 0.Ž . Ž . Ž . 1 2

Ž .We also consider the two cases for 21 , for r s 0 and r / 0:

III. f w q x , w q y s C x , y q wD x , yŽ . Ž . Ž .

IV. f w q x , w q y s C x , y er w q D x , y wer w r / 0.Ž . Ž . Ž .
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Ž . Ž . Ž . Ž .Each case has the form C x, y c w q D x, y d w :

c w d wŽ . Ž .

bwI. 1 e b / 0

aw bwII. e e ab / 0

III. 1 w

bw bwIV. e we b / 0.

Ž . Ž . Ž . Ž . Ž .Given f w q x, w q y s c w C x, y q d w D x, y , we replace w, x and y by
Ž . Ž . Ž .w q x q y r2, x y y r2 and y y x r2, respectively, to obtain

x q y x q y
f w q x , w q y s c w q s x y y q d w q t x y y ,Ž . Ž . Ž .ž / ž /2 2

22Ž .

Ž . ŽŽ . Ž . . Ž . ŽŽ . Ž . .where s x y y s C x y y r2, y y x r2 , t x y y s D x y y r2, y y x r2 ,
and s and t are odd because C and D are skew-symmetric.

Ž . Ž . bw Ž .I. With c w s 1 and d w s e , b / 0, 22 gives

f w q x , w q y s s x y y q ebwebŽ xqy .r2 t x y yŽ . Ž . Ž .

eb x y eb y
bws s x y y q e t x y yŽ . Ž .bŽ xyy .r2 bŽ yyx .r2ž /e y e

w bŽwqx . bŽwqy . xs s x y y q e y e t x y y ,Ž . Ž .1

Ž .where t is even. We have assumed here that x / y, and for x s y can let t 0 be1 1
Ž .any finite value, e.g. t 0 s 0. It follows that1

f x , y s s x y y q eb x y eb y t x y y ,Ž . Ž . Ž . Ž .1

Ž .with s odd and t even. This matches the form of C3 iii in Theorem 4.1
Ž . aw Ž . bwII. With c w s e and d w s e , ab / 0, a calculation like that for t in

Ž .case I in 22 gives

f x , y s ea x y ea y s x y y q eb x y eb y t x y y ,Ž . Ž . Ž . Ž . Ž .1 1

Ž .with s and t even. This is C3 ii in Theorem 4.1 1
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Ž . Ž . Ž . Ž .III. With c w s 1 and d w s w, 22 gives for x / y

f w q x , w q yŽ .
x q y

s s x y y q w q t x y yŽ . Ž .ž /2

s w q x y w q y s x y yŽ . Ž . Ž .1

x q y
w q t x y yŽ .ž /22 2q w q x y w q yŽ . Ž . 2 22w x y y q x y yŽ .Ž .

t x y yŽ .2 2s w q x y x q y s x y y q w q x y w q yŽ . Ž . Ž . Ž . Ž .1 2 x y yŽ .
2 2s w q x y w q y s x y y q w q x y w q y t x y yŽ . Ž . Ž . Ž . Ž . Ž .1 1

where s and t are even. Therefore1 1

f x , y s x y y s x y y q x 2 y y2 t x y y ,Ž . Ž . Ž . Ž .Ž .1 1

Ž .which is C3 i in Theorem 4.
Ž . bw Ž . bw Ž .IV. With c w s e and d w s we , b / 0, 22 gives

f w q x , w q yŽ .
x q y

bw bŽ xqy .r2 bw bŽ xqy .r2s e e s x y y q w q e e t x y yŽ . Ž .ž /2

t x y yŽ .
bw bŽ xqy .r2 bŽ xyy .r2 bŽ yyx .r2s e e w e y eŽ .½bŽ xyy .r2 bŽ yyx .r2ž /e y e

x q y
bŽ xyy .r2 bŽ yyx .r2q e y eŽ .ž /2

x y y
bŽ xyy .r2 bŽ yyx .r2q e q e 5ž /2

x y y
bŽ xyy .r2 bŽ yyx .r2t x y y e q eŽ . Ž .¡ ¦ž /2bw bŽ xqy .r2~ ¥y e e y s x y yŽ .bŽ xyy .r2 bŽ yyx .r2¢ §e y e

s t x y y ebw w eb x y eb y q xeb x y yeb y� 4Ž . Ž .1

bw bŽ xqy .r2 w xq e e s x y y s odd, t evenŽ .1 1 1
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bŽwqx . bŽwqy. bŽwqx . bŽwqy .s w e y e q xe y ye t x y yŽ . Ž .1

w bŽwqx . bŽwqy . x w xq e y e s x y y s evenŽ .2 2

bŽwqx . bŽwqy.s w q x e y w q y e t x y yŽ . Ž . Ž .1

w bŽwqx . bŽwqy . xq e y e s x y y .Ž .2

Therefore

f x , y s xeb x y yeb y t x y y q eb x y eb y s x y y ,Ž . Ž . Ž . Ž .Ž . 1 2

Ž .which matches C3 iv in Theorem 4.

5. Derivations for WLU

Assume that % on Wq satisfies WLU with u and u smooth. We focus here on1 2
C1]C3 in Theorem 3, beginning with outlines of the derivations of the forms for
C1 and C2. We omit the straightforward proofs that the forms given in Theorem 3
for C1, C2, and C3 imply these conditions. Verification of this for C3 is essentially

Ž .the same as for C3 in the second paragraph of preceding section because f x, y
defined by

f x , y s u x u y y u y u x 23Ž . Ž . Ž . Ž . Ž . Ž .1 2 1 2

gives a case of SSBU. We also omit verification of the conditions in brackets that
Ž .ensure 4 .

Ž . Ž .C1 proof. Given 23 , Fishburn 1998 proves that C1 implies for all x G y G 0
that, up to a positive multiplicative transformation, either

i f x , y s f x y y , 0 s x y yŽ . Ž . Ž .

or

w aŽ xyy . yaŽ xyy . xii f x , y s f x y y , 0 s a e y e , a / 0.Ž . Ž . Ž .

Ž . Ž . Ž .Alternative i gives f x, y s Ex y Ey, and it suffices to take u w s w and˜ ˜ ˜ ˜ 1
Ž . Ž .u w s 1 for all w G 0. This gives C1 i in Theorem 3.2

Ž .When ii holds, we have

a x̃ ya ỹ a ỹ ya x̃f x , y s aEe Ee y aEe Ee ,Ž .˜ ˜

Ž . Ž . Ž . Ž . Ž . aw Ž .so for x % y m u x u y ) u y u x it suffices to take u w s ae and u w˜ ˜ ˜ ˜ ˜ ˜1 2 1 2 1 2
ya w Ž .s e , a / 0, which matches C1 ii in Theorem 3.
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Ž .C2 proof. The two WLU forms implied by C2 in Fishburn 1998 can be
written, for all x G y G 0, as follows:

i f x , y s x y y b yb Ž xyy .r2 s x y y eaŽ xqy .Ž . Ž . Ž . Ž .
y w dŽ xyy . ydŽ xyy . x y Ž xyy .r2ii f x , y s u x y y b s a e y e b bŽ . Ž . Ž .

w b xqc y b yqc x xs a e y e .

Ž .Skew-symmetry shows that both forms hold for x - y as well as x G y. For i ,

a x̃ a ỹ a ỹ a x̃f x , y s E xe Ee y E ye Ee ,Ž . Ž .Ž .˜ ˜ ˜ ˜

Ž . Ž . Ž . Ž . Ž . Ž . awso for f x, y s u x u y y u y u x it suffices to take u w s we and˜ ˜ ˜ ˜ ˜ ˜1 2 1 2 1
Ž . aw Ž .u w s e , which are the forms for C2 i in Theorem 3.2

Ž .For ii ,

b x̃ c ỹ b ỹ c x̃f x , y s aEe Ee y aEe Ee ,Ž .˜ ˜

Ž . bw Ž . cw Ž .so we can take u w s ae and u w s e , as in C2 ii of Theorem 3.1 2
Derï ation for C3. We now assume C3 and derive the forms for C3 shown in

Ž .Theorem 3. As remarked after 10 , we assume without loss of generality that
u ) 0 and u ) 0. We shall also let1 2

¨ w s uX w u w y u w uX w for all w G 0.Ž . Ž . Ž . Ž . Ž .1 2 1 2

Ž . Ž . Ž . Ž . Ž . Ž .Because x ) y « u x ru x ) u y ru y , u w ru w increases in w, and1 2 1 2 1 2
therefore

¨ x d u w ru wŽ . Ž . Ž .Ž .1 2s ) 0,2 dwu wŽ .2

Ž .so ¨ w ) 0 for all w. We note also that

¨ 9 w s uY w u w y u w uY w ,Ž . Ž . Ž . Ž . Ž .1 2 1 2

Z Z Y X X Y¨ 0 w s u w u w y u w u w q u w u w y u w u w .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 1 2 1 2 1 2

Several steps in the ensuing proof are similar to steps in the SSBU proof for C3 in
the preceding section.
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Ž .We begin our derivation for C3 with a Taylor-series expansion of u w q xi
around w:

` 1
n Žn.u w q x s u w q x u w ,Ž . Ž . Ž .Ýi i in!ns1

Žn.Ž . n Ž . n < Ž0. Ž . Žn. Žn.Ž .where u w s d u w q x rdx . With u s u w and u s u w , wexs0i i i i i i
have

` `
Ž j. Žk . j ku w q x u w q y s u u x y r j!k! .Ž . Ž . Ž .Ý Ý1 2 1 2

js0 ks0

Therefore

u w q x u w q y y u w q y u w q xŽ . Ž . Ž . Ž .1 2 1 2

s x k y j y x j y k uŽk .uŽ j. y uŽ j.uŽk . j!k!Ž .Ž . Ž .Ý 1 2 1 2
0Fj-k

1
X X Y Y2 2s x y y u u y u u q x y y u u y u uŽ . Ž . Ž .Ž .1 2 1 2 1 2 1 22

1
Z Z3 3q x y y u u y u u q ???Ž .Ž . 1 2 1 26

1
Y X X Y2 2q x y y xy u u y u uŽ .Ž . 1 2 1 22

1
Z X X Z3 3q x y y xy u u y u u q ??? .Ž .Ž . 1 2 1 26

Ž . Ž . Ž . Ž .Let u x s Eu x and u x s Eu x . Taking expectations for x and y, we have˜ ˜ ˜ ˜ ˜ ˜1 1 2 2

u w q x u w q y y u w q y u w q xŽ . Ž . Ž . Ž .˜ ˜ ˜ ˜1 2 1 2

1
X X Y Y2 2s Ex y Ey u u y u u q Ex y Ey u u y u uŽ . Ž .˜ ˜ ˜ ˜1 2 1 2 1 2 1 22

1
Z Z3 3q Ex y Ey u u y u u q ???Ž .˜ ˜ 1 2 1 26

1
Y X X Y2 2q Ex Ey y ExEy u u y u u q ??? .Ž .˜ ˜ ˜ ˜ 1 2 1 22



BELL AND FISHBURN34

Ž . X XC3 implies that every parenthetical u term beyond ¨ w s u u y u u and1 2 1 2
Ž . Y Y¨ 9 w s u u y u u must be linearly dependent on those two to avoid a two-switch1 2 1 2

Ž . Ž . Ž .situation. One of the consequences of this is ¨ 0 w s a¨ 9 w q b¨ w for real a
and b because

¨ 0 s uZ u y u uZ q uY uX y uX uYŽ . Ž .1 2 1 2 1 2 1 2

s a ¨ 9 q b ¨ q a ¨ 9 q b ¨Ž . Ž .1 1 2 2

s a q a ¨ 9 q b q b ¨ .Ž . Ž .1 2 1 2

The solutions of the linear differential equation ¨ 0 y a¨ 9 y b¨ s 0 for real roots
of the auxiliary equation r 2 y ar y b s 0 are

¨ w s aebw q cedw , b / d 24Ž . Ž .

¨ w s a q bw ecw . 25Ž . Ž . Ž .

We do not consider the case of complex conjugate roots because it does not lead to
Ž . Ž .viable monotonic one-switch functions u and u . We return to 24 and 25 after1 2

Ž . Ž .we develop general solution forms for 24 and 25 based on the linear depen-
dence implied by C3.

By linear dependence, there are real l and l such that1 2

uZ u y u uZ s l uY u y u uY q l uX u y u uX .Ž . Ž .1 2 1 2 1 1 2 1 2 2 1 2 1 2

Therefore, with u ) 0 and u ) 0 as noted earlier, we have1 2

uZ y l uY y l uX uZ y l uY y l uX
1 1 1 2 1 2 1 2 2 2s s u w ,Ž .

u u1 2

where u is defined by the common ratio. Thus

uZ s l uY q l uX q u u for i s 1, 2. 26Ž .i 1 i 2 i i

Ž .We will prove that u w is a constant, independent of w, so the preceding
equations for i s 1, 2 become order-3 linear differential equations that yield

Ž . Ž .general solution forms for u and u subject to 24 and 25 .1 2
When the preceding expression is differentiated with respect to w, we obtain

uXXXX s l uZ q l uY q u uX q u 9u for i s 1, 2.i 1 i 2 i i i

By linear dependence, there are real m and m such that1 2

uXXXX u y u uXXXX s m uY u y u uY q m uX u y u uX .Ž . Ž .1 2 1 2 1 1 2 1 2 2 1 2 1 2
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Substitutions in this from the preceding two expressions give

l2 q l y m ¨ 9 q u q l l y m ¨ s 0,Ž .Ž .1 2 1 1 2 2

so that there are constants a and b for which1 1

¨ 9 wŽ .
u w s a q b .Ž . 1 1 ž /¨ wŽ .

Linear dependence also gives p and p such that uXXXX uX y uX uXXXX s p ¨ 9 q p ¨ ,1 2 1 2 1 2 1 2
and by substitutions we obtain

l a ¨ 9 q b ¨ q l a ¨ 9 q b ¨ y u 9¨ s p ¨ 9 q p ¨ ,Ž . Ž .1 1 1 2 2 2 1 2

so that there are constants a and b such that2 2

¨ 9 wŽ .
u 9 w s a q b .Ž . 2 2 ž /¨ wŽ .

Ž . Ž .We therefore have the following equation pair for u w and u 9 w :

u s a q b ¨ 9r¨Ž .1 1

u 9 s a q b ¨ 9r¨ .Ž .2 2

One solution to this pair is u s a with b s a s b s 0, in which case u is1 1 2 2
constant and there are no implications for ¨ 9r¨ beyond what we already know

Ž . Ž .from 24 and 25 . There are also solutions when b / 0. Given b / 0, it follows1 1
Ž . Ž . Ž .without difficulty from 24 and 25 that the only solution to the u , u 9 pair is

u s constant with ¨ 9r¨ also constant, in which case ¨ s aebw. Because this ¨ is a
Ž . Ž . Žspecialization of 24 and 25 and in fact characterizes the zero-switch situation

. Ž . Ž .under C2 , we proceed with the more general solution that leaves 24 and 25
intact.

Ž .Equation 26 with constant u yields the following forms for u and u when the1 2
auxiliary equation r 3 y l r 2 y l r y u s 0 has three real roots:1 2

I. All roots identical:

u w s aw2 q bw q c edwŽ . Ž .1

u w s a w2 q b w q g edwŽ . Ž .2

2 2 dw¨ w s ab y a b w q 2 ag y ac w q bg y bc e ;Ž . Ž . Ž . Ž .
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II. Two roots identical:

u w s aw q b ecw q de f w , c / fŽ . Ž .1

u w s a w q b ecw q d e f wŽ . Ž .2

¨ w s ab y a b e2 cw q eŽcqf .wŽ . Ž .

= c y f ad y a d wŽ . Ž .

q c y f bd y bd q ad y a d ;Ž . Ž . Ž .
III. All three roots different:

u w s aer w q besw q cet w , r / s / t / rŽ .1

u w s a er w q be sw q g et wŽ .2

¨ w s eŽ rqs.w ab y a b r y sŽ . Ž . Ž .

q eŽ rqt .w ag y ac r y tŽ . Ž .

q eŽ sqt .w bg y bc s y t .Ž . Ž .
We do not consider the auxiliary solution with complex conjugate roots because it
does not yield admissible forms for u and u .1 2

The following restrictions are required for ¨ in I, II and III so that it satisfies the
Ž . Ž .necessary 24 or 25 :

I. ab y a b s 0
II. ab y a b s 0, or ad y a d s 0

III. ab y a b s 0, or ag y ac s 0, or bg y bc s 0.

We complete the proof of the C3 forms in Theorem 3 by showing how u and u1 2
Ž . Ž .of I]III reduce to C3 i ] iv under the preceding restrictions.

I. Given u and u for I and ab s a b, we have1 2

u x u y y u y u xŽ . Ž . Ž . Ž .˜ ˜ ˜ ˜1 2 1 2

2 d x̃ d ỹ w xs E x e Ee ag y acŽ .˜
2 d ỹ d x̃ w xy E y c Ee ag y ac˜Ž .

d x̃ d ỹ w xq E xe Ee bg y bcŽ .˜
d ỹ d x̃ w xy E ye Ee bg y bc˜Ž .

2 d x d x d y˜ ˜ ˜s E x e ag y ac q E xe bg y bc EeŽ . Ž . Ž . Ž .˜ ˜

2 d y d y d x˜ ˜ ˜y E y e ag y ac q E ye bg y bc Ee .Ž . Ž .˜ ˜Ž . Ž .
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With a s ag y ac and a s bg y bc, precisely the same conclusion obtains1 2
when we redefine u and u by1 2

u w s a w2 q a w edwŽ . Ž .1 1 2

u w s edw ,Ž .2

Ž .which give the forms in C3 i of Theorem 3.
II. Given u and u for II, we have1 2

c x c y c y c x˜ ˜ ˜ ˜u x u y y u y u x s ab y a b E xe Ee y E ye EeŽ . Ž . Ž . Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜ ˜ ˜1 2 1 2

c x f y e y f x˜ ˜ ˜ ˜q ad y a d E xe Ee y E ye EeŽ . Ž . Ž .˜ ˜

c x f y c y f x˜ ˜ ˜ ˜q bd y bd Ee Ee y Ee Ee .Ž .

when ab s a b, this can be written as

c x c x f y c y c y f x˜ ˜ ˜ ˜ ˜ ˜c E xe q c Ee Ee y c E ye q c Ee Ee ,Ž . Ž .˜ ˜1 2 1 2

Ž . Ž . Ž . Ž .which is the form for u x u y y u y u x obtained when we redefine u and˜ ˜ ˜ ˜1 2 1 2 1
u by2

u w s c w q c ecwŽ . Ž .1 1 2

u w s e f w ,Ž .2

Ž .as in C3 iv of Theorem 3.
When ad s a d, the initial expression can be written as

c x f x c y c y f y c x˜ ˜ ˜ ˜ ˜ ˜c E xe y c Ee Ee y c E ye y c Ee Ee ,Ž . Ž .˜ ˜0 2 0 2

Ž . Ž . Ž . Ž .which is the form for u x u y y u y u x obtained when we redefine u and˜ ˜ ˜ ˜1 2 1 2 1
u by2

u w s c wecw y c e f wŽ .1 0 2

u w s ecw ,Ž .2

Ž .as in C3 iii of Theorem 3.
III. Given u and u for III, it suffices from the symmetry of terms to suppose1 2

that ab s a b. Then

r x̃ s x̃ t ỹu x u y y u y u x s b Ee q b Ee EeŽ . Ž . Ž . Ž .˜ ˜ ˜ ˜ Ž .1 2 1 2 1 2

r ỹ s ỹ t x̃y b Ee q b Ee Ee ,Ž .1 2
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which is the same as the form obtained when we redefine u and u by1 2

u w s b er w q b e swŽ .1 1 2

u w s et wŽ .2

Ž .as in C3 ii of Theorem 3.

6. Contextual uncertainty under WLU and SSBU

We conclude our proofs with results for WLU and SSBU that involve C4. We begin
under the conditions of Theorem 3.

Proof for WLU that C4 « C3. Let

V w s Eu w q x Eu w q y y Eu w q y Eu w q x .Ž . Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜1 2 1 2

Ž .If w is itself uncertain, say w s w , p, w , then˜ 1 2

V w s pV w q 1 y p V w q p 1 y pŽ . Ž . Ž . Ž . Ž .˜ 1 2

= Eu w q x y Eu w q x Eu w q y y Eu w q yŽ . Ž . Ž . Ž .˜ ˜ ˜ ˜Ž . Ž .1 1 1 2 2 2 2 1

q Eu w q y y Eu w q y Eu w q x y Eu w q x .Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜Ž . Ž .1 1 1 2 2 1 2 2

Ž . Ž . Ž . Ž . Ž . Ž . Ž .So long as V w / 0, V w , 1 y p V w and pV w q 1 y p V w will have˜2 2 1 2
the same sign for sufficiently small p. This fact allows us to adapt the argument

Ž .used to show that C4 « C3 for EU in Bell 1995b, p. 1149 . That proof made use
Ž . Ž . Ž . Ž .of the fact that, for EU at least, V w s pV w q 1 y p V w , but in fact the˜ 1 2

Ž . Ž . Ž . Ž .proof only requires that V w and pV w q 1 y p V w have the same sign for˜ 1 2
small p. Hence Bell’s argument also applies to WLU. Thus C4 « C3.

Proof of Theorem 3 for C4. Recall that four WLU families satisfy C3. The
following table sets up an analogy between these families and closely related EU
families.

WLU Family EU Family
bw dw f w bw dwŽ .i u s ae q ce , u s e u s ae q ce1 2

bw dw bw bw dwŽ .ii u s awe q ce , u s e u s ae q ce1 2

cw dw cwŽ . Ž . Ž .iii u s aw q b e , u s e u s aw q b e1 2

2 cw cw 2Ž . Ž .iv u s aw q bw e , u s e u s aw q bw.1 2
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To begin, consider a WLU function with a general u but specific u , namely1 2
u s ecw. To satisfy C4, we must show that the relative preference between2
x q z q kz q x and w q z q kz q y cannot depend on the particular resolution of˜ ˜ ˜ ˜ ˜ ˜
z if it does not depend on the particular resolution of kz. The difference in their˜ ˜
expected utilities is

cw c ỹ c z̃ ck z̃Eu w q z q kz q x e Ee Ee EeŽ .˜ ˜ ˜1

cw c x̃ c z̃ ck z̃y Eu w q z q kz q y e Ee Ee Ee ,˜ ˜ ˜Ž .1

which has the same sign as

c ỹ c x̃Eu w q z q kz q x Ee y Eu w q z q kz q y Ee . 27Ž . Ž .˜ ˜ ˜ ˜ ˜ ˜Ž .1 1

Since all the C3 families have u exponential, it will suffice to think about the2
Ž .properties of 27 when z or kz is resolved.˜ ˜

( ) bw dw Ž .Case i . When u s ae q ce , equation 27 becomes1

bw b z̃ bk z̃ b x̃ f ỹ dw d z̃ dk z̃ d x̃ f ỹae Ee Ee Ee Ee q ce Ee Ee Ee Ee

bw b z̃ bk z̃ b ỹ f x̃ dw d z̃ dk z̃ d ỹ f x̃y ae Ee Ee Ee Ee y ce Ee Ee Ee Ee .

This may be written as

bw b z̃ bk z̃ dw d z̃ dk z̃ae Ee Ee A q ce Ee Ee B , 28Ž .

where A and B are functions of x and y but not of z or kz. Note what happens˜ ˜ ˜ ˜
when we consider C4 for the EU family aebw q cedw. The difference in expected
utility between w q z q kz q x and w q z q kz q y is˜ ˜ ˜ ˜ ˜ ˜

bw b z̃ bk z̃ dw d z̃ dk z̃ae Ee Ee C q ce Ee Ee D , 29Ž .

where C and D are functions of x and y but not of z or kz. Although A / C and˜ ˜ ˜ ˜
B / D, it is the case that if for some z and kz there is a counterexample to C4 for˜ ˜

Ž .some choice of x and y in 28 , then there will also exist a counterexample for the˜ ˜
Ž .same z and kz in 29 , albeit with a different x and y, but chosen so that˜ ˜ ˜ ˜

AD s BC.
Now aebw q cedw satisfies C4 for EU if and only if bd F 0. Hence u s aebw q1

cedw, u s e f w satisfies C4 for WLU if and only if bd F 0.2
( ) bw dw bw Ž .Case ii . When u s awe q ce and u s e , expression 27 is1 2

bw b z bk z b x b y dw d z dk z d x b y˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜E a w q z q kz q x e e e e Ee q ce Ee Ee Ee EeŽ .˜ ˜ ˜

bw b z bk z b y b x˜ ˜ ˜ ˜y E a w q z q kz q y e e e e Ee˜ ˜ ˜Ž .

dw d z̃ dk z̃ d ỹ b x̃y ce Ee Ee Ee Ee ,
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which may be written as

bw b z̃ bk z̃ dw d z̃ dk z̃ae Ee Ee A q ce Ee Ee B. 30Ž .
Ž .As before, A and B depend on x and y but not on z or kz. Expression 30 is˜ ˜ ˜ ˜

Ž . bw dwanalogous to 29 , which was derived from the EU family ae q ce . Thus
u s awebw q cedw, u s ebw satisfies C4 if and only if bd F 0.1 2

( ) Ž . cw dw Ž .Case iii . When u s aw q b e and u s e , 27 is1 2

cw c z ck z c x d y˜ ˜ ˜ ˜E a w q z q kz q x q b e e e e EeŽ .˜ ˜ ˜

cw c z ck z c y d x˜ ˜ ˜ ˜y E a w q z q kz q y q b e e e e Ee ,˜ ˜ ˜Ž .
or

cw c z ck z cw c z ck z˜ ˜ ˜ ˜E a w q z q kz q b e e e A q ae Ee Ee B , 31Ž . Ž .˜ ˜
c x̃ d ỹwhere A and B depend on x and y but not on z or kz. In fact, A s Ee Ee y˜ ˜ ˜ ˜

c ỹ d x̃ c x̃ d ỹ c ỹ d x̃Ž . Ž . Ž .Ee Ee and B s E xe Ee y E ye E e .˜ ˜
Ž .If c s d then 31 has constant sign for all resolutions of z or kz, and so this˜ ˜

Ž .case satisfies C4. It is, however, a special case of case ii . The EU family
Ž . cw Ž .aw q b e leads to an expression identical to 31 except that A is replaced by

c x̃ c ỹ c x̃ c ỹŽ . Ž .C s Ee y Ee and B by D s E xe y E ye . By analogy with this case, no˜ ˜
cases with c / d satisfy C4.

( ) Ž 2 . cw cw Ž .Case ï . When u s aw q bw e and u s e , expression 27 is1 2

2 cw c z ck z c x c y˜ ˜ ˜ ˜E a w q z q kz q x q b w q z q kz q x e e e e EeŽ . Ž .˜ ˜ ˜ ˜ ˜ ˜ž /
2 cw c z ck z c y c x˜ ˜ ˜ ˜y E a w q z q kz q y q b w q z q kz q y e e e e Ee ,˜ ˜ ˜ ˜ ˜ ˜Ž . Ž .ž /

Ž cw .which may be written after dividing by e as
c z̃ ck z̃ c x̃ c ỹ c z̃ ck z̃2 aw q b Ee Ee E x y y e e q 2 aE z q kz e eŽ . Ž .Ž .˜ ˜ ˜ ˜Ž . Ž .

c x̃ c ỹ= E x y y e eŽ .˜ ˜Ž .
c z̃ ck z̃ 2 2 c x̃ c ỹqaEe Ee E x y y e e˜ ˜Ž .Ž .

c z̃ ck z̃s Ee Ee 2 aw q b A q aBŽ .Ž .
c z ck z˜q2 aE z q kz e e A , 32Ž . Ž .˜ ˜Ž .

c x̃ c ỹ 2 2 c x̃ c ỹ 2ŽŽ . . ŽŽ . .where A s E x y y e e and B s E x y y e e . Comparing this to aw˜ ˜ ˜ ˜
q bw in EU, we find that

V w q x q z q kz y V w q y q z q kzŽ .˜ ˜ ˜ ˜ ˜ ˜Ž .
s 2 aw q b C q aD q 2 a k q 1 E z C , 33Ž . Ž . Ž . Ž .˜
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Ž . Ž 2 2 .where C s E x y y and D s E x y y . Though the expressions are close, they˜ ˜ ˜ ˜
Ž .are no longer identical but for A, B, C, D. While 33 is, in effect, independent of z̃

Ž Ž . .and kz there is no loss in assuming E z s 0 and so all quadratics satisfy C4 in˜ ˜
Ž . Ž .EU, we can show that 32 fails C4 for all c except c s 0, or a s 0 . To see this,

Ž .rewrite 32 as

2 aw q b A q aB q 2 aAZ, 34Ž . Ž .

where

c z ck z˜ ˜E z q kz e eŽ .˜ ˜
Z s .

c z ck z˜ ˜Ee Ee

Ž .If a s 0, then 34 is independent of the z ’s and trivially satisfies C4. If a / 0,˜
Ž .then the value of the terms 2 aw q b A q aB may be selected at will by appropri-

Ž . Žate choice of w when A / 0 . There is no loss in assuming aA ) 0 x and y may˜ ˜
. Ž .be reversed at will . In order then to ensure that 34 is compatible with C4, it must

Ž .be that the extremes of Z occur when kz is resolved as kz and kz rather˜ min max
Ž .than when z is resolved as z or z . We require then, that˜ min max

c z̃ ck z c z̃ ck z ck z̃ c z c z ck z̃min min min minEze e q Ee kz e E kze e q z e EeŽ . Ž . Ž . Ž .˜ ˜min min
-c z ck z˜ c z ck z̃min minEe e e Ee

or

c z̃ ck z̃E ze kE zeŽ . Ž .˜ ˜
q kz - q z .min minc z̃ ck z̃Ee Ee

Similarly, we require

c z̃ ck z̃E ze k EzeŽ . Ž .˜ ˜
q kz ) q z .max maxc z̃ ck z̃Ee Ee

1Ž .Substitute z s 1, , y1 to get the requirements˜ 2

ec y eyc k eck y eyc kŽ .
y k - y 1c yc ck ycke q e e q eŽ .

and

ec y eyc eck y eyc k

q k ) k q 1,c yc ck yckž /e q e e q e
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so that

k eck y eyc k ec y eycŽ . Ž .
1 y k - y - k y 1.c ycck yck e q ee q e Ž .Ž .

If c ) 0, then as k gets large the right-hand inequality is violated. If c - 0, the
Ž 2 . cw cwleft-hand inequality is violated. Thus u s aw q bw e and u s e satisfies1 2

WLU only in trivial cases that are already covered.
This completes the proof of Theorem 3. We conclude with the completion of

Theorem 4.
C4 for SSBU. Assume the hypotheses of Theorem 4 along with C3. The

Ž .argument in Bell 1995b for EU carries over precisely for SSBU, and so we omit
the details here. In outline, we first show that if C3 is false then so is C4. One can

Ž . Ž .also show that if V w s Ef w q x, w q y is zero for exactly one value of w, but˜ ˜
Ž .is not strictly monotonic or equal to zero everywhere , then there exists a violation

Ž .of C4. Thus C4 for SSBU is equivalent to the requirement that V w is strictly
Ž . Žmonotonic or constant whenever it has at least one zero. There are no restric-

.tions on V if it never changes sign.
It remains to establish which SSBU families have monotonic V functions. The

forms for C3 in the theorem imply

i V w s a q b wŽ . Ž . 1 1

ii V w s a eaw q b ebwŽ . Ž . 2 2

iii V w s a q b eawŽ . Ž . 3 3

iv V w s a w q b eawŽ . Ž . Ž .4 4

Ž . Ž .where the a and b do not depend on w. Cases i and iii satisfy C4 withoutj j
further restriction.

a x̃ a ỹ b x̃ b ỹŽ . w Ž .Ž .x w Ž .Ž .xFor ii we have a s E a x y y e y e and b s E b x y y e y e .˜ ˜ ˜ ˜2 2
Ž . Ž . Ž .If a ' 0 or b ' 0 or ab s 0, ii reduces to iii . Otherwise, ii satisfies C4 if and

only if ab - 0.
a x̃ a ỹ a x̃Ž . w Ž .Ž .x w Ž .ŽFor iv we have a s E a x y y e y e and b s E a x y y xe y˜ ˜ ˜ ˜ ˜4 4

a ỹ a x̃ a ỹ.x w Ž .Ž .x Ž . Ž .ye q E b x y y e y e . If either a ' 0 or a s 0, iv reduces to iii .˜ ˜ ˜
Otherwise, it does not satisfy C4.

This completes the proof of Theorem 4.

References

Ž .Aczel, J. 1966 . Lectures on Functional Equations and Their Applications. New York: Academic Press.´
Ž .Allais, M. 1953 . ‘‘Fondements d’une theorie positive des choix comportant un risque et critique des

postulats et axiomes de l’ecole americaine,’’ Colloques Internationaux du Centre National de la´
Recherche Scientifique. XL. Econometrie, 257]332.´



UTILITY FUNCTIONS FOR WEALTH 43

Ž .Allais, M. 1979 . ‘‘The So-Called Allais Paradox and Rational Decisions under Uncertainty.’’ In M.
Ž .Allais and O. Hagen eds. , Expected Utility Hypotheses and the Allais Paradox, pp. 437]681. Dor-

drecht: Reidel.
Ž .Bell, D. E. 1988 . ‘‘On-Switch Utility Functions and a Measure of Risk,’’ Management Science 34,

1416]1424.
Ž .Bell, D. E. 1995a . ‘‘Risk, Return, and Utility,’’ Management Science 41, 23]30.
Ž .Bell, D. E. 1995b . ‘‘A Contextual Uncertainty Condition for Behavior under Risk,’’ Management

Science 41, 1145]1150.
Ž .Bernoulli, D. 1738 . ‘‘Specimen Theoriae Novae de Mensura Sortis,’’ Commentarii Academiae Scien-

Ž .tiarum Imperialis Petropolitanae 5, 175]192. Translated by L. Sommer 1954 . ‘‘Exposition of a New
Theory on the Measurement of Risk,’’ Econometrica 22, 23]36.

Ž .Chew, S. H. 1982 . ‘‘A Mixture Set Axiomatization of Weighted Utility Theory.’’ Disc. paper 82-4,
College of Business and Public Administration, University of Arizona, Tucson.

Ž .Chew, S. H., and K. R. MacCrimmon. 1979 . ‘‘Alpha-nu Choice Theory: a Generalization of Expected
Utility Theory.’’ Working Paper 669, Faculty of Commerce and Business Administration, University
of British Columbia, Vancouver.

Ž .Ellsberg, D. 1954 . ‘‘Classic and Current Notions of ‘Measurable Utility’,’’ Economic Journal 64,
528]556.

Ž .Farquhar, P. H., and Y. Nakamura. 1987 . ‘‘Constant Exchange Risk Properties,’’ Operations Research
35, 206]214.

Ž .Farquhar, P. H., and Y. Nakamura. 1988 . ‘‘Utility Assessment Procedures for Polynomial-Exponential
Functions,’’ Na¨al Research Logistics 35, 597]613.

Ž .Fishburn, P. C. 1970 . Utility Theory for Decision Making. New York: Wiley.
Ž .Fishburn, P. C. 1982 . ‘‘Nontransitive Measurable Utility,’’ Journal of Mathematical Psychology 26,

31]67.
Ž .Fishburn, P. C. 1983 . ‘‘Transitive Measurable Utility,’’ Journal of Economic Theory 31, 293]317.
Ž .Fishburn, P. C. 1984 . ‘‘SSB Utility Theory: An Economic Perspective,’’ Mathematical Social Sciences 8,

63]94.
Ž .Fishburn, P. C. 1988 . Nonlinear Preference and Utility Theory. Baltimore: The Johns Hopkins University

Press.
Ž .Fishburn, P. C. 1989 . ‘‘Retrospective on the Utility Theory of von Neumann and Morgenstern,’’

Journal of Risk and Uncertainty 2, 127]158.
Ž .Fishburn, P. C. 1998 . ‘‘Utility of Wealth in Nonlinear Utility Theory.’’ In C. Dowling, F. Roberts, and

Ž .P. Theuns eds. , Progress in Mathematical Psychology. Mahwah, NJ: Erlbaum.
Ž .Friedman, M., and L. J. Savage. 1948 . ‘‘The Utility Analysis of Choices Involving Risk,’’ Journal of

Political Economy 56, 279]304.
Ž .Hagen, O. 1972 . ‘‘A New Axiomatization of Utility under Risk,’’ Teorie A. Metoda 4, 55]80.
Ž .Hagen, O. 1979 . ‘‘Towards a Positive Theory of Preferences under Risk.’’ In M. Allais and O. Hagen

Ž .eds. , Expected Utility Hypotheses and the Allais Paradox, pp. 271]302. Dordrecht: Reidel.
Ž .Harvey, C. M. 1981 . ‘‘Conditions on Risk Attitude for a Single Variable,’’ Management Science 27,

190]203.
Ž .Harvey, C. M. 1990 . ‘‘Structured Prescriptive Models of Risk Attitudes,’’ Management Science 36,

1479]1501.
Ž .Herstein, I. N., and J. Milnor. 1953 . ‘‘An Axiomatic Approach to Measurable Utility,’’ Econometrica

21, 291]297.
Ž .Jensen, N. E. 1967 . ‘‘An Introduction to Bernoullian Utility Theory. I. Utility Functions,’’ Swedish

Journal of Economics 69, 163]183.
Ž .Kahneman, D., and A. Tversky. 1979 . ‘‘Prospect Theory: An Analysis of Decision under Risk,’’

Econometrica 47, 263]291.
Ž .MacCrimmon, K. R., and S. Larsson. 1979 . ‘‘Utility Theory: Axioms versus ‘Paradoxes’.’’ In M. Allais

Ž .and O. Hagen eds. , Expected Utility Hypotheses and the Allais Paradox, pp. 333]409. Dordrecht:
Reidel.



BELL AND FISHBURN44

Ž .Nakamura, Y. 1984 . ‘‘Nonlinear Measurable Utility Analysis.’’ Ph.D. Dissertation, University of
California, Davis.

Ž .Nakamura, Y. 1996 . ‘‘Sumex Utility Functions,’’ Mathematical Social Sciences 31, 39]47.
Ž .Pfanzagl, J. 1959 . ‘‘A General Theory of Measurement: Applications to Utility,’’ Na¨al Research

Logistics Quarterly 6, 283]294.
Ž .Phillips, H. B. 1951 . Differential Equations, 3rd edition revised. New York: Wiley.

Ž .Prelec, D. 1998 . ‘‘The Probability Weighting Function,’’ Econometrica 66, 497]527.
Ž .Quiggin, J. 1982 . ‘‘A Theory of Anticipated Utility,’’ Journal of Economic Beha¨ior and Organization 3,

323]343.
Ž .Quiggin, J. 1993 . Generalized Expected Utility Theory: The Rank-Dependent Model. Dordrecht: Kluwer.

Ž .Quiggin, J., and P. Wakker. 1994 . ‘‘The Axiomatic Basis of Anticipated Utility Theory: A Clarification,’’
Journal of Economic Theory 64, 486]499.

Ž .Rothblum, U. G. 1975 . ‘‘Multivariate Constant Risk Posture,’’ Journal of Economic Theory 10,
309]332.

Ž .Savage, L. J. 1954 . The Foundations of Statistics. New York: Wiley.
Ž .Segal, U. 1989 . ‘‘Anticipated Utility: A Measure Representation Approach,’’ Annals of Operations

Research 19, 359]373.
Ž .Segal, U. 1993 . ‘‘The Measure Representation: A Correction,’’ Journal of Risk and Uncertainty 6,

99]107.
Ž .Taylor, A. E. 1955 . Ad¨anced Calculus. Boston: Ginn.

Ž .von Neumann, J., and O. Morgenstern. 1944 . Theory of Games and Economic Beha¨ior. Princeton, NJ:
Princeton University Press.

Ž .Wu, G., and R. Gonzalez. 1996 . ‘‘Curvature of the Probability Weighting Function,’’ Management
Science 42, 1676]1690.


